General Information:

This is a midterm from a previous semester. This means:

e This midterm contains problems that are of similar, but not identical, difficulty to those
that will be asked on the actual midterm.

e The format of this exam will be similar, but not identical to this midterm.
e This midterm is of similar length to the actual exam.

e Note that there are concepts covered this semester that do NOT appear on this midterm.
This does not mean that these concepts will not appear on the actual exam! Remember,
this midterm is only a sample of what could be asked, not what will be asked!

How to take this exam:

You should treat this midterm should be as the actual exam. This means:

e “Practice like you play.” Schedule 55 uninterrupted minutes to take the sample exam
and write answers as you would on the real exam; include appropriate justification,
calculation, and notation!

e Do not refer to your books, notes, worksheets, or any other resources.
e You should not need (and thus, should not use) a calculator or other technology to help
answer any questions that follow.

However, in your future professions, you will need to use mathematics to solve many
different types of problems. As such, part of the goal of this course is:

— to develop your ability to understand the broader mathematical concepts (not to
encourage you just to memorize formulas and procedures!)

— to apply mathematical tools in unfamiliar situations (Indeed, tools are only useful
if you know when to use them!)

There have been questions in your online homework and projects with this intent, and
there will be a problem on your midterm that will require you to apply the material in
an unfamiliar setting.

How to use the solutions:

DO NOT JUST READ THE SOLUTIONS!!!

The least important aspect of the solutions is learning the steps necessary to solve a specific
problem. You should be looking for the concepts required to provide solutions. Content may
not be recycled, but concepts will be!

e Work each of the problems on this exam before you look at the solutions!

e After you have worked the exam, check your work against the solutions. If you are
miss a type of question on this midterm, practice other types of problems like it on the
worksheets!

e [f there is a step in the solutions that you cannot understand, please talk to your TA or
lecturer!
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Instructions

You have 55 minutes to complete this exam. It consists of 5 problems on 12 pages
including this cover sheet. Page 11 has possibly helpful formulas and pages 11 and 12
may also be used for extra workspace.

If you wish to have any work on the extra workspace pages considered for credit, indicate
in the problem that there is additional work on the extra workspace pages and clearly
label to which problem the work belongs on the extra pages.

The value for each question is both listed below and indicated in each problem.

Please write clearly and make sure to justify your answers and show all work!
Correct answers with no supporting work may receive no credit.

You may not use any books or notes during this exam

Calculators are NOT permitted. In addition, neither PDAs, laptops, nor cell phones are
permitted.

Make sure to read each question carefully.
Please CIRCLE your final answers in each problem.

A random sample of graded exams will be copied prior to being returned.

Problem | Point Value|Score
1 20

2 16

3 16

4 18

5 30
Total 100
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1. Multiple Choice [20 pts]

Circle the response that best answers each question. Each question is worth 4 points.
There is no penalty for guessing and no partial credit.

I. Suppose that {a;} is a sequence for which a; > 0 for all k > 1 and

.a 1
Ty —fdL o =

k—o0 aj 2 )
Then, the Ratio Test guarantees: Pajﬂo T;d: onsuurts ‘H-e
senes convevyes i F
o0 o0
1 = q

A. Zak diverges. B. Zak converges to 3 L L‘ﬁ; ‘ﬁf "(

LS k=1 but coes NOT v nlo
C. Z ax, converges but there is not enough information to determine its value. o'kwh{—ﬂ' V“(W.{"’W"l(d;

k=1 7 SerleS cnverges

D. Nothing; the Ratio Test may not apply since we do not know a formula for ay.

o

k
II. Given that f(z) = 2

243k +1

v il o

Wale ot o Fow downs

FL)= 1+ 30624 $ )% s [Rol=]

III. Suppose Zak(:c —1)* diverges when z = —2. Then:

(z — 2)F, find f(2).

a0

D.0 E. None of the above.

k=0
(o o] oo
A. Zak must converge. B. Zak must diverge.
k=0 k=0
oo
(C. Z ay could converge or divergeJ D. None of the above.
k=0

3 The  sppes ¢ conbered ot x=| omd clwevges when x:-g)wluch (s
= s Bunds Hom e center = The may RoC s 3.
“h kel M We thws know tle sppies miust clwerge iF x <=2 or x>Y bt
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Swe  F)7 I a, (3-0)*= Dy the sones 2 a, cald
k7o k>0 erfher converge or dwdige .
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IV. Of the following series:

Ls Z ﬁ Z klOO T ok 11. ;COS ('E)

k=1

which must diverge by the divergence test?

A. i. only B. ii. only C. iii. only

D. i. and ii. E i. and iii. F. ii. and iii.!

G. All of them H. None of them

The  dwergence st ensupes thet F lum 7 il
1 3" 31
Nos&" ’ ‘H’Y\ l? = O 0 \an‘ T30 . Ak - Lim Py ( ) °lim COS([{)’
== e e KT PAE | e
Yoo k>co ¥y ws (0)
= ‘om E 4/ ) =1

kde 0 by grauth vules

=

V. Which of the following is the Taylor series centered at z = 0 for f(z) = « cos(z)?

Ay ((;/3:6‘”% B3 (2(19_ i):)v”2k+1 ey (zlﬁ )
k=0 ’ k=0 ’ k=0 ’
N $2k+1 oo
D. ; 2R E. gazzk“ \_F-‘.’Eone of the above.
Sinee oy X = = D3 < H}k:.}&k
k=0 Q@r)! codX - Xz k) !
k=o
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2. Short Answer [16 pts|

Answer each of the questions below. Each is worth 4 points.

I. Given that f(—1) =0, f'(=1) =2, f’(-1) =3, and f"”(~1) = 6, write down the
second degree Taylor polynomial of f(z) centered at z = —1.

The secnd degree  Tayler polynomial s p,(x)
vhere  qy = ﬁﬂ—(k%") . Henee,

s | px)= Q(xH)"‘*%(xﬂ)}\

4
II. Give the general partial fraction decomposition for Ef—+75' DO NOT SOLVE FOR
T

o

d
Cl°+ qa(X"\\) t Gl;('y'ﬂ)

= = - - 3
%0, a3, a, 313

THE CONSTANTS!
4
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- & 2
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inear quadridic

1
III. For which real values of a is the integral / 1
0

dz improper? Explain your answer!
T —2a

Tk& \ﬁ‘\ﬁqm‘ 1S lmPﬁP&Y‘ iF \‘(-‘ltlu 1S Uﬂkﬂlﬂded :
o [0 1].

]

Since ,:ljla has o vertical asym;ofcoic |

{
wen  x=2q, th indegyal 45 Wipoper iF ,
0% 2u Ll | '
¢ gt —5} __\‘.\f
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IV. Write the expression below in summation notation: The graph o N & ;l:;“ fray ap
9 92\ 2 o\ 7 asYMPLvLe ot <= da If {’hd
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. G
k>0
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3. [16 pts] (Trigonometric substitution and improper integrals)

I. [11 pts] Use an appropriate trigonometric substitution to show that for z > 0:

2:0
X9 5 of te Fom u+a>,wwm us X, a=3
2 Usqim @ o x= 3 tom ©
x= 3tamb X kb £
3 3
= dy- Jsec 6 40 3
_ 1%
So 5 :\+q )ik ‘3{ - S qumse,,c”-?/) ) 3Sec*6d9
't farge 13
m = S (9500 )™ SectB
w"“\,l - 2_-7?::9 39 Sec;gde
DO _Not™ wnide ‘
1 _ l; /ﬁ\ = _L de
Smede- In | sechl+C 35 secH
W:‘\ak hagens 1F o derhe = 2 cos 60 3
4 in (bl ? = 2 8+C = e a( (hen b
9 p:céun)

~[5 pts] Determine whether the improper integral:

o 18 d
. @ropr”

converges or diverges. If it converges, give the value to which it converges. Make
sure you use proper notation in your solution!

, b iy
The i prcpor wlegral  converges i cnel anly & lim S‘" Q-(’_;_:q—)‘yd dx exids

b=eo
oy (o8 [ Ax (b
b= 5‘1 (x‘l*q}% " I;TAO Jxiea’ |

-y [ 20 - %
‘b%o J%%‘ m]‘)yé;j:bf—“

= a ~ _8_
5
ﬁwr“ﬁt ndegral - converges o

K—l \_—[l*%i

~ o~
QMIDA
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00 k2$2k

k-1~
k=1 4

4. [18 pts] Suppose f(z) =

I. [8 pts] Find the radius of convergence for f(z).

Leln | G0 5250 g
ko0 Y sl -0 ) 2 ok
- (et | xIkd k-l
lwn 2 -y i |
hese k X2 H Make suve yai wndoisinud
k \ a )ék 1 2 ‘h'! leebra MC‘
| [ x ﬂ? |
k»oc0 k %& 'lLu
= \X\ \34_‘ 2
vy ‘LTM fe )
= \_\_‘_\_’
A ) Ix)*
ﬂ\g Seyies .CoNVevyes -Fa- q\\ * Fbr which L()‘ Y ‘-\
Ix1* ¢ H

Lﬂwzmdws of convevgence |5 D.j

II. [4 pts] Explain whether the series for f'(3) converges or diverges. l‘x\ L3

The senes ¢ cenfertdd at x=0 ond s ROC 2, Di@erenhahng

2
—-‘:4—'-‘*“’ daesm{:chwnﬂeﬂf@ ROC o He sones for Fllx) will convene
-3 2 %y« ‘Jf__)(_‘;_%ﬁ_ﬂ(}ﬂdwvye |F X7 or xe-Q.
Hence, “3'(3) cwerges |
IIL. [6 pts| Compute lim f(w2)m—; ail
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1
5. [30 pts] For —% <z<g, define the function f(z) by the definite integral below':

fla)= /0 . _84t2 dt.

(oo}
1. For a Taylor series g(t) = Z ax(t — c), the phrase “the sum of the first n nonzero

k=0
terms” means the sum of the first n powers (in ascending order) of (z — c) whose
coefficients are nonzero.

A. [6 pts] Write out the first 3 nonzero terms in the Taylor series for —1—8?@ centered
att=0.

‘ 2
— = +tHEt el
I—‘L‘ 'l:+ t

o () (P
ol R T

QD+ 3347+ (281 - l

B. [4 pts] Let p(t) denote the polynomial you found in part A. Calculate / p(t)dt.
0

pD= 83274128 50§ plr)at: §2(9+ 3ottt )

= 3
8t e s

)

87<+%x3+‘

2 ¢
G X

/3 g
150, for instance, f(1/3) would be found by computing / = dt.
A _
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You do not need to know how to do Part I. in order to work the rest of this problem!

II. [8 pts] Compute / 1_84$2 dz.
Y _
Since ‘lf%x" T (o) 0 Wecwn ue pachial Fracten
':bcamp&mhm
g - A .8
(l-lx)(hlx) |-ax |+ x
5 = Al2x) + B(1-2x)

x5 €= 2B 5 By
X=i' = A S A=H

S 8 4 Make surt you unclers{ewd

R R Y S L T
L;unl\ %] + a\n\m,\u

III.V[2pts] Recall that f(x)=/z1_;:4t2dtfor —-;—<:c<%.

Deduce that f(z) = 2In(1 + 2z) — 2In(1 — 2z).

fods gr B de = T -amimae]s 2,

J-Ht>

|+ X]
- [ g " 2|+ ](n‘l-f)q

[ -2 4&)«4’7

-4 1
Swce QL)\LJ‘ In ll"'lx\‘ ‘V\(le) 50 -
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IV. [10 pts] Use the fact that:

® Lk

ln(l—x)z—zik—

k=1

and the usual rules for Taylor series of sums and compositions to write out the
sum of the first 3 nonzero terms in the Taylor series centered at z = 0 for
f(z) = 2In(1 + 2z) — 2In(1 — 2z). Simplify your final answer!

Fom ],'we cy{a{ Wt Shasld wole  aut posers up o '

nx)= - x- 3=l -yt Ly
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)
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3
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