Rasor-Bareis Prize Examination

February 22, 2003

Let Fi=1,F, =1, F, =F,_o+ F,,_1 for n =3,4,... be the Fibonacci sequence.
Show that 2003 divides F;, for some n.

Let o, 3,7 be the angles in a triangle. Show that if cos? a + cos? 3 + cos?y = 1,
then it is a right triangle.

Find all integer solutions of 23 — 233 — 423 = 0.

Prove that if a, b, ¢ are complex numbers of absolute value 1, then |ab+ ac + be| =
la+b+c¢|.

Show that lim nsin (27ren!) exists, and compute its value. [The limit is taken over
n—oo

positive integers n, and n! =1-2-3 ... -n.]

Consider a 4 x 2003 chessboard. Show that it is
not possible for a chess knight to follow a path
that lands on each of the squares exactly once
and then returns to the starting square. [A knight
is a chess piece that moves as shown: from the
center square it can move to any of the 8 shaded
squares.]
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