Solutions to 2013 Rasor-Bareis Prize examination problems

1. Consider an infinite arithmetical progression of positive integers. Prove that there are infinitely many
terms in this progression the sum of whose decimal digits is the same.

Solution. Let a be the base and b be the step of an arithmetic progression S, so that S has the form
(a,a + b,a + 2b,...). Let the decimal expansion of a be aj...aza; and the decimal expansion of b be
by ...bobi. Then the elements a + 10%b, a + 105+1b, a +10512b, ... of S have expansions b; ... bab1ay . . . asa,
by...bab10ay ... azaq, by...bab100ay ...aza1, ..., whose sums of digits are all equal to Zle a; + Zé‘:l b;.

2. The integer points in the plane are colored with 2018 different colors. Prove that there is a rectangle
{(n1,m1), (n2,m1), (n1,ma), (na, ms)} whose vertices have the same color.

Solution. Consider the columns Cy = {1} x{1,...,2014}, Cy = {2} x{1,...,2014}, C5 = {3} x{1,...,2014},
... of height 2014.
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Since there are only finitely many different colorings of a set of 2014 points, among (infinitely many) columns
C1,Cq, ... there are two (in fact, infinitely many) having identical colorings; let these be the columns C,,,
and Cp,. Among 2014 integer points of the column C,,, there are two having the same color; let these be the
mqth and the moth points. Then the points (n1,m1), (na,m1), (na,ms2), (n1,m2) all have the same color.

3. Suppose that Iy, ..., I, are subintervals of [0,1] such that Y ., |I;| > 2013 (where |I| denotes the length
of an interval I). Prove that there exists a point x € [0,1] that belongs to at least 2013 of the intervals I;.

Solution. Let {ag,a1,...,ar}, with 0 < ag < a1 < ... < ay <1, be the set of the endpoints of the intervals
I,...,I,, so that each interval I; has the form [a;, ;] for some j < I. Let J; = [ag,a1], J2 = [a1,a2], ...,

Jr = [ak—1,ax], then Z?Zl |J;] <1 and each of I; is a union of some of the intervals J;. (We assume w.l.o.g.
that the intervals I; are closed.) For each j =1,...,k let m; be the number of intervals I; that contain the
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subinterval Jj; then 307y [Li| = 32000 305 cr, 15| = 20521 200, 15l = 225210 mylJ5]. If my < 2013 for
all j, then Z§=1 m;|J;| < 2013 Z§=1 |J;] < 2013, which contradicts the assumption; thus m; > 2013 for
some j. This means that every point of the interval J; is contained in > 2013 of the intervals I;.

Another solution. For each i let x; be the indicator function of the interval I;, x;(z) = 1 if x € I; and
xi(z) = 0 if ¢ ¢ I;. Then, for every i, fol xi(xz)dz = |I;|. Let f = 3" | x;, then for every z € [0,1],
f(z) is the number of intervals I; that contain x. If f(x) < 2013 for all z, then fol f(z)dx < 2013; but
fol flz)de =31, fol xi(z)dz = Y1 | |I;| > 2013, contradiction. Hence, there exists z € [0,1] such that
F(z) > 2013.

4. A point inside a regular 6-gon is connected by straight line segments with the vertices, forming six
triangles, which are alternately colored black and white. Prove that the sum of the areas of the black triangles
is equal to the sum of the areas of the white triangles.
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Solution. Call the point inside the 6-gon O, and let a be the length
of the sides of the 6-gon. Let B be the sum of the areas of the black
triangles and W be the sum of the areas of the white triangles. Extend
the bases of the black triangles to get an equilateral triangle AABC
with sides of length 3a. Draw the perpendicular segments from O to the
sides of AABC let the lengths of these segments be [1, ls, and I3. Then
B = %a(ll + s + l3)

On the other hand, %3a(l1 + Iy +13) is the sum of the areas of the
triangles AAOB, ABOC, and ACOA, that is, the area of the triangle
ANABC. Hence, B = %A, where A is the area of an equilateral triangle
with sides of length 3a. In the same way, W = %A, so B=W. A
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5. Ifx 427! is an integer, prove that is also an integer.

Solution. Put y = x + ~!. For every integer n > 0, define P, = 2™ + 2. Then for any n, yP, =

antl ppntl g gn=l g g=n=1 — P | + P,.1. Therefore, the sequence (P,) satisfies the recurrent equation
P11 = yP, — P,_1 with the initial conditions Py = 2 and P; = y. Hence, if y is an integer, P,, are integer
for all n by induction on n.

Remark. It also follows that for all n, Py is a polynomial function of y with integer coefficients. The polynomial
Tn(y) = Pn(2y)/2 is called the n-th Chebychev polynomial of the first kind.

Another solution. In the notation above, for any n € N, using the binomial formula and collecting the
symmetric terms we get
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Thus, P, is a linear combination of y™, 1, Py, ..., P,—1 with integer coefficients, and if y is an integer, then

P, is integer by induction on n.

6. Let f:R — (0,00) be a continuous periodic function having period 1; prove that fol flz)dz

flz+1/2) = =
Solution. Let g(x) = f(%xl)/z) For any * € R and y = = + 1/2 we have g(y) = f(iﬁyl)m) = f}f;j{?) =

Fat1/2) _ 1
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Another solution. We will prove that fo Flora) > 1 for any a > 0 using the so-called Jensen’s inequal-

ity, which says that for any integrable on [0,1] function h and any convex function ¢, fol o(h(z))dx >
1
<p(f01 h(x) das); in particular, fol M@ dy > efo h(@)dz,

since for any ¢ > 0 one has ¢ + % > 2.




Take h(x) = log(f(z)/f(z + a)) = log f(x) — log f(z + a); then e"®) = L and [} h(z)ds =

fol log f(x) dx—fol log f(z+a)dz = 0, since log f(z) is periodic with period 1. Hence, by Jensen’s inequality,
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