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Research Statement

My research involves bringing together methods and results from algebraic geometry, alge-
braic groups, representation theory and convex geometry. In particular, my work involves
drawing a connection between two areas of algebraic geometry: spherical varieties and Ok-
ounkov bodies. The current direction of my research is to investigate the geometry of spher-
ical varieties using tools from the theory of Okounkov bodies. In particular I am interested
in using these methods to study the structure of the Borel orbits in spherical varieties.

Spherical varieties are a natural generalization of many classes of varieties equipped with
group actions such as flag varieties, wonderful varieties, symmetric varieties, and toric vari-
eties. The notion of spherical varieties first arose in the 1983 paper “Plongements d’espaces
homogenes” by Domingo Luna and Thierry Vust [17]. For a spherical variety equipped with
an ample line bundle, one can construct an associated convex rational polytope, called the
Newton polytope. This has led to a deep and rich dictionary between algebro-geometric
notions on spherical varieties and combinatorial properties of their corresponding Newton
polytope [12]. This dictionary extends the well-known dictionary between toric varieties and
convex polyhedral geometry.

The theory of Okounkov bodies is a fascinating recent development generalizing Newton
polytopes, which studies algebraic varieties using methods from convex geometry. The theory
of Okounkov bodies originated in work on the theory of spherical varieties [20], but applies
much more broadly. The theory was independently developed by Kaveh-Khovanskii [11] and
Lazarsfeld-Mustata [17].Given any big line bundle L on a projective algebraic variety, along
with a valuation v on the ring of sections of L , the theory associates a convex body ∆v(L ),
which encodes substantial information about the variety and the line bundle. Due to work
produced by Kaveh in 2011 [14], one can now view Okounkov bodies as a vast generalization
which unites the convex polytopes that appear in toric geometry, the string polytopes of
representation theory, the moment polytopes of G-varieties, and the Newton polytopes of
spherical varieties.

Although the theory of Okounkov bodies is not limited to the context of G-varieties (varieties
equipped with a group action), it is within this context that one can derive the strongest
and most concrete results. In particular, this theory allows one to encode information about
the G-orbits of a spherical variety in terms of the associated Newton polytope. The closures
of G-orbits of spherical varieties are themselves spherical varieties, and each G-orbit closure
determines a face of the Newton polytope. This correspondence allows one to use the com-
binatorial methods of convex geometry to answer questions about the G-orbit closures of
the spherical variety. However, for nontoric spherical varieties, the G-orbit structure is too
coarse-grained. A great deal of information about the spherical variety, such as the inter-
section theory, is determined by the structure of the Borel orbits [10]. An extreme example
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of this is the case of flag varieties, where the Borel orbits are precisely the Schubert cells.
Here there is only one G-orbit, while the geometry of the Schuberts cells and their closures is
extremely rich. In general, the geometry of the Borel orbits of a nontoric spherical variety is
still an open question. One natural question to ask is whether one can use convex geometry,
in particular, convex polytopes to study the structure of the Borel orbits.

My research looks to extend the above correspondence between G-orbits and faces of the
Newton polytope to all Borel orbits of special classes of spherical varieties. It has recently
been shown that this can be done in the case of complete flag varieties, with the modification
that one must work with unions of faces instead of single faces [15], [7]. In my thesis I consider
the wonderful group compactifications, another very well behaved class of spherical varieties.
I prove that one can extend the above correspondence to the Borel orbits for this class of
varieties. Given any Borel orbit closure of a wonderful group compactification, I show that
applying the Okounkov construction will yield a finite union of faces of the Newton polytope.
I prove that this correspondence enjoys many of the same nice properties as in the case of
G-orbits.

A central motivation in my research program has been to investigate how intersection theory
on spherical varieties can be understood combinatorially. In particular, can one do intersec-
tion theory calculations via an associated Newton polytope as has recently been shown for
complete flag varieties in type A (see [15])? In the early phases of my dissertation research,
I calculated explicit formulas for the degree of B-orbit closures in terms of volumes of poly-
topes for some examples of complete quadrics. I have obtained explicit degree formulas for
all the B-orbits in the variety of complete conics and for several B-orbits in the space of
complete quadrics in P3, and I am investigating whether this relationship holds for complete
quadrics in Pn. I am also currently collaborating on a research project to investigate whether
the relationship between toric varities and tropical geometry can be extended to spherical
varieties. I plan to investigate soon whether my results for wonderful group compactifications
can be extended to the spherical varieties of minimal rank.

Below I give a more in-depth description of the context of my work, my research results, and
in the last section I give details of my plans for future research.

Spherical Varieties

Spherical varieties are a substantial generalization of toric varieties. More precisely a spheri-
cal G-variety X is a normal G-variety where G is a connected reductive algebraic group such
that the restricted action of any Borel subgroup B has a dense open orbit in X. Luna-Vust
theory classifies the spherical varieties in a fixed G-birational class by using certain collec-
tions of rational polyhedral cones called colored fans [19]. The classification of embeddings of
spherical homogeneous spaces in terms of colored fans has led to an extensive dictionary be-
tween algebro-geometric notions on spherical varieties and properties of their corresponding
colored fans [21], [22].
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One of the most fruitful aspects of the dictionary is the correspondence between toric varieties
and convex polytopes [9]. For toric varieties, the reductive group T in question is isomorphic
to the algebraic torus (C∗)n. Since T is commutative, it will coincide with its Borel subgroup.
This is one of the key reasons why toric varieties are simpler to understand than general
spherical varieties.

Given X a projective toric variety with a very ample T -linearized line bundle L , one can
associate to X a convex lattice polytope µ(X,L ), called the moment polytope. From this
polytope, one can recover not only the fan of X but also the line bundle L . The moment
polytope encodes information about not only X but also the all the T -orbit closures. For
instance, one can extract the Hilbert function of any T -orbit closure from the moment
polytope. Furthermore there is a simple way to describe the Chow cohomology ring of X in
terms of the polytope µ(X,L ) [13]. Much of this correspondence between projective toric
varieties and convex polytopes can be extended to projective spherical varieties and more
generally to any projective variety using Okounkov bodies.

Okounkov bodies

Let X be a projective algebraic variety of dimension d and let L be a big line bundle. We
can then form the graded algebra

R(X,L ) =
⊕
k≥0

H0(X,L ⊗k)

called the ring of sections of L . Suppose we have a faithful valuation v : C(X) −→ Zd. In
many cases of interest, one can determine such a valuation by specifying a complete flag of
subvarieties. The valuation is then defined by considering the order of vanishing of a rational
function along the flag.

We quickly detail the essential characteristics of the Okounkov constuction [2]. Applying
the valuation v to the graded algebra R(X,L ) we obtain a graded semigroup Sv(X,L ) =
{(k, v(f)) ∈ Z≥0 × Zd | f ∈ H0(X,L ⊗k)} in Z × Zd. One can then consider the closed
convex cone Cv(X,L ) ⊂ R × Rd generated by Sv(X,L ). The Okounkov body ∆v(X,L )
of R(X,L ) with respect to v is then defined to be the projection onto the 2nd factor of the
intersection Cv(X,L ) ∩ ({1} × Rd).

The Okounkov body encodes some interesting geometric information about the pair (X,L ).
Suppose the valuation v has one-dimensional leaves; this is automatic if v comes from a flag
of subvarieties. Then the following results hold:

(i) [14, Corollary 1.16] The asymptotic growth of R(X,L ) is given by the volume of
∆v(X,L ). More precisely, consider the Hilbert function HR(k) = dimCH

0(X,L ⊗k)
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of R(X,L ). Then the volume of L

volX(L ) := limk→∞
HR(X,L )(k)

kd/d!

is equal to the Euclidean volume of ∆v(X,L ). In particular, when L is very ample,
we have that the degree

∫
X
c1(L )d = d! Vol(∆v(X,L )).

(ii) [2] If the semigroup Sv(X,L ) is finitely generated, then ∆v(X,L ) is a rational polytope
and there exits a degeneration of X into a toric variety X0. More precisely, there exists
a projective flat morphism π : X −→ C such that:

(a) The generic fiber is isomorphic to X.

(b) The special fiber X0 = p(−1)(0) is a projective toric variety whose normalization
is the toric variety determined by the polytope ∆v(X,L ).

Since Okounkov theory is still in its infancy, there still are many open questions about what
geometric information the Okounkov body ∆v(V ) encodes and exactly how the Okounkov
body changes as we vary L and v. In general, Okounkov bodies are very difficult to compute;
they need not even be polytopes. However, if we restrict our attention to spherical varieties
with sufficiently nice valuations, Okounkov bodies can often be explicitly calculated and are
always rational polytopes.

Okounkov bodies of spherical varieties

Now let X be a projective spherical G-variety and let L be a very ample G-line bundle
on X. Choose a reduced decomposition ω0 for the longest element of the Weyl group of G.
The reduced decomposition ω0 then determines a valuation vN on R(X,L ) whose image
Sω0(X,L ) is finitely generated. Applying the Okounkov construction in this case then pro-
duces a convex rational polytope ∆ω0(X,L ), known as the Newton polytope [14]. One can
proceed in a similar fashion using the restriction of the given line bundle and the restriction
of the valuation for any given G-orbit closure Z. The Okounkov construction then produces a
convex polytope ∆ω0(Z,L ) which is a face of ∆ω0(X,L ). The polytope ∆ω0(Z,L ) satisfies
the following analogues of properties (i) and (ii) above:

(1) The degree of Z is given by the normalized volume of ∆ω0(Z,L ). That is,

degL Z = d! Vol(∆ω0(Z,L ))

where the Vol is the Euclidean volume on ΛR×RN normalized so that the fundamental
parallelepiped of the lattice Λ(Z)× ZN has volume 1.

(2) There exists a toric degeneration that degenerates Z to a projective toric variety TZ .
The polytope associated to TZ is precisely the face ∆ω0(Z,L ) ⊆ ∆ω0(X,L ).
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We have the following additional property in the case of spherical varieties:

(3) [14] The Hilbert function of R(Z,L ) is equal to the Ehrhart function of the polytope
∆ω0(Z,L ) with respect to the lattice Λ(Z)× ZN . That is,

dimCH
0(Z,L ⊗k) = |k∆ω0(Z,L ) ∩ (Λ(Z)× ZN)|

In other words, the dimension of the space of global sections of L ⊗k is given by the
number of points of the lattice Λ(Z)× ZN in k∆ω0(Z,L ).

In the special case when X is a complete flag variety of type A and a certain choice of reduced
decomposition ω0 is made, one obtains these same properties for every B-orbit closure with
the modification that one must work with unions of faces of the Newton polytope. In
particular, Kiritchenko et al show that one can perform the Schubert calculus computations
in the polytope ring determined by ∆ω0(X,L ). One can represent each Chow cohomology
class as a linear combination of faces; this allows one to multiply two Chow classes by
intersecting the associated collections of faces of the Newton polytope [15].

My research results

In my thesis I investigated the Borel orbits in a very well behaved class of smooth projective
spherical varieties known as wonderful group compactifications. Let G be a semisimple group
of adjoint type. Consider the action of G × G on G by (g, h) · x = gxh−1. Then G can be
regarded as the algebraic homogeneous space G×G/ diag(G×G). In fact, this is a spherical
homogeneous space. One can then construct a canonical G×G-equivariant compactification
X of G called the wonderful compactification of G [3].

For such a wonderful compactification X, let Lλ be a very ample G×G-line bundle, where λ
is a regular dominant weight. Choose a reduced decomposition ω0. Then for any B×B-orbit
closure Z of X, I applied the Okounkov construction and showed that it produces a finite
union of faces of ∆ω0(X,L ). I proved that with the appropriate modifications the properties
(2) and (3) remain true in this generalized setting of B ×B-orbit closures.

The data I use for the Okounkov construction is the ring of sections R(Z,L ) and the
restriction of valuation vN to the section ring. The restriction of vN to R(Z,L ) need not be
a valuation but it will be a prevaluation. The image of R(Z,L ) under the prevaluation vN
need not be a semigroup, but I prove that it can be written as a finite union of semigroups.
Denote by XI the G-orbit closure containing Z that is minimal with respect to inclusion.

Theorem 0.1. Applying the Okounkov construction to the graded algebra R(Z,Lλ) and the
prevaluation vN we obtain a finite union F(Z,Lλ) =

⋃
τ,iF iτ (Z,Lλ) of faces of the Newton

polytope ∆ω0(X,Lλ). This collection of faces satisfies the following property:
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The Hilbert function HZ,Lλ
(k) := dimCH

0(Z,L ⊗k
λ ) is equal to the Ehrhart function of

F(Z,Lλ):
dimCH

0(Z,L ⊗k
λ ) = F(Z,Lλ) ∩ (Λ(XI)× ZN) (1)

for all positive integers k.

That is, the dimension of the space of global sections of L ⊗k
λ on Z is given by the number

of lattice points in the union kF(Z,Lλ) of faces.

We have the following asymptoptic version of the above theorem:

Corollary 0.2. The degree of Z with respect to Lλ is given by the normalized volume of the
union of faces F(Z,Lλ), i.e.

degLλ
Z = d!

∑
τ, i

Vol(F iτ (Z,Lλ )) (2)

where d = dimZ and where Vol is the Euclidean volume normalized so that the fundamental
parallelepiped of the lattice Λ(XI)× ZN has volume 1.

Plans for future research

I am currently working with Gary Kennedy of OSU and Susan Colley of Oberlin College on
a project involving the relation between tropical geometry and spherical varieties. There is
a close connection between toric varieties and tropical geometry. In particular, for a smooth
projective toric variety, the Chow cohomology classes can be expressed as tropical cycles on
the associated fan. Based on some circumstantial evidence, we hypothesize that there may
be a variant of tropical geometry for spherical varieties that plays a similar role as in the
theory of toric geometry.

Before I began to investigate wonderful group compactifications, I spent some time studying
the variety of complete quadrics in Pn. In particular I was able to obtain explicit degree
formulas for all of the 22 Borel orbits in the space of complete conics. These formulas allow
one to calculate the degree of a very ample G-line bundle in terms of sums of volumes of faces
of the associated Newton polytope. I also calculated degree formulas for a few Borel orbit
closures in the space of complete quadrics in P3. Interestingly, in these cases, it seems that
one must work not only with unions of faces but one must attach multiplicities to the faces
when determining the degree. One of my current goals is to work out whether such degree
formulas can be obtained for all Borel orbits closures in the space of complete quadrics in
Pn.

One of my initial motivations for looking at the Borel orbits of spherical varieties came
from the work of Kiritchenko et al [15], which proves that one can do intersection theory
calculations via a certain Newton polytope for complete flag varieties of type An. I plan to
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examine whether one can obtain a similar representation for the Chow cohomology ring of
the wonderful group compactification X. That is, at least for classes generated by Chern
classes of line bundles, one should be able to represent these classes by linear combinations
of faces of the Newton polytope. This may allow one to do intersection theory calculations
for wonderful group compactifications by working directly on the Newton polytope.

Another step I want to take is to determine whether the toric degeneration property in
(1) above is compatible with Borel orbit closures. It seems probable that there is a toric
degeneration of X determined by ω0 that will degenerate any B × B-orbit closure Z to a
finite union of projective toric varieties. Furthermore the polytopes associated to these toric
varieties should be precisely the collection of faces F(Z,Lλ) obtained from applying the
Okounkov construction.

Another direction for future research I plan to investigate is whether one can obtain simi-
lar results for Okounkov bodies of Borel orbit closures for other natural classes of spherical
varieties. Primarily, I want to investigate a more general class of varieties, minimal rank
spherical varieties (suggested to me by Valentina Kiritchenko). The structure of the Borel
orbit closures in minimal rank spherical varieties have a nice description with strong similar-
ities to the Schubert varieties in complete flag varieties and Borel orbit closures in wonderful
group compactifications which makes it a natural class to consider.
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