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Abstract. We give a short proof for the following result on the distribution of three-term
arithmetic progressions in sparse subsets of Fn

p : for every α > 0 there exists a constant

C = C(α) such that the following holds for all r ≥ Cpn/2 and for almost all sets R of
size r of Fn

p . Let A be any subset of R of size at least αr, then A contains a non-trivial
three-term arithmetic progression. This is an analog of a hard theorem by Kohayakawa,
 Luczak, and Rödl. The proof uses a version of Green’s regularity lemma for subsets of a
typical random set, which is of interest of its own.

1. Introduction

A well-known result of Roth asserts that for any α > 0 there exists n0 = n0(α) such that
every subset of size αn of [n], where n > n0, contains a non-trivial three-term arithmetic
progression. This result was generalized by Brown and Buhler [3] (see also [2]) to any large
abelian group of odd order. As a special case, their result implies

Theorem 1.1 (Roth’s theorem for Fnp ). For every α > 0 and odd prime p there exists
n0 = n0(α, p) such that every subset of size αpn of Fnp , where n > n0, contains a non-trivial
three-term arithmetic progression.

We say that a subset R of Fnp is (α, 3AP )-dense if any subset of size α|R| of R contains a
non-trivial three-term arithmetic progression in Fnp .

One observes that, by Theorem 1.1, any subset of size εpn, where ε > 0 is given and n
is sufficiently large, is (α, 3AP )-dense. In other words, any subset of positive density in
Fnp is (α, 3AP )-dense. One of the main goal of this note is to show that this phenomenon
continues to hold for almost all subsets of size of order pn/2.

Theorem 1.2 (Main theorem). For every α > 0 there exists a constant C = C(α) such
that the following holds for all r ≥ Cpn/2. Let R be a random subset of size r of Fnp , then
the probability that R fails to be (α, 3AP )-dense is o(1).

Note that the assumption r ≥ Cpn/2 is tight up to a constant factor. Indeed, a typical
random set of size r in Fnp contains about Θ(r3/pn) three-term arithmetic progressions.
Thus, if (1 − α)r � r3/pn, then there is a subset of size αr of R which does not contain
any non-trivial three-term arithmetic progression.

Notation. Here and later, the asymptotic notations, such as o,O,Ω,Θ, and so forth, are
used under the assumption that n→∞ and p is fixed. A notation such as OC(.) emphasizes
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that the hidden constant in O depends on C. If a = Ω(b), we write b � a or a � b. All
logarithms have a natural base, if not specified otherwise.

Theorem 1.2 is an analog of a hard theorem by Kohayakawa,  Luczak, and Rödl [4] on the
distribution of three-term arithmetic progressions in Zn, where n is odd. In fact, we will
follow their approach very closely to prove Theorem 1.2. However, with our additional
structural result (Theorem 2.3 of Section 2), we are able to get around many technical
difficulties to provide a much simpler proof.

The note is organized as follows. In the next two sections 2, 3 we will mainly discuss Green’s
result for sparse Cayley graphs. Some additional lemmas for proving Theorem 1.2 will be
given in Section 4. The proof of Theorem 1.2 is established in Section 5.

2. Green’s regularity lemma for (b, σ)-sparse Cayley graphs

Let G be a graph and let A,B be two subsets of VG. We define the density d(A,B) of
G(A,B) to be

d(A,B) := e(A,B)/|A||B|.

Let ε be a positive constant. We say that the pair (A,B) is ε-regular if

|d(A′, B′)− d(A,B)| ≤ ε

for any A′ ⊂ A and B′ ⊂ B satisfying |A′| ≥ ε|A| and |B′| ≥ ε|B|.

Szemerédi’s regularity lemma, a fundamental result in combinatorics, states that the vertex
set of any dense graph can be partitioned into not-too-small pieces so that almost all pairs
of pieces are regular.

Theorem 2.1 (Szemerédi’s regularity lemma). Let ε > 0. There exists M = M(ε) such
that the vertex set can be partitioned into 1/ε ≤ m ≤ M sets Vi with sizes differing by at
most 1, such that at least (1− ε)m2 of the pairs (Vi, Vj) are ε-regular.

Consider a vector space V = Fnp , where p is a fixed odd prime and n is a large integer. Let
A be a subset of V , we define the (bipartite, directed) Cayley graph generated by A to be
GA = G(V1, V2), where V1, V2 are two copies of V , and (v1, v2) ∈ E(GA) if v2 − v1 ∈ A.

It is clear that GA is a regular graph of degree |A|. Hence if A is dense enough, then
Szemerédi’s regularity lemma is applicable to GA. Furthermore, since GA has additional
algebraic structure, it is natural to expect a stronger result than Theorem 2.1. Indeed, a
result of Green [1, Section 9] confirms this intuition:

Assume that |A| = Ω(|V |). Then one can partition V (GA) into affine subspaces of large
dimension and so that almost all pairs of subspaces are ε-regular.
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Szemerédi’s regularity lemma is not meaningful for sparse graphs in general. However, it
can be extended to certain graph families. Let ε be a positive constant. We say that the
pair (A,B) is relatively ε-regular if

|d(A′, B′)− d(A,B)| ≤ εd(G)

for any A′ ⊂ A and B′ ⊂ B satisfying |A′| ≥ ε|A| and |B′| ≥ ε|B|.

Let be given b > 2 and σ > 0. We say that a graph G is (b, σ)-sparse if

d(X,Y ) ≤ bd(G)

for any |X| ≥ σ|VG| and |Y | ≥ σ|VG|. The following result extends Szemererédi’ s regularity
lemma for (b, σ)-sparse graphs.

Theorem 2.2 (Szemerédi’s regularity lemma for sparse graphs, [4, Lemma 4]). Let b > 0.
For ε > 0 there exists σ = σ(b, ε) such that the following holds for all (b, σ)-sparse graphs.
There exists M = M(ε, b) such that the vertex set can be partitioned into 1/ε ≤ m ≤ M
sets Vi with sizes differing by at most 1, such that at least (1− ε)m2 of the pairs (Vi, Vj) are
relatively ε-regular.

As to how Theorem 2.2 extends Theorem 2.1, our result below shows that the result of
Green can be extended easily to “(b, σ)-sparse” Cayley graphs in Fnp . We first need the
notion of regular sets.

σ-regular set. Let σ be a positive constant. We say that a subset R of V is σ-regular if
the number of edges between X and Y in the Cayley graph GR is bounded by,

eGR
(X,Y ) ≤ 2|R||X||Y |/N,

for all X,Y satisfying |X|, |Y | ≥ σN , where N := |V |.

We will also need a tower-type function W (t) defined recursively below.

W (1) = 2p and W (t) := (2p)W (t−1).

We now state our structural result.

Theorem 2.3 (Green’s regularity lemma for sparse Cayley graphs). Let a prime p be fixed.
For all 0 < α < 1 and 0 < ε < 1 there exist σ and n0 such that for all n > n0 the following
holds. Let R be a σ-regular subset of Fnp and let A be a subset of R satisfying |A| ≥ α|R|.
Then, there is a subspace H of Fnp of index ≤ W (4ε−9α−2) such that the partition of V
into the affine translates of H, V = ∪K1 Hi, has at least (1− ε)K2 relatively ε-regular pairs
(Hi, Hj) in GA.
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This theorem will play a key ingredient to the establishment of Theorem 1.2. To prove it,
we first pass to a simpler version to be discussed below.

Fourier transform.(cf. [5, Chapter 4.]) Let H be a subspace of V , let f be a real-valued
function defined on V . Then the Fourier transform of f with respect to H is

f̂(ξ) := Ex∈Hf(x)e(−〈x, ξ〉),

where 〈x, ξ〉 =
∑n

i=1 xiξi/p, and e(z) = e2πiz.

Convolution. Let f and g be two real-valued functions defined on V . The convolution of
f and g with respect to H is

f ∗ g(h) := Ex∈Hf(x)g(h− x).

The following basic properties for real-valued functions will be used several times.

• (Parseval’s identity) Ex∈Hf
2(x) =

∑
ξ∈H |f̂(ξ)|2.

• (Plancherel’s formula) Ex∈Hf(x)g(x) =
∑

ξ∈H f̂(ξ)ĝ(ξ).

• (Fourier inversion formula) f(x) =
∑

ξ∈H f̂(ξ)e(〈x, ξ〉) for any x ∈ H.

• f̂ ∗ g(ξ) = f̂(ξ)ĝ(ξ).

Let A be a subset of V , and let v be an element of V . We define AvH to be the set
A+ v ∩H. Sometimes we also write AvH as its characteristic function. Following are some
simple properties:

• ÂvH(ξ) = |AvH |/|H| if ξ ∈ H⊥;

• Âv′H(ξ) = e(〈v − v′, ξ〉)ÂvH(ξ) if v − v′ ∈ H; in particular, |Âv′H(ξ)| = |ÂvH(ξ)|.

ε-regular vector. Let ε be a positive constant. Let A be a given set. We say that a vector
v is ε-regular for A with respect to H if

sup
ξ /∈H⊥

|ÂvH(ξ)| ≤ ε|A|/N.

(It is more natural to use the upper bound ε|AvH |/|H| in the definition above, but we find
our definition more convenient to use, and ε|A|/N | is the average value for ε|AvH |/|H|.)

Notice that if v is an ε-regular vector, then so is any element of v +H.



5

We say that a subspace H is ε-regular for A if the number of v’s which fail to be ε-regular
is at most εN .

We are now ready to state an analog of Theorem 2.3.

Theorem 2.4 (Green’s regularity lemma for sparse sets). Let a prime p be fixed. For all
0 < α < 1 and 0 < ε < 1 there exist σ and n0 such that for all n > n0 the following holds.
Let R be a σ-regular subset of Fnp and let A be a subset of R satisfying |A| ≥ α|R|. Then
there is a subspace H of Fnp of index ≤W (4ε−3α−2) which is ε-regular for A.

For the rest of this section, we deduce Theorem 2.3 from Theorem 2.4.

Let V = ∪Ki=1Hi be the partition of V into affine translates of H. Let v1, . . . , vK be
representatives of the coset subgroups V/H. Then by definition, all but at most εK vectors
v1, . . . , vK are ε-regular vectors with respect to H.

Next, assume that Hi = vi + H and Hj = vj + H are two affine translates of H such that
vj − vi is an ε-regular vector. We will show that the subgraph GA(Hi, Hj) is relatively
ε1/3-regular.

It is clear that eGA
(Hi, Hj) = |H||Avj−vi

H |; thus

dGA
(Hi, Hj) = |Avj−vi

H |/|H|.

Let X ⊂ Hi and Y ⊂ Hj be any two subsets of Hi and Hj respectively, which satisfy
|X|, |Y | ≥ ε1/3|H|. We shall estimate the number of edges generated by X and Y . We have

eGA
(X,Y ) =

∑
x∈Hi,y∈Hj

A(y − x)X(x)Y (y)

=
∑

x′,y′∈H
A
vj−vi

H (y′ − x′)X(x′ + vi)Y (y′ + vj)

=
∑

x′,y′∈H
A
vj−vi

H (y′ − x′) (X − vi) (x′)(Y − vj)(y′)

Now we apply the Fourier inversion formula to the last sum to obtain (after canceling some
zero sums)

eGA
(X,Y ) = |H|2

∑
ξ∈H

Â
vj−vi

H (ξ) ̂(X − vi)(ξ) ̂(Y − vj)(−ξ)

= |Avj−vi

H ||X||Y |/|H|+
∑

ξ∈H\{0}

Â
vj−vi

H (ξ) ̂(X − vi)(ξ) ̂(Y − vj)(−ξ).

Since vj − vi is an ε-regular vector with respect to H, we infer that
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∣∣∣eGA
(X,Y )− |Avj−vi

H ||X||Y |/|H|
∣∣∣ ≤ (ε|Avj−vi |/N)

∑
ξ

∣∣∣ ̂(X − vi)(ξ) ̂(Y − vj)(−ξ)
∣∣∣ .

By Parseval’s identity and by the Cauchy-Schwarz inequality we thus have

∣∣∣eGA
(X,Y )− |Avj−vi

H ||X||Y |/|H|
∣∣∣ ≤ |H|(ε|Avj−vi |/N)(|X||Y |)1/2

≤ ε|Avj−vi ||H|2/N.

It follows that

|dGA
(X,Y )− dGA

(Hi, Hj)| ≤ ε|Avj−vi ||H|2/(|X||Y |N)

≤ ε1/3|Avj−vi |/N

= ε1/3d(GA).

Hence GA(Hi, Hj) is indeed relatively ε1/3-regular.

One observes that vj − vi is an ε-regular vector for all but at most εK2 pairs (i, j). Hence
there are (1−ε)K2 relatively ε1/3-regular pairs (Hi, Hj) in GA. This concludes our deduction
of Theorem 2.3 after modifying ε to ε1/3.

Remark 2.5. It is crucial to note that the definition of ε-regular vector above works for any
type of (linear) Cayley graph. For instance, assume that (v1 + v2)/2 is an ε-regular vector
with respect to H and define a bipartite Cayley graph G′A on (H−v1, H−v2) by connecting
(h1 − v1) with (h2 − v2) if ((h1 − v1) + (h2 − v2))/2 = (h1 + h2)/2− (v1 + v2)/2 ∈ A. Then
G′A is also ε1/3-regular. Indeed, it is clear that

dG′A(H1, H2) = |A(v1+v2)/2
H |/|H|.

Next, by the Fourier inversion formula,

eG′A(X,Y ) =
∑

x′,y′∈H
A

(v1+v2)/2
H ((y′ − x′)/2)X(x′ + v1)Y (y′ + v2)

=
∑

x′,y′∈H
A

(v1+v2)/2
H ((y′ − x′)/2) (X − v1) (x′)(Y − v2)(y′)

= |H|2
∑
ξ∈H

̂
A

(v1+v2)/2
H (2ξ) ̂(X − vi)(ξ) ̂(Y − vj)(−ξ)

= |A(v1+v2)/2
H ||X||Y |/|H|+

∑
ξ∈H\{0}

̂
A

(v1+v2)/2
H (2ξ) ̂(X − vi)(ξ) ̂(Y − vj)(−ξ).
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Thus, because (v1 + v2)/2 is an ε-regular vector with respect to H, we also have

∣∣∣eGA
(X,Y )− |Avj−vi

H ||X||Y |/|H|
∣∣∣ ≤ ε|A(v1+v2)/2||H|2/N.

It then follows that

|dG′A(X,Y )− dG′A(H1, H2)| ≤ ε|A(v1+v2)/2||H|2/(|X||Y |N)

≤ ε1/3|A(v1+v2)/2|/N

= ε1/3d(G′A),

completing the remark.

3. Proof of Theorem 2.4

Define d(A,H) by

d(A,H) :=
1
N

∑
v∈V

(
|AvH |
H

)2

/

(
|A|
N

)2

.

Observe that d(A,H) is the mean of the squares of the normalized densities of theGA(Hi, Hj)’s.
We show that this quantity is always bounded.

Claim 3.1. We have d(A,H) ≤ 4/α2 for any |H| ≥ σN .

Proof. (of Claim 3.1). Since H ≥ σN , by the σ-regularity of R, for any v we have,

|H||RvH | = eGR
(H,H − v) ≤ 2|H||H||R|/N.

Hence |AvH |/|H| ≤ |RvH |/|H| ≤ 2|R|/N ≤ (2/α)|A|/N . As a result,

d(A,H) ≤ 1
N

∑
v∈V

(2/α)2 ≤ 4/α2.

�

As in the proof of Szemerédi’s regularity lemma, when a partition with too many irregular
pairs comes into play, then we pass to a finer partition, and by so the mean square of the
densities will increase. What we are going to do is similar, the only difference is we restrict
ourselves to a special family of partitions.
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Lemma 3.2. Let ε ∈ (0, 1) and suppose that H is a subspace of V , which is not ε-regular
for A. Then there is a subspace H ′ ≤ H such that |V/H ′| ≤ (2p)|V/H| and d(A,H ′) ≥
d(A,H) + ε3.

Proof. (of Lemma 3.2). Since H is not ε-regular for A, there are εN vectors v such that
supξ /∈H⊥ |ÂvH(ξ)| ≥ ε|A|/N . In other words, there exists a positive integer m satisfying
εN/|H| ≤ m ≤ N/|H| together with m coset representatives v1, . . . , vm ∈ V/H and vectors
ξ1, . . . , ξm ∈ H⊥, such that

|Âvi
H(ξi)| ≥ ε|A|/N.

Now let H ′ ⊂ H be the annihilator of all ξi’s. It is clear that

|H ′| ≥ |H|/pm ≥ |H|/p|V/H|

Hence,

|V/H ′| ≤ |V/H|p|V/H| < (2p)|V/H|.

Set S := N |H ′|2(|A|/N)2|H|d(A,H ′). It is obvious that

S = |H|
∑
v∈V
|AvH′ |2 =

∑
v∈V,h∈H

|Av+hH′ |
2.

Notice that |Av+hH′ | =
∑

x∈H(A+ v)(x− h)H ′(x) =
∑

x∈H(A+ v)(x)H ′(x+ h) = |H|(AvH ∗
H ′)(−h). We rewrite S and then use Plancherel’s formula,

S = |H|2
∑

v∈V,h∈H
|AvH ∗H ′(h)|2

= |H|3
∑

v∈V,ξ∈H

∣∣∣ÂvH ∗H ′(ξ)∣∣∣2
= |H|3

∑
v∈V,ξ∈H

|ÂvH(ξ)|2|Ĥ ′(ξ)|2.

In the last sum, the contribution of the ξ = 0 term gives
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S0 = |H|3
∑
v∈V

(|AvH |/|H|)
2 (|H ′|/|H|)2

= |H||H ′|2
∑
v∈V

(|AvH |/|H|)
2

= N |H||H ′|2(|A|/N)2d(A,H);

while the sums contributed from ξ ∈ H\{0} is bounded from below by

S6=0 ≥ |H|3
m∑
i=1

∑
v∈H+vi

|Âvi
H(ξi)|2|Ĥ ′(ξi)|2.

But since ξi ∈ H ′⊥, we have Ĥ ′(ξi) = |H ′|/|H|. Use the bound |Âvi
H(ξi)| ≥ ε|A|/N for all

1 ≤ i ≤ m, we obtain

S6=0 ≥ |H|3m|H|(ε|A|/N)2
(
|H ′|/|H|

)2
≥ |H|3(εN/|H|)|H|ε2 (|A|/N)2

(
|H ′|/|H|

)2
= ε3|H||H ′|2N (|A|/N)2 .

From the estimate for S0 and S6=0 we conclude that d(A,H ′) ≥ d(A,H) + ε3.

�

To complete the proof of Theorem 2.4 we keep applying Lemma 3.2. Since d(A,H) ≤ 4/α2,
the iteration stops after at most 4ε−3α−2 steps. During the iteration, |H ′| is always bounded
below by N/W (4ε−3α−2), thus we may choose σ = (2W (4ε−3α−2))−1.

Let us conclude this section by an important corollary to the proof of Theorem 2.4.

Theorem 3.3. Let α, ε ∈ (0, 1) and let m be a positive integer. There is a constant σ =
σ(ε, α,m) such that if R is a σ-regular set of V and A is a subset of R of cardinality α|R|,
then the following holds. Assume that A = ∪mi=1Ai is a partition of A into m distinct sets
of size |A|/m. Then there is a subspace H ≤ V of index bounded by W (4m3ε−3α−2) which
is ε-regular for all Ai’s.

To prove Theorem 3.3 we first let d(A1, . . . , Am, H) :=
∑m

i=1 d(Ai, H). Next, keep iterating
Lemma 3.2 if H is not ε-regular for some Ai. Since d(A1, . . . , Am, H) ≤

∑m
i=1 4/(α/m)2 =

4m3/α2, the iteration will stop after at most 4m3ε−3α−2 steps.
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4. Main lemmas for applications

In this section we will provide some important supporting lemmas to be used in the proof
of Theorem 1.2.

4.1. Regularity of a random set.

Lemma 4.2. For 0 < σ < 1/2 there is a constant C(σ) such that if r ≥ C(σ)N1/2 and R
is a random subset of size r of V , then R is a σ-regular set asymptotically almost surely.

To start with, we consider a slightly different model as follows.

Lemma 4.3. For σ > 0 there is a constant C(σ) such that if r ≥ C(σ)N1/2 and q = r/N ,
and R is a random subset of V whose elements are equally selected with probability q, then
the following holds asymptotically almost surely for R: eR(X,Y ) ≤ 1.5|R||X||Y |/N for all
|X|, |Y | ≥ σN .

Proof. (of Lemma 4.3) Let X,Y ⊂ V , of cardinality at least σN . The number of edges of
GR generated by X and Y is

eR(X,Y ) =
∑
x,y∈V

1R(y − x)1X(x)1Y (y) = N2
∑
ξ∈V

1̂R(ξ)1̂X(ξ)1̂Y (−ξ)

where the Fourier transform is defined with respect to V , and the latter identity comes from
Fourier inversion formula. Thus we have

eR(X,Y ) = |R||X||Y |/N +N2
∑

ξ∈V,ξ 6=0

1̂R(ξ)1̂X(ξ)1̂Y (−ξ).

Let us pause to estimate 1̂R(ξ).

Lemma 4.4. supξ 6=0 |1̂R(ξ)| < |R|/(N logN) asymptotically almost surely for R.

The proof of this lemma is routine by applying the exponential moment method. For the
sake of completeness, we prove it in Appendix A.

Assuming Lemma 4.4, then by the Cauchy-Schwarz inequality and Parseval’s identity we
have
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|eR(X,Y )− |R||X||Y |/N | ≤ N2 sup
ξ 6=0
|1̂R(ξ)|

∑
ξ∈V
|1̂X(ξ)|2

∑
ξ∈V
|1̂Y (ξ)|2

1/2

≤ N2 sup
ξ 6=0
|1̂R(ξ)|

(
|X||Y |/N2

)1/2
= sup

ξ 6=0
|1̂R(ξ)|(|X||Y |)1/2N.

On the other hand, as |X|, |Y | ≥ σN and supξ 6=0 |1̂R(ξ)| ≤ |R|/(N logN), we have

sup
ξ 6=0
|1̂R(ξ)|(|X||Y |)1/2N = o (|R||X||Y |/N) ,

completing the proof of Lemma 4.3.

�

Next we show that the two models, of Lemma 4.2 and of Lemma 4.3, are similar.

Proof. (of Lemma 4.2). Let q = (1 − σ4)|R|/N . We first consider a random set R1 by
selecting each element of V with probability q. It is obvious that the size of this random set
belongs to [(1− 2σ4)|R|, |R|] asymptotically almost surely. We restrict ourself to this event
by renormalizing the probability space. Hence the random set R1 is chosen uniformly from
the collection of subsets of size [(1− 2σ4)|R|, |R|]. Next we pick uniformly a set R2 of size
|R| − |R1| from V \R1 and set R = R1 ∪R2.

Suppose that X,Y ⊂ V and |X|, |Y | ≥ σN . By Lemma 4.3, we have eR1(X,Y ) ≤
1.5|R1||X||Y |/N ≤ 1.5|R||X||Y |/N . On the other hand, it is obvious that

eR(X,Y ) ≤ eR1(X,Y ) + |R2|N
≤ 1.5|R||X||Y |/N + 2σ4|R|N
≤ 2|R||X||Y |/N.

Hence eR(X,Y ) ≤ 2|R||X||Y |/N asymptotically almost surely, completing the proof of
Lemma 4.2. �

4.5. Edge distribution of quasi-random graphs. Roughly speaking, if we choose ran-
domly a large number of vertices of a dense quasi-random graph, then the chance of obtain-
ing an edge is very high. This simple observation, as a strong tool to exploit structure for
counting, was used in [4], and will play a key role in our proof of Theorem 1.2.
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Let G = G(u, ρ, ε) be an ε-regular bipartite graph, V (G) = U1 ∪ U2, where |U1| = |U2| = u
and d(G) = e(G)/u2 = ρ. Let t1, t2 < u/2 be two given positive integers. We select a
random subgraph of G as follows. First, an adversary chooses a set S1 ⊂ U1 with |S1| ≤ u/2.
Then we pick a set T1 ⊂ U1\S1 with |T1| = t1 from the collections of all t1-subsets of U1\S1

with equal probability. Next, our adversary picks a set S2 ⊂ U2 with |S2| ≤ u/2, and we
pick a set T2 ⊂ U2\S2 with T2 = t2 from the collections of all t2-subsets of U2\S2 with equal
probability. Let us call the outcome of the above procedure a random (t1, t2)-subgraph of
G.

Lemma 4.6. [4, Lemma 11] For every constant 0 < η < 1, there exist a constant 0 < ε < 1
and a natural number u0 such that, for any real t ≥ 2(u/ε)1/2 and any given graph G =
G(u, ρ, ε) as above with u ≥ u0 and ρ ≥ t/u, the following holds. If t1, t2 ≥ t, regardless of
the choices for S1 and S2 of our adversary, the probability that a random (t1, t2)-subgraph
of G fails to contain an edge is at most ηt.

The proof of Lemma 4.6 is simple, the interested reader may read [4].

4.7. Roth’s theorem for Fnp . Another important ingredient is the following (equivalent)
form of Theorem 1.1.

Theorem 4.8. For any δ > 0 there is a number c(δ) > 0 such that if B is a subset of V of
size δ|V |, then B contains at least c(δ)|V |2 three-term arithmetic progressions.

In the next section, we shall put every thing together to establish Theorem 1.2.

5. Proof of Theorem 1.2

We shall work with several constants throughout this section, so let us mention briefly here
to avoid confusion.

α, c(α)→ η → ε→ σ → C

Firstly, α is the constant that we fix all the time. The constants c(α)’s depend only on α.
Secondly, η will be chosen to be small enough depending on α and the c(α)’s. The constant
ε will depend on α and η. Last but not least, σ depends on α and ε. We shall choose η, ε, σ
to be small enough, while the constants C = C(α, η, ε, σ) are often very large.

Now we discuss the proof of Theorem 1.2 in details.

By Theorem 4.8, it is enough to work with the case

r = oα(N).

We say that a set A is (α, σ)-bad if it contains no non-trivial three-term arithmetic progres-
sion and there exists a σ-regular set R such that A ⊂ R and |A| = α|R| = αr.
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Our main goal is to give an upper bound for the number of bad sets of a given size.

Theorem 5.1. For all α > 0 there exists c > 0 such that for all η > 0 there exist C > 0
and σ > 0 such that for all s ≥ C(α, η)N1/2, the number of (α, σ)-bad sets of size s is at
most ηc(α)s

(
N
s

)
.

Proof. (of Theorem 1.2 assuming Theorem 5.1). We choose η = η(α) to be small enough.
Let s ≥ C(α, η)N1/2 and put r = s/α. Pick a random set R among all r-subsets of V . Then
by Theorem 4.2, R is σ-regular almost surely. Among these σ-regular r-sets, by Theorem
5.1, the number of sets that contain at least one (α, σ)-bad subset is at most

ηc(α)s

(
N

s

)(
N − s
r − s

)
.

Observe that, as η is small enough, this amount is o
((

N
r

))
. Hence almost all r-sets of V

contain no bad subsets at all. To finish the proof, we note that if R contains no (α, σ)-bad
subset, then it is (α, 3AP )-dense.

�

We shall concentrate on proving Theorem 5.1 by localizing some properties of A. Our
approach follows that of [4] closely, but the key difference here is that we shall exploit the
rich structure obtained from Theorem 2.3 and Theorem 3.3.

Let R be a σ-regular set of fixed size C(σ)N1/2 ≤ r = o(N) such that A ⊂ R. Let m = m(α)
be a large number to be defined later.

From now on we shall view A as an ordered m-set-tuple, A = (A1, . . . , Am), where |Ai| =
|A|/m for all i and A = ∪Ai. We shall choose ε = ε(α) to be small enough. By Theorem
3.3, there exists a subspace H of V which has index bounded by W (4m3α−2ε−9) and which
is ε3-regular for all Ai’s .

Let v1, . . . , vK be representatives of the quotient space V ′ := V/H. For each Ai, let us
consider a set Bi of vectors v = vj that satisfy the following conditions:

• v is ε3-regular with respect to Ai and H.

• |(Ai)vH | ≥ (1/4)|Ai||H|/N .

It is clear that |(Ai)vH | ≤ |AvH | ≤ |RvH |. But by definition of R, |RvH | ≤ 2|R||H|/N ; thus we
have

∑
v∈Bi

|(Ai)vH | ≥ |Ai| − (εK)(2|R||H|/N)−K((1/4)|Ai||H|/N)

≥ (1− (εm)/α− 1/4)|Ai| ≥ |Ai|/2,
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provided that ε ≤ α/4m. We infer that the size of Bi is large,

|Bi| ≥ (|Ai|/2)/(2|R||H|/N) ≥ α

4m
K.

By a truncation if needed, we assume that Bi has cardinality (α/4m)K for all i. Notice
that these sets are not necessarily disjoint. We shall show that there are many three-term
arithmetic progressions (in V ′) with the property that all 3 terms belong to different Bi’s.

Now we set B := {v ∈ V ′ : v ∈ Bi ∩Bj ∩Bk for some i < j < k} and consider the following
two cases.

Case 1. |B| ≥ (α/8m)K = (α/8m)|V ′|. Applying Theorem 4.8 we obtain c(α/8m)K2

three-term arithmetic progressions in B. By the definition of B, it follows that there are
c(α/8m)K2 three-term arithmetic progressions with the property that all three terms belong
to three different sets Bi.

Case 2. |B| ≤ (α/8m)K = |Bi|/2. We let B′ = ∪mi=1Bi\B. By an elementary counting
argument, it follows that |B′| ≥ m|Bi|/4 = (α/16)K. Let us write B′ = ∪mi=1B

′
i, where

B′i ⊂ Bi and all B′i are disjoint.

By Theorem 4.8, the set B′ contains c(α/16)K2 three-term arithmetic progressions. Among
them, since each three-term arithmetic progression is defined by two parameters, the num-
ber of three-term arithmetic progressions that consist of at least two terms from the same
B′i is bounded by 3

∑m
i=1 |B′i|2. The latter quantity is bounded by 3|Bi|(

∑m
1 |Bi|) ≤

3(α/4m)(α/4)K2; which is negligible compared to c(α/16)K2 by letting m = m(α) large.

In both cases, the number of three-term arithmetic progressions with the property that all
three terms belong to three different sets Bi is at least c′(α)K2, where

c′(α) = min(c(α/8m), c(α/16)/2).

By an averaging argument, there exist three indices i0 < j0 < k0 such that the number of
three-term arithmetic progressions in Bi0 × Bj0 × Bk0 is at least c′(α)K2/m3 = c′′(α)K2.
In particular, there exist a vector vi0 ∈ Bi0 and c′′(α)K pairs (vlj0 , v

l
k0

) ∈ Bj0 × Bk0 such
that each triple (vi0 , v

l
j0
, vlk0) is a three-term arithmetic progression.

Let us summarize what have been achieved.

(1) There exists a subspace H of index bounded by a function of α and ε, and there
exist Ai0 , Aj0 , Ak0 and triples (vi0 , v

l
j0
, vlk0), where 1 ≤ l ≤ c′′(α)K, such that the

following holds:

(2) vi0 is an ε3-regular vector for Ai0 , and |(Ai0)
vi0
H | ≥ (1/4)|Ai0 ||H|/N ;

(3) |(Aj0)
vl

j0
H | ≥ (1/4)|Aj0 ||H|/N = (1/4m)s|H|/N , where we recall that s = |A| = αr;



15

(4) |(Ak0)
vl

k0
H | ≥ (1/4)|Ak0 ||H|/N = (1/4m)s|H|/N ;

(5) |(vi0 , vlj0 , v
l
k0

)| is a three-term arithmetic progression in V/H.

One also observes that vlj0 , v
l
k0

are ε3-regular vectors with respect to Aj0 and Ak0 ; but we do

not need this fact. Let us call this configuration an
(
α, ε3, H, i0, j0, k0, vi0 , v

l
j0
, vlk0

)
-flower.

Roughly speaking, the reader may visualize a flower with a center Ai0 + vi0 ∩ H, where
Ai0 + vi0 ∩H sits nicely in H, and with c′′(α)K petals (Aj0 + vlj0 ∩H,Ak0 + vlk0 ∩H).

We now show that the probability that a random set A of size s (which is chosen by first
choosing a random set A1 of size s/m from V , and then a random set A2 of size s/m
from V \A1, and so on), with the properties above, fails to contain a three-term arithmetic
progression is very small.

Proposition 5.2. Let α, η be given. Then there exist constants c = c(α) > 0, C = C(α, η)
and ε = ε(α, η) > 0 such that the probability that a random set A of size s, viewed as an
ordered m-set-tuples (A1, . . . , Am), where s ≥ C(α, η)N1/2, that contains a flower but not
any non-trivial three-term arithmetic progression is at most ηc(α)s.

It is clear that Theorem 5.1 follows from Proposition 5.2. Therefore it suffices to prove
Proposition 5.2.

First, we shall estimate the probability that A has no non-trivial three-term arithmetic
progressions but contains a given

(
α, ε3, H, i0, j0, k0, vi0 , v

l
j0
, vlk0

)
-flower. We will condition

on Ai0 and the size t1l of A
vl

j0
j0
∩H and t2l of A

vl
k0
k0
∩H for all l. Thus, vi0 is an ε3-regular

vector with respect to a fixed set Ai0 ; and the sets Aj0 and Ak0 vary in such a way that all
vlj0 and vlk0 satisfy (3) and (4), and Aj0 , Ak0 intersect H − vlj0 , H − v

l
k0

in sets of size t1l and
t2l respectively.

Set

Sl1 :=
⋃

1≤m<j0

(Am
⋂

(H − vlj0)); T l1 := Aj0
⋂

(H − vlj0),

and

Sl2 :=
⋃

1≤m<k0

(Am
⋂

(H − vlk0)); T l2 := Ak0
⋂

(H − vlk0).

Without loss of generality, we assume that 2vi0 = vlj0 + vlk0 . Define a Cayley graph between
H − vlj0 and H − vlk0 by connecting v1 ∈ H − vlj0 to v2 ∈ H − vlk0 if (v1 + v2)/2 ∈ Ai0 . Since
vi0 is ε3-regular with respect to Ai0 , by the observation made in Remark 2.5, this Cayley
graph is ε-regular. (Note that for other cases such as vi0 = 2vlj0 − vlk0 , we can define a
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similar linear Cayley graph: we connect v1 ∈ H − vlj0 to v2 ∈ H − vlk0 if 2v1 − v2 ∈ Ai0 .
Again, due to the argument given in Remark 2.5, this new graph is also ε-regular.)

Recall that i0 < j0 < k0, and we expose the sets Ai in order. In the ε-regular graph defined
above, the sets Sl1, T

l
1, S

l
2, T

l
2 play the role of S1, T1, S2, T2 of Lemma 4.6.

By choosing ε = ε(α, η) = ε(α) to be small enough and C = C(α, η) to be large enough,
one may check easily by using (3) and (4) that for each bipartite graph (H − vlj0 , H − v

l
k0

),
the assumptions of Lemma 4.6 are satisfied. For instance, by (3), the random set T l1 has
size t1l ≥ (s/4m)|H|/N , which is greater that 2(|H|/ε)1/2 if C is sufficiently large. Also, as
|Sl1|, |Sl2| ≤ s = o(N) = o(|H|), the conditions |Sl1|, |Sl2| ≤ |H|/2 are satisfied automatically.

It then follows from Lemma 4.6 that the probability each petal fails to contain a non-trivial
three-term arithmetic progression is less than η(1/4)s/(mK). Hence, because there are c′′(α)K
petals, the probability that A contains no non-trivial three-term arithmetic progression is
bounded by η(1/4)c′′(α)s/m = ηc

′′′(α)s.

Now we bound the number of flowers. As the number of choices for H is bounded by
NW (4m3α−2ε−9), and the number of choices for (i0, j0, k0, vi0 , v

l
j0
, vlk0) is bounded byK4+2c′′(α)K

(which is independent of N), there are at most NC(α) flowers.

Putting everything together, we infer that the probability that A contains some flower but
not any non-trivial three-term arithmetic progression is bounded by

NC(α)ηc
′′′(α)s ≤ ηc′′′′(α)s.

This completes our proof of Proposition 5.2.

Appendix A. Proof of Lemma 4.4

Without loss of generality, we just work with the real part of 1̂R. We shall prove PR(supξ 6=0 |<1̂R(ξ)| ≥
λ/N) = o(1) for some appropriately chosen λ. Since the treatment for other cases is similar,
we just show that P(<1̂R(ξ) ≥ λ/N) is very small for each fixed ξ 6= 0. For convenience,
put

X = N<1̂R(ξ) =
∑
v∈V

1R(v)<e(−〈v, ξ〉) :=
∑
v∈V

Xv.

One observes that X is a sum of N independent real variables Xv’s. Choosing t to be a
positive number smaller than 1, we have
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PR(X ≥ λ) = PR(exp(tX) ≥ exp(tλ))

≤ E(exp(tX))/ exp(tλ)

=
∏

E(exp(tXv))/ exp(tλ)

= exp(tEX)
∏

E(exp(tXv − tE(Xv)))/ exp(tλ)

= exp(tEX)
∏

E(exp(tYv))/ exp(tλ),

where Yv := Xv −E(Xv) = (1R(v)− q)<e(−〈v, ξ〉).

Notice that |Yv| ≤ 1 and 0 < t ≤ 1. We thus have exp(tYv) ≤ 1 + tYv + t2Y 2
v . Hence

E(exp(tYv)) ≤ 1 + E(t2Y 2
v ) ≤ exp(E(t2Y 2

v )).

Also, because EX = q<
∑

v∈V e(−〈v, ξ〉) = 0, it follows that

P(X ≥ λ) ≤
∏

E(exp(tYv))/ exp(tλ) ≤ exp(t2
∑
v∈V

E(Y 2
v ))/ exp(tλ).

On the other hand, it is clear from the definition of Yv that
∑

v∈V E(Y 2
v ) ≤ qN. Thus

P(X > λ) ≤ exp(t2qN − tλ).

By choosing λ = |R|/ logN and t = λ/(2qN) = 1/(2 logN) (thus t < 1), we deduce that

P(X ≥ |R|/ logN) ≤ exp(−|R|/(4 log2N)).

Hence

P(sup
ξ 6=0
<1̂S(ξ) > |R|/(N logN)) ≤ N exp(−|R|/(4 log2N)) = o(1).

(Note that the choice for λ above is not optimal, but it is enough for our goal.)
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