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Ptolemy's inequality

For any four points p1, p2, p3, p4 € R?,

di13das < diodzg + dozdys,

with equality if, and only if, the points are collinear or concyclic.
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Ptolemy's inequality

For any four points p1, p2, p3, p4 € R?,

di13d24 < diodzg + dozdy,

with equality if, and only if, the points are collinear or concyclic.
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Claudius Ptolemy

@ Born in Alexandria, Egypt (c.
100-170 AD).

@ He was a mathematician,
astronomer, geographer, and
music theorist.
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Almagest
@ It is considered the culmination [ - 5

. Lans Deo optim
of Greek astronomy [Ped11]. matimogs

@ It contains:

o Table of chords,

o The Ptolemaic model of the
universe (geocentric),

e Varied astronomical
calculations.

@ It influenced Western astronomy
for over a millennium. Contighntpostum:

Wicteneat nof

modo curfus erat,

@ Only Greco-Roman astronomical
work that survives to this day.
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Table of chords

@ The table recorded the length of
chords in a circle where:
o Diameter is 120
o Subtended angle goes from 0°
to 180° in increments of half

a degree.

120

ch(f) = 2Rsin(6/2)

July5,2022 8/
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Calculation of chords

Tool Angles
Elementary polygons | 36°,60°,72°,90°
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Calculation of chords

Tool Angles
Elementary polygons | 36°,60°,72°,90°
Pythagorean theorem | 108°,120°,144°
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Calculation of chords

Tool Angles
Elementary polygons | 36°,60°,72°,90°
Pythagorean theorem | 108°,120°,144°
Difference of angles 18°,12°,6°

Half-angle identity | 3°,3/2° and 3/4°
) < ) if x>y | 3/4° <10 < 3/2°

X
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Calculation of chords

Tool Angles
Elementary polygons | 36°,60°,72°,90°
Pythagorean theorem | 108°,120°,144°
Difference of angles 18°,12°,6°

Half-angle identity | 3°,3/2° and 3/4°
) < ) if x>y | 3/4° <10 < 3/2°

Half-angle identity 1/2°
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Calculation of chords

Tool

Angles

Known earlier? [Ped11]

Elementary polygons
Pythagorean theorem
Difference of angles
Half-angle identity
hb) < hb) if x>
Half-angle identity

X

36°,60°,72°,90°
108°,120°, 144°
18°,12°,6°
3°,3/2° and 3/4°
3/4° < 1° < 3/2°
1/2°
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Early Greeks?
Pythagoras (500 BC)
Archimedes (200s BC)
Archimedes (200s BC)

Avristarchos (300s BC)?
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Calculation of chords

Tool Angles Known earlier? [Ped11]
Elementary polygons | 36°,60°,72°,90° Early Greeks?
Pythagorean theorem | 108°,120°,144° Pythagoras (500 BC)
Difference of angles 18°,12°,6° Archimedes (200s BC)

Half-angle identity | 3°,3/2° and 3/4° | Archimedes (200s BC)
) < i x > y | 3/4° < 1° < 3/2° | Aristarchos (300s BC)?
Half-angle identity 1/2°

'Ptolemy computed the chords in sexagesimal numbers.

2Ptolemy realized that he could compute ch(1°) using this inequality.
Mario Roberto Gémez Flores (OSU)
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Corollaries of Ptolemy's theorem

A_—a— n
N BC = 1 BC = 1
AB = cos(w) AB = cos (a)
B C AC = sin(a) AC = sin (o)
b b BD = cos(8) BD = cos(#)
DC = sin(g) DC = sin(g)
AD = sin{o+f8) AD = zin(a-8)
a D
D C sin(e+8)=sinia)cos (B)+cos (o) sin (§) zin(a-8)=sinia)cos (B)-cos (o) =in (§)
Images from:

@ https://www.researchgate.net/publication/344787296 Ptolemy Through t
he _Centuries_for Fullerton Mathematical Circle

@ https://www.cut-the-knot.org/proofs/sine_cosine.shtml
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Cayley-Menger determinant

Let X = {p1,p2,.-.,Pn} be a finite metric space with distances

dj = dx(pi, pj). Define

CM(p1,y...,pn) =

0] 1 1 ... 1
1/ 0o d2 - d?
1{d3 0 --- d2
]. df%l dgz A 0

The quantity A(p1,...,pn) = det (CM(pl, .. .,p,,)) is called the

Cayley-Menger determinant.
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Facts about the Cayley-Menger determinant

@ Let S be the convex hull of the n+ 1 points p1,...,pp+1 € R". The
n-dimensional volume of S is given by
(_ )n+1

1
VOl%(S) = WA(pla ce apn-‘rl)-
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Facts about the Cayley-Menger determinant

@ Let S be the convex hull of the n+ 1 points p1,...,pp+1 € R". The
n-dimensional volume of S is given by

_1\n+1
Vol2(S) = (znzf,!)zA(pl, e Pos).

e For py,... y Pnt2 € R", A(Pla-- . 7pn+2) =0.
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Facts about the Cayley-Menger determinant

@ Let S be the convex hull of the n+ 1 points p1,...,pp+1 € R". The
n-dimensional volume of S is given by

_1\n+1
Vol2(S) = (znzf,!)zA(pl, e Pos).

e For p1,...,pni2 €R", A(p1,...,pn+2) =0.
@ When n = 2, the Cayley-Menger determinant gives Heron's formula
for the area of a triangle A with side lengths a, b, c [DS05]

16A% = —A(p1,p2,p3)
=(a+b+c)(—a+b+c)la—b+c)a+b—c).
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Facts about the Cayley-Menger determinant

_1\n+1
On(S) = %A(pla'“ﬂ)n—i—l)' J

e Given a finite metric space (X, dx), there exists an isometric
embedding X < R" if and only if there exist pi,...,pp+1 € X such
that:

o (=1)*A(p1,...,px) >0, forevery k =2,...,n+1,
° A(pl,...,pn+1,X) = A(pla" -7Pn+1,y) = A(pl"' .,p,,+1,x,y) =0
for all x,y € X.

See [BIu70, Thm 42.2].

July 5, 2022 15 /41
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A related matrix

Let X = {p1,p2,.-.,Pn} be a finite metric space with distances
dij = dx(pi, pj). Let
(; d122 dlzn
Plorerrpn) = | 2 0T
&y e 0

Denote its determinant as y(py, ..., pp) = det (P(p1, ..., pn)).
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Facts about this matrix

@ The points p1,...,pn+2 € R" lie on an (n — 1)-sphere or a
(n — 1)-hyperplane if, and only if,

Y(p1,-- -, Pnt2) = 0.
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Facts about this matrix

@ The points p1,...,pn+2 € R" lie on an (n — 1)-sphere or a
(n — 1)-hyperplane if, and only if,

Y(p1,-- -, Pnt2) = 0.
o If n=2, v(p1, p2, P3, Pa) factors as

Y¥(P1, P2, P3, pa) = —(d13¢24 + di2d34 + do3dar)
- (—d13d24 + d12d34 + do3da1)
- (+d13d24 — d12d34 + do3da1)
- (+d13dos + diod34 — do3day).
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Spherical and hyperbolic spaces

:;J ZERO CURVATURE POSITIVE CURVATURE NEGATIVE CURVATURE

Figure: From “A Journey into Gravity and Spacetime” by J. A. Wheeler.
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Spherical and hyperbolic spaces

Given x,y € RI*1 let

(x,y) = xoyo +x1y1+ -+ Xqyq4, and
(x|y) = —xoy0 + x1y1 + - + Xdyd-
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Spherical and hyperbolic spaces

Given x,y € RI*1 let

(x,y) = xoyo +x1y1+ -+ Xqyq4, and
(x|y) = —xoy0 + x1y1 + - + Xdyd-

Define Mg, the d-dimensional space with constant curvature &, as
1] .
M? = {XGRd+1 | (x,x) = —},lfl-c>0,
K

1
/\/]g:{xeR‘“rl | (x|x):; and X()>O},iffi<0.
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Spherical and hyperbolic spaces

Given x,y € RI*1 let

(x,y) = xoyo +x1y1+ -+ Xqyq4, and
(x|y) = —xoy0 + x1y1 + - + Xdyd-

Define Mg, the d-dimensional space with constant curvature &, as

1
Md:{XGRd+1 | (X,X)Z—},ifﬂ>0,
K

K

K

1
Md:{xeRd“ | (xIx) =~ and x0>0},if/-c<0.

The geodesic distance is given by

: (K{x,y)), if k>0,

—— arCccos
dm(XaY) = { \/F

by arcosh(k(x|y)), if kK <DO.

July 5, 2022
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Spherical and hyperbolic spaces

Notice that

T k>0,
diam(Mg):{oon ;f:<0
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Spherical and hyperbolic spaces

Notice that
L, ifk>0,
diam(M9) = { v&> " F
oo, ifk<O0.

Define the functions

cx(t) =

cos (y/kt), if £ >0,
cosh (\/—mf) , ifr<O0,

and

5u(t) = {sin (Vkt), if k>0,
" sinh (v/=kt), if K <0.
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Generalized Cayley-Menger determinant

Let p1,...,pn € I\/Ig. Define

ce(di1) -+ ck(din)
CMn(Pl,---,Pn): )
Ce(dn1) -+ cu(dnn)
and
Se(ch1/2) -+ si(cin/2)
Pe(p1y---ypPn) = : :
sg(dn1/2) T 5,%((/,,,,/2)
Denote their determinants by Ax(p1,- .., pn) = det(CMg(p1, ..., pn)) and
7&([31, e aPn) = det(Pﬂ(Pla ) Pn))-
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Properties of non-Euclidean Cayley-Menger determinants

o If K >0, CM(p1,...,pn) is positive semi-definite.
o If k<0, (=1)""*Ak(p1,...,pn) > 0.
e lfn>d+2, Ag(p1y.--,pPn) =0.
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Properties of non-Euclidean Cayley-Menger determinants

o If K >0, CM(p1,...,pn) is positive semi-definite.
o If k<0, (=1)""*Ak(p1,...,pn) > 0.
e lfn>d+2, Ag(p1y.--,pPn) =0.

e Let k > 0. Given a finite metric space (X, dx), there exists an
isometric embedding X < M/ if and only if diam(X) < D, and there
exist p1,...,pn+1 € X such that:

o (=1)*Ax(p1,...,pk) >0, forevery k =2,...,n+1,
o Ap(p1y---sPnyX) = Ax(p1y-- -y Pnyy) = Du(p1y-- -, Pny X, y) = 0 for
all x,y € X.
There is no direct analogue of this theorem in hyperbolic geometry.
See Theorems 63.1 and 111.6 in [Blu70].
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The Earth is round

Figure: Four cities on Earth: London, Los
Angeles, Tokyo and Dubai.

See [Taol19] for further discussion. Map generated on
mapcustomizer. com.

July 5, 2022 24 /41
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The Earth is round

1 B
(9 —4.x 107
-6 x 10° ]
-8 x 107

-1 x10%*

“12x10%

Figure: Four cities on Earth: London, Los  Figure: Sign of the determinant
Angeles, Tokyo and Dubai. Ag(P1, Py, P3, Py). [Taol9]

See [Tao19] for further discussion. Map generated on
mapcustomizer. com.
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Desnanot-Jacobi identity

Let M be an n-by-n matrix.

@ Denote by M. ; the submatrix obtained by deleting the i-th row
and j-th columns of M.

o If/ <j and h < k, let MNiJ,Nh,k = (MNj,Nk)Ni,Nh-

Theorem ([Gri20])

det(M) det(M1,n~1,n)
= det(/\/’leNl) det(I\/IN,,,N,,) — det(/\/lNl,N,,) det(I\/IN,,,Nl).
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Desnanot-Jacobi identity

Let M be an n-by-n matrix.

@ Denote by M. ; the submatrix obtained by deleting the i-th row
and j-th columns of M.

o If/ <j and h < k, let MNiJ,Nh,k = (MNj,Nk)Ni,Nh-

Theorem ([Gri20])

det(M) det(M1,n~1,n)
= det(/\/’leNl) det(I\/IN,,,N,,) — det(/\/lNl,N,,) det(I\/IN,,,Nl).

This equation is also known as the Lewis Carroll identity.
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Generalized Ptolemy’s inequality

Let P1y.--yPnt2 € Mfg

-1 ‘ 0 0
¢ (d11) oo celding2)

—Dn(pry s Pay2) = det o L
0 | cu(dni2,1) oo Ce(dnyo,nt2)
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Generalized Ptolemy’s inequality

Let P1y.--yPnt2 € Mfg

_1‘ 1 0
N
0 | cu(dni2,1) <+ Cr(dni2,nt2)
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Generalized Ptolemy’s inequality

Let P1y.--yPnt2 € Mfg

-1 ‘ 1 1
1 Cn(dll) -1 oo Cn(dl,n+2) —1

0 = det

0 | cu(dni2,1) <+ Cr(dni2,nt2)
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Generalized Ptolemy’s inequality

Let P1y.--yPnt2 € Mfg

-1 ‘ 1 1
1 Ce(di1) —1 -+ ce(dipso)—1

0 = det

1 | ce(dny21) =1 -+ ce(dnyo,np2) — 1
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Generalized Ptolemy’s inequality

Let P13 Pnt2 € Mg

-1 ‘ 1 1
1 Cn(dll) -1 e Cﬁ,(dl,n+2) -1
0 = det i ) _ ]
1 Cn(dn+2,1) -1 .- Cn(dn+2,n+2) -1
By the sum of angles formula, c(t) — 1 = —2¢,52(t/2), where
€x = sgn(k).
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Generalized Ptolemy’s inequality

Let P13 Pnt2 € Mg

-1 ‘ 1 1
1| —2exs3(d11/2) -+ —2exs2(d1ni2/2)
0 = det i i _ ]
1 | —2eps5(dni2,1/2) -+ —2exsi(dni2,ni2/2)
By the sum of angles formula, ¢.(t) — 1 = —2¢,52(t/2), where
€x = sgn(k).
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Generalized Ptolemy’s inequality

Let P1y...yPnt2 € Mlg

-1 ‘ 1 1
1 —2e452(c11/2) -+ —2e452(d1,ni2/2)
0 = det ) i . )
1 | —2exs5(dn2,1/2) -+ —2exsi(dni2,nt2/2)
det(l\/l) det(MNl,n,Nl,n)

= det(MNl’Nl) det(l\/IN,,’N,,) — det(MNl,N,,) det(MNn’Nl).
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Generalized Ptolemy’s inequality

Let P1y...yPnt2 € Mlg

-1 ‘ 1 1
1 —2e452(c11/2) -+ —2e452(d1,ni2/2)

0 = det

1 | —2exs5(dn2,1/2) -+ —2exsi(dni2,nt2/2)

0 = det(M)det(Myp~1.0)
= det(MNl’Nl) det(MNn,Nn) - det(MNlaNn) det(Man\’l)'
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Generalized Ptolemy’s inequality

Let p1,...,Pny2 € M{.

-1 ‘ 1 e 1
1 —2e452(c11/2) -+ —2e452(d1,n42/2)

0 = det

1 | —2e,8(dn+2,1/2) -+ —2ex53(dn+2,0+2/2)

0= det(/\/l) det(MNl,,,,Nl,,,)
= det(Mu1,~1) det(Map n) — det(Mag n)?.
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Generalized Ptolemy’s inequality

Let p1,...,Pny2 € M{.

-1 ‘ 1 e 1
1 —2e452(c11/2) -+ —2e452(d1,n42/2)

0 = det

1 | —2e,8(dn+2,1/2) -+ —2ex53(dn+2,0+2/2)

0= det(M) det(Mlen,Nl,n)
= (—2e4)"7k(p1, - - -, Pnr2) det(Mup on) — det(Mag on)?.
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Generalized Ptolemy’s inequality

Let p1,...,Pny2 € M{.

-1 ‘ 1 e 1
1 —2e452(c11/2) -+ —2e452(d1,n42/2)

0 = det

1 | —2e,8(dn+2,1/2) -+ —2ex53(dn+2,0+2/2)

0 = det(M)det(M1,n.~1,n)
= —(=2ex)"2e(p1, - -+ Pr42) Bu(prs - -, Prt1) — det(Mag,mn).
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Generalized Ptolemy’s inequality

Let P1y...yPnt2 € Mlg

-1 ‘ 1 ... 1
1 —26,.;5,%(d11/2) s —26553(d1’n+2/2)
0 = det i i _ ]
1 | —2eps5(dni2,1/2) -+ —2ensi(dni2,nr2/2)

0 = det(M)det(My,p~1.0)
= —(—26n)"+2%(P1, e oy Prt2) Bi(pr, -y Pat1) — det(val,N”)z‘

Ye(P1Ly- - - Pni2) is O or has sign (—1)"1.

This theorem was proved for n = 4 in [Val70a] (for k > 0) and [Val70b]
(for k < 0).
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Ptolemy's inequality in non-Euclidean geometry

& - o,
If n=2, P(p1,p2,p3,p4) =det | : -. : | factors as
diy -y

P(p1, P2, P3, Pa) = —(d13d24 + d12d34 + dozda1)
- (—d13dos + di2d34 + dozday)
- (+d13d24 — d12d34 + dr3dar)
- (+d13doa + didzs — dozdar).
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Ptolemy's inequality in non-Euclidean geometry

si v Sia
Let s;j = s.(dij/2). If n =2, vx(p1, p2, P3, pa) = det . -, 1 | factors
Sh Sk
as
Ye(P1, P2, P3, Pa) = —[S13524 + 512534 + S23541]

- [—513524 + 512534 + S23541]
- [+513524 — 512534 + S23541]

- [+s13504 + 512534 — Sp3541]
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Ptolemy's inequality in non-Euclidean geometry

si v Sia
Let s;j = s.(dij/2). If n =2, vx(p1, p2, P3, pa) = det . -, 1 | factors
Sh Sk
as
Ye(P1, P2, P3, Pa) = —[S13524 + 512534 + S23541]

- [—513524 + 512534 + S23541]
- [+513524 — 512534 + S23541]

- [+s13524 + S12534 — Sp3521] < 0.
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Ptolemy's inequality in non-Euclidean geometry

si v Sia
Let s;j = s.(dij/2). If n =2, vx(p1, p2, P3, pa) = det . -, 1 | factors
Sh Sk
as
Yx(P1, P2, P3; Pa) = —[513524 + S12534 + S23541]
- [—s13524 + 512534 + 523541]
- [+513524 — 512534 + S23541]
- [+s1354 + 512538 — $23541] < 0.

Theorem (Ptolemy’s Theorem [Val70a, Val70b])

Let k # 0. For any pi, p2, P3, pa € M,‘%r

S,Q(d13/2)5,§(d24/2) S Sn(d12/2)s,.;(d34/2) aF S,ﬁ(d23/2)5,.;(d41/2).
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Overview

© R-trees
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Graphs and trees

Definition

A tree is a graph with no cycles.

* #0% O

Figure: A collection of trees. Image from https://ptwiddle.github.io/MAS34
1-Graph-Theory-2017/lecturenotes/lecture6.html.
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4-point condition

Let X be a finite metric space. If
d13 + dos < max{di2 + dza, do3 + da1 }

for every x1, x2, x3, x4 € X, there exists a metric tree T such that X — T.

Figure: Image from:
https://commons.wikimedia.org/wiki/File:Four_point_condition.png
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Embeddings into trees

_ Plantae Profista___ Animalia
i Garmpys - (ke T Venel

=

1 pman g (7
(Tdd: pxy g (3 S Monaphyletischer
Bk petq (Sumn) | Radix Motieres S -

g
nlofomm| e dgastit v
Emet Handal Jena, 155

Figure: A tree of life by Haeckel. Image from
https://en.wikipedia.org/wiki/File:Haeckel _arbol_bn.png
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Ptolemy's inequality and the 4-point condition

4-point condition:
d13 + dos < max{di2 + dza, do3 + da1 }

Ptolemy's inequality:
d13 - dog < d1o - d3g + do3 - day.
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Ptolemy's inequality and the 4-point condition

4-point condition:
d13 + dos < max{di2 + dza, do3 + da1 }

Ptolemy's inequality:
d13 - dog < d1o - d3g + do3 - day.

Is there a link between these inequalities? I
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CAT spaces and hyperbolicity

o A CAT(k) space is a geodesic metric space where geodesic triangles
are “thinner” than those in M2.

@ A metric space (X, dx) is called §-hyperbolic if
di3 + doa < max(di2 + dza, doz + da1) + 26 (1)

for all x1, x2, x3,x4 € X. Define the hyperbolicity of X, denoted by
hyp(X), as the infimal & such that (1) holds.

@ An R-tree is a geodesic metric space with hyperbolicity 0.

@ Metric trees are locally finite R-trees.
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CAT spaces and hyperbolicity

Facts:
o Let k < 0. Every CAT(k) space X is §-hyperbolic for § = In(2)/v/—k.
e For all kK € R, the k-Ptolemy inequality holds in CAT(k).

@ The class of R-trees coincides with the geodesic metric spaces that
are CAT (k) for all kK € R.

k>0 k=0 k<0 K= —00
X X X X
y z y z y z y z

Figure: Triangles in spaces with constant curvature.
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Ptolemy’s inequality for metric trees

If a,b,c,d >0and c+d<a+b,

n_ll)moo T arcsinh [sinh (‘/2_73) sinh (Fb) + sinh (Fc) - sinh (‘/?d)]
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Ptolemy’s inequality for metric trees

If a,b,c,d>0and c+d<a-+b,

Klimoo e arcsinh [sinh (‘/2_73) - sinh ( b) + sinh ( ) -sinh (‘/2_7 )]
= +

_n_ll)moofln [sinh(‘/zjia)-sinh(‘/?‘b) smh(‘/i) smh(‘/? )]
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Ptolemy’s inequality for metric trees
If a,b,c,d >0and c+d < a+ b,

) o (57

o (4550 s (45%)

nll)moo e arcsinh [smh (
b) exp( ‘/j‘b)

i [ iy

T k—o—o0 V=K
n exp(‘/?c)—exp(—‘/?c) ) exp(‘/?‘“d)—exp(

2

_«fnd)]
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Ptolemy’s inequality for metric trees
If a,b,c,d >0and c+d < a+ b,

nll)moo e arcsinh [sinh (@a) - sinh ( z_nb) + sinh (@c) - sinh (‘/Z_Td)]

lim

_ vV—K ) (l—exp(—\/—na) . l—exp(=v/—xb)
Jim Oo—rln[exp( (a+ b) 5 >
N eXp(\/Tﬂ(C-ﬁ-d)) 1—exp(—v/=Fc) _ 1—exp(—v/=rd) ]
wo(LErn) 2 2
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If a,b,c,d >0and c+d < a+b,
lim 2 arcsinh [ sinh (¥5%a) -sinh (¥55b) + sinh (¥55c) - sinh (Y754 |
= i e (55 + )

+ lim \/jﬁ In [l—exp(;\/?na) . l—exp(;ﬁb)

)

K——00

(C+d)) . l—exp(=v/=kKo) | 1—exp(—\/—7f9d):|
exp(‘/?(&kb)) 2 2
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Ptolemy’s inequality for metric trees

If a,b,c,d>0and c+d<a+b,

n_ll)moo 7= arcsinh [smh ( ”a) - sinh (‘/?b) + sinh ( o

=a+b

7

B

) sm (59)]
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Ptolemy’s inequality for metric trees

If a,b,c,d>0and c+d<a+b,

mﬂmﬁ)¢47amanh[ﬂnh(vgza)'dnh(X%Eb)4—§nh( o

=a+b=max(a+ b,c+ d).

B

) sm (59)]
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Ptolemy’s inequality for metric trees

If a,b,c,d>0and c+d<a+b,

n_ll)moo 7= arcsinh [sinh (‘/2_73) - sinh (‘/Tj‘b) + sinh ( o

=a+b=max(a+ b,c+ d).

B

c) - sinh ( d) ]
Thus, if p1, p2, p3, pa € X satisfy
1 (d13/2)5(d2a/2) < 5(d12/2)5.(d3a/2) + 5k (d23/2)5k(da1/2)

for all k, the above calculation gives:
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Ptolemy’s inequality for metric trees

If a,b,c,d>0and c+d<a+b,

n_ll)moo 7= arcsinh [sinh (‘/2_73) - sinh (‘/Tj‘b) + sinh ( o

=a+b=max(a+ b,c+ d).

B

c) - sinh ( d) ]
Thus, if p1, p2, p3, pa € X satisfy
1 (d13/2)5(d2a/2) < 5(d12/2)5.(d3a/2) + 5k (d23/2)5k(da1/2)

for all k, the above calculation gives:

4-point condition

d13 + dos < max(diz + daa, doz + da1).

This calculation was obtained joint with F. Mémoli. See [GM21].
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@ Ptolemy’s inequality is a
relationship that involves the
distances between 4 points in
the Euclidean plane.

o It is attributed to Claudius
Ptolemy (c. 100-170 AD),
who used it, among other
mathematical innovations, to
construct the most thorough
and precise table of chords of
his time.

@ Ptolemy’s Almagest was an
authoritative text for over a
millennium.
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o Ptolemy'’s inequality can be
generalized to non-Euclidean
geometries. The proof involves
properties of the
Cayley-Menger determinant
and a matrix identity known as
the Lewis Carroll identity.

@ The degenerate case of
Ptolemy's inequality in
K = —o0 is the 4-point
condition, an inequality that
characterizes R-trees.

‘_. ZERQ CURVATURE POSITVE CURVATURE MEGATIVE CURVATURE
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Questions

Thanks for your attention!
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Properties of the Spherical Cayley-Menger determinant

Let > 0. Recall that djj = ﬁ arccos(v/k(pi, pj)), so

cx(dj) = cos(vkdj) = Vk{pi, pj)-
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Properties of the Spherical Cayley-Menger determinant

Let > 0. Recall that djj = ﬁ arccos(v/k(pi, pj)), so

cx(dj) = cos(vkdj) = Vk{pi, pj)-
Then:

(p1,p1) -+ (p1,pn)
CMﬁ(p1,...,pn):\/E L
(PmyP1) ==+ {PnyPn)
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Properties of the Spherical Cayley-Menger determinant

Let > 0. Recall that djj = ﬁ arccos(v/k(pi, pj)), so

cx(dj) = cos(vkdj) = Vk{pi, pj)-
Then:

(p1,p1) +-+ (p1,Pn)
CMn(pl,--wpn):\/E :\/EZTZ’
(Pnyp1) -+ (Pn>Pn)

where ¥ = (p1| R |Pn) € RIH1Xn Thys:
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Properties of the Spherical Cayley-Menger determinant

Let > 0. Recall that djj = ﬁ arccos(v/k(pi, pj)), so

cx(dj) = cos(vkdj) = Vk{pi, pj)-
Then:

{(p,p1) =+ (P1,Pn)
CMi(p1y- - pn) = VK A : = VEI'Y,
<pnapl> <pmpn>
where ¥ = (p1| R |Pn) € RIH1Xn Thys:
® Ag(p1,..-,pn) 2 0.
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Properties of the Spherical Cayley-Menger determinant

Let > 0. Recall that djj = ﬁ arccos(v/k(pi, pj)), so

cx(dj) = cos(vkdj) = Vk{pi, pj)-
Then:

(p1,p1) +-+ (p1,Pn)
CMn(pl,--wpn):\/E :\/EZTZ’
(Pnyp1) -+ (Pn>Pn)

where ¥ = (p1| R |Pn) € RIH1Xn Thys:
o Ax(pi,.-.,pn) =>0.
o If n>d+2 rk(CMg(p1,...,pn)) <d—1<n, so
Ax(piy...,pn) =0.
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Properties of the Hyperbolic Cayley-Menger determinant

With some more work, we can show analogous properties for k < 0, so
that:

o Ax(p1,-..,Ppn)is 0 or has sign (sgn(k))™+L.
o lfn>d+2 Axlpr,...,pn) =0.
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CAT (k) spaces

Proposition ([BH09])
Let X be a complete metric space. Then X is a CAT (k) space if, and only
if, two conditions are satisfied:

e Every pair x,x" € X with dx(x,x") < D, has approximate midpoints.

o For every 4-tuple (x1, y1,x2,y2) € X such that
dx(x1,y1) + dx(y1, x2) + dx(x2, y2) + d(y2,x1) < 2Ds, there exists a
4-tuple (X1,V1,X2,¥>) € M2 such that:
dX(X/',yj) =d 2(71'7}_/]) for ”J € {1a2})
dx(Xl,Xz) < dM'%(71,72), and
dX(yl?.y2) <d ,%(71,)72)'

July 5, 2022
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Ptolemy's inequality in CAT (k) spaces

Let X be a CAT (k) space and p1, p2, p3, pa € X such that
dio + dos + d3a + dyn < 2Dy. Then

Sk(d13/2)5x(d24/2) < 5x(d12/2)sk(d34/2) + sx(da1/2)sk(d23/2).

By the CAT(k) 4-point condition, there exist p; € M2 with

diiv1 = djis1, and
diivo < djiyo.
Then:

5x(013/2)5x(d24/2) < 5x(d13/2)56(d24/2)
< 5.(d12/2)5k(d3a/2) + 5x(d23/2)s(d11/2)

= Sﬁ(d12/2)5n(d34/2) + Sn(d23/2)$n(d41/2).
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