2023 Gordon exam solutions

1. Given 2023 integers ny, na, ..., Nag23, prove that there is a nonempty set J C {1,...,2023} such that the
sum i yny is divisible by 2023.

Solution. Consider the sequence of 2023 sums s; = ny, So = nq + Na, ..., Sog23 = N1 + No + - -+ + Nggoz. If
sk = 0mod 2023 for some k, we are done. If s # 0mod 2023 for all k, then by the pigeonhole principle there
are k < [ such that s = s;mod 2023; then ngi1q1 + - +n; = s5; — s, = 0mod 2023.

2. Find all rational numbers « such that cos(wa) is also rational.

Solution. Let cos(ma) € Q\ {0}. Consider the sequence gy = cos(ma), g1 = cos(2ma), g2 = cos(4ma), and
qr = cos(2Fma), k € N. We then have g1 = 2¢2 — 1 for all k, so, by induction, g; € Q for all k.

If *,m € Z, n € N, is the lowest terms representation of a nonzero g € Q, then 2> — 1= 2”‘2;"2. If nis
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odd, 2m? — n? and n? are coprime; if n is even, the lowest terms representation of 2¢% — 1 is mn_zi%/z In

any case, the denominator n? or n?/2 of 2¢® — 1 is larger than the denominator n of g, unless n = 1 or 2.

So, the denominators of g increase, unless cos(ra) = qo = +£1, :I:%7 or 0. On the other hand, if o € Q,
the sequence 2Fma is eventually periodic modulo 7, thus the sequence q; must also be eventually periodic.
Hence, the only rational a for which cos(ma) is also rational are those for which cos(ra) = +1, £1, or 0,
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that is, of the form d/2 and d/3 with d € Z.

3. If every point of the plane is painted in one of nine colors, do there necessarily exist two points of the
same color exactly one inch apart?

Solution. The answer is "No”. Tile the plane with the r x r squares, with r to be specified, and color the
squares in the following order:

11213]1]12]3]|1[2]3
4(5(6[4[5[6[4]5]6
T1819(7(8[9[7181]9
112131123 1[2]3
4(5(6[4[5[6[4]5]6

(The points on the boundaries of the squares are colored arbitrarily in the color of one of the adjacent
squares.) Then the maximal distance between two points of one square is V/2r, and the minimal distance
between two points of two distinct squares of the same color is 2r. So, if V/2r < 1 < 2r there are no two
points of the same color at the distance 1.

4. Let A and B be n x n real matrices such that A2 = A, B> = B, and I — (A + B) is invertible. Prove that
A and B have the same rank.

Solution. We have A(I — (A+ B))=A— A - AB = AB and (I — (A+ B))B= B — AB — B? = AB, so
(I—(A+B))B(I—-(A+B))"!'=A, Aand B are conjugate and have the same rank.

Another solution. Let C = (I — (A+ B))™!, then I = C(I — (A + B)) = C — CA — CB. Multiplying it
from the right by A we get A = CA — CA? — CBA = —CBA, and similarly, B = —CAB. So, rank A =
rank(CBA) < rank B and rank B = rank(CAB) < rank A, so rank A = rank B.

5. Let z1,..., 2, be complex numbers. Prove that there is a nonempty set J C {1,...,n} such that

n

1
‘ZZ]’ = fﬂ;'%"

jeJ



Solution. Subdivide the complex plane into four segments:
A1 ={z:Rez>|Imz|}, Ay ={z:Imz > |Rez|},

Az ={z:Rez < —|Imz|}, and A4 = {z:Imz < —|Rez|}: Az At
Let S =37, |z|. For some k we have 3 |z;| > S/4.

J:zj €A
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W .l.o.g. assume that k = 1. For every z € A; we have |z| < Rezv/2, so
Z 2| < Z \/iRezJ-:\/?Re< Z zj) §\/§‘ Z zj‘,
jiz; €AY jiz; €A1 jiz; €A1 Jiz;€AL
s0 8 < 4\@|2j:zje,41 7.
6. Evaluate lim nsin(2men!).
n—oo
Solution. Since e = 1 + % + % + -+, for any n we have
en!:n!+7117!!—"_%_‘_”.4_%;—’—(nii!l)!—"_”.:m"—i—%ﬂ—i_m—k”':m"+xn
1

where m,, € N and n%rl <y < %H + ﬁ +o= ﬁ = 1. We then have sin(2ren!) = sin(27z,);

sin(2wen!) = lim, oo n(272,) = 27.

w

since x,, — 0, sin(27x,,)/(27x,) — 1 as n — 00, 80 lim, o N



