Solutions to 2024 Rasor-Bareis examination problems

1. Let ay,...,a1013 be positive integers not exceeding 2024. Prove that a; ‘ a; for some i # j.

Solution. Let n = 1012, so that 2n = 2024. For every i = 1,...,1013, let a; = 2*b; where b; is an odd
integer. Then 1 < b; < a; < 2n; there are only n such odd integers, so b; = b; for some 7 # j, and then,
assuming w.l.o.g. that k; > k;, we have a; | aj.

2. For a real number x, let |x| be the integer part of x (the largest integer not exceeding x). Define the
function f:R — R by f(x) = sin|x]; is [ periodic?

Solution. No, f is non-periodic. f takes value 0 on the interval [0,1) only. Indeed, sin|z| = 0 only if
|2] = km for some integer k, which is impossible for nonzero k since |z is an integer and k7 is irrational.
Hence, f(z) = 0 only if |z] = 0. But were f periodic, there would be some T > 0 such that f(nT) = 0 for
all integer n, and taking n > 1/T we get a contradiction.

3. Solve the equation \/a:—|— \/4% + \/1636—!- o VAP + 3 — Jx = 1.

Solution. For n = 0, the equation is V& +3 =1+ y/z, so x + 3 = 1 + 24/z + z, and the only solution is
xo = 1. If for some n the equation has a unique solution x,,, then for n + 1,

\/x+\/4x+\/16x+~~+ gntly +3=1++x (%)

implies

x+\/4:c+\/16x+~-~+ 4ntly 4+ 3 =142z + 2,

SO

\/4x+\/16x+---+ dntly +3 =1+ Vi,

so 4x = x,, and the only solution of (x) is z,+1 = 2, /4. By induction, for every n, the equation has unique
solution x, = 1/4™.

4. Suppose that a polynomial f with real coefficients has degree n and n distinct real roots aq,...,a,. Let
bi,...,bo_1 be the roots of the deriwative f'. Prove that Y ., Z;’;ll —L—=0.
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Solution. Since f has no multiple roots, b; # a; for all 4, j. We have f(z) =c(z —a1)--- (z — a,,) for some
¢, o0 log f(z) =logc+ 327 log(x — a;) and f'(2)/f(x) = (log f(x))' = 31, log/ (v — ai) = 321y =5 So,
for every j, 0= f'(b;)/f(bj) = Z?:l ﬁv and thus Z?:l Z;L:_ll ﬁ = Z;:f Z?:l ﬁ = 22:11 0=

5. Suppose 2024 points are given in the plane with the property that every triangle formed from any three of
those 2024 points has area < 1. Prove that all of these points lie in a triangle of area < 4.

Solution. Choose three points from the given 2024 points that form a triangle of
maximal area. (If there are several such triangles, choose one.) Through each of
these three points draw the line parallel to the opposite side of the triangle. Any
point on the other side of such a line forms, with two opposite vertices, a triangle
of larger area, thus all other 2021 points out of 2024 are located inside the large
triangle formed by those lines, which triangle has area < 4.

6. Let T be a triangle in R® and let Ty, Ty,2, Ti.. be the projections of T onto the three coordinate planes
of R3. Prove that area(T)? = area(T},)? + area(T} .)* + area(T} ).
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Solution. Let T = AABC, let AB = (a1,a2,a3) and AC = (by,bs,b3). Then the area of T is 1/2 of the
—  —

length of the cross product AB x AC, whose coordinates asbz — agbs, azb; — a1bs and a1by — agby are just 2

times the areas of T}, ., Ty , and T, , respectively.



