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Introduction

Consider the family of curves with cubic
twists En : y2 = x3 − n2, where n varies
over positive cubefree integers. There
is a 3-isogeny ϕ from En to E ′

n : y2 =

x3 + 27n2, with its dual being ϕ̂.
We want to study the distribution of
rank Selϕ(En) = dimF3

Selϕ(En) in this
family of curves. Stephanie Chan car-
ried out the computation for the curves
y2 = x3 + n2 and we aim to adapt her
method.

Key Steps

1. Find a workable description of the 3-
Selmer group. More specifically, Selϕ(En)

can be described as the subgroup of
H1(GQ, En[ϕ]) of classes that are in the
image of the local Kummer map

κp : E
′
n(Qp) → H1(GQp

, En[ϕ])

for every place p of Q. A lemma by
Cohen and Puzuki allows us to equate
this condition with the "everywhere locally
solvability" of a polynomial.
2. Investigate the local solvability of the
polynomial from Step 1.
3. (to be done) Explicitly construct
the matrix, with the terms being cu-
bic residues and characteristic functions,
such that its kernel is the 3-Selmer group.
4. (to be done) Analyze the random ma-
trix to get some conclusion of the distri-
bution of rank Selϕ(En).

Step 1 (Investigate the Local
Kummer Maps on E′

n

Fix our equation of our curves to be En :

y2 = x3 − n2 and E ′
n : y2 = x3 + 27n2. Let

K = Q(
√
3) and let τ be the nontrivial ele-

ment in Gal(K/Q) such that τ (
√
3) = −

√
3.

Now, we will investigate the Kummer map
at p, which we denote by κp. It maps el-
ements from E ′

n(Qp) to the subgroup G3 of
K∗/K∗3 of classes [u] of elements u such
that NK/Q(u) ∈ Q∗3. A lemma proved by Co-
hen and Pazuki describes the image of κp as
follow:
An element [u] ∈ K∗/K∗3 belongs to the im-
age of κp if and only if for some representa-
tive u ∈ K∗, the homogeneous cubic equa-
tion

u
(
X + 3

√
3Y

)3

+τ (u)
(
X − 3

√
3Y

)3

+2nZ3

(1)
has a nontrvial solution in Qp. Therefore,

Selϕ(En) = {u ∈ G3 | (1) is ELS}

Intuition

“(1) is soluble in Q” means that u is in the
image of the descent map while “(1) is ev-
erywhere locally soluble” means that u is in
the Selmer group. These two conditions are
equivalent if and only if the Tate-Shafarevich
group is trivial. This is because the Tate-
Shafarevich group is a measure of the failure
of the local-global principle. In particular, it
measures the existence of u’s that are every-
where locally soluble but not soluble globally.

Step 2 (Investigate When (1) is ELS)

When p splits
Since 3 is a quadratic residue mod p, Equation (1)
has a solution iff u1X3+u2Y

3+u3Z
3 = 0 does, where

u1 = u, u2 = τ (u), and u3 = 2n.
By dividing and multiplying, we can assume, WLOG,
that gcd(u1, u2, u3) = 1, min(vp(u1), vp(u2), vp(u3)) =

0, and vp(u1u2u3) ≤ 2. Lemma 2.3 in Chan’s paper
gives us a nice criterion: solvable iff one of the
following is satisfied:
- vp(u1u2u3) = 0;
- vp(ui) > 0, and uj/uk is a cube in F×

p , where
{i, j, k} = {1, 2, 3};

When p doesn’t split, things get a little more compli-
cated. We can assume that the u we are testing for
is a cube. This allows us to write u as u = v · Nm(v)

where v = v1 + v2
√
3.

When p is inert
Combining Lemma 6.4 and Lemma 6.6 in Cohen
and Puzuki, (1) is solvable iff
- τ (v)

v modulo p is a cube in F×
p2

Note that when I say α ≡ β (mod p), I mean
that the class of α and β in the residue field is the
same.

When p is ramified (p = 2 or p = 3)
First of all, (1) is always solvable in Q2.
By Lemma 6.11, we have that (1) is solvable in Q3 iff
one of the following holds: Let w = 2n

Nm(v).
- v3 (w) = 0

- v3 (w) > 0 and v3(v2) > 0

- w ≡ ±6v1 (mod 27) for an appropriate choice of
±.
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