Variations on Pascal's Iriangle

THE OHIO STATE
UNIVERSITY

DEPARTMENT OF

MATHEMATICS

Jiajing Li
The Ohio State Univeristy
1.15253@osu.edu

In the n-th row of Pascal’s triangle, the k-th entry in each
: n 0 n n

row is denoted as (k) Deﬁne. (O) = 1, (n) = (O) =1

where n € N. The other entries in the Pascal’s Triangle

are defined by:

(n>=(n_1)+(n_1),0<k<n,kez+.

k k k—1
By changing the last entry in each row except for the first

row, we get many similar triangles. For example, changing
the last entry of each row except for the first row to 2 :

We start by looking for repeated entries in Pascal’s triangle.

Singmaster’s Conjecture: There is a finite upper bound
for the maximum number of times an entry (other than
one) can appear in Pascal’s triangle.

We know that infinitely many entries that appear exactly
six times. For example,

20=(7) = (130) = ()= () = (3)=(5)
Also, we know that the only number known to appear
eight times is 3003, which has indices:

(31 Goo2) () Go) (5): o) (6)- ()

Definition 1. Let x € N. Deﬁne O) = 1. Forn e N, k =

n,deﬁne(Z) = X. (Z) =(n;1) -T—(Z:i) ,0< k < n.

The triangle generated by (Z) is called the (1, x)-triangle.

e Is there a closed formula for the entries?

« How many times does an entry (other than 1 and x) ap-
pear in the (1, x)-triangle?

« How does Pascal’s Triangle relate to the (1, x)-triangle?

Theorem 1.For x € N,k € N,

(x — Dk |
(Z)x B (1 = n )k!(nn— k)

(). = (1+5=2) (),

Theorem 2. Infinitely many numbers repeat exactly 3
times in the (1, x)-triangle.

Conjecture 1. There are entries that repeat exactly 4 times
in (1, x)-triangle for all x € N.

The following is the table of numbers that repeat four times
in (1, x)-Pascal’s Triangle, 2 < x < 9.

(1,x)- maximum numbers check
triangle repeated n
times until
(1,2) 4 77,275,665,819,2079,2277 4000
(1,3) 4 8125 4000
(1,4) 4 1653 4000
(1,5) 4 81,196 1000
(1,6) 4 481 1000
(1,7) 4 1632 2000
(1,8) 4 297 1000
(1,9) 4 100 2000
Also, for each (1, x)-triangle, if we mod x for each entry,

we get a Sierpinski-like triangle. Scan the QR code on the
bottom left corner to see the triangle for (1, 3)-triangle.
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