OSU Analysis Qualifying Examination 1 2026

Each question will be graded out of 10 points.

Problem 1. Suppose p, v are two positive measures on a measurable space (X, M). Prove
that when p is finite, the following are equivalent:

(1) For E € M, v(F) = 0 implies u(F) = 0.

(2) For every ¢ > 0, there is a 0 > 0 such that £ € M and v(E) < § implies u(E) < e.
Problem 2. Suppose p is a positive measure on (X, M) and f € L'(X, M, p).

(1) Prove that if E C X with u(E) =0, then [, fdu = 0.

(2) Prove that if [, fdu =0 for all E € M, then f =0 p-a.c.

Problem 3. Suppose v is a complex measure on (X, M). Show that for f € L'(X, M, v),

/fdy g/\f]d]y].

Problem 4. Show that F' : R — R is Lipschitz continuous (there is an M > 0 such that
|F(z) — F(y)| < M|z —y| for all z,y € R) if and only if F' is absolutely continuous and
|F'| < M ae.

Problem 5. Suppose f : [0, 1] — R is continuous such that

1
/ 2" f(x)dxr =0
0
for all n > 2026 where the above integral is the Riemann integral. Prove that f = 0.

Problem 6. Suppose F, X are Banach spaces with F' finite dimensional. Show that a linear
map ¢ : X — F' is countinuous if and only if ker(y) is closed.



