Analysis Qualifying Exams

OSU Math Grad Students

July 31, 2014

To pass, it suffices to solve four problems correctly. You should exercise good judgement in
deciding what constitutes an adequate solution. In particular, you should not try to solve a
problem just by quoting a theorem that reduces what you are asked to prove to a triviality.
Justify the applicability of theorems you use. If you are not sure whether you may use a
particular theorem, ask the proctor.

Please remember to write your code name at the top of each page. Note that a good code
name can be the difference between passing and failing.

Many of the solutions contained in this document were provided in the summer 2013 head-
start course led by Professor Aurel Stan and TA Donald Robertson.
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2013 - Autumn

Exercise 1. Let a; = a > 0 and any1 = +/|a2 —at|, n € N. Find all values of a for which
the sequence (a,) converges. (Justify your answer.)

Proof. (A. Newman) The sequence (a,) converges for a € [0,/2] and diverges otherwise.

Consider the function given by the recurrence f(x) = /|22 — z%|. On the interval [0, 1],

we see that f(z) is increasing for x < \/75 and decreasing for = > \/75 So if we consider

a; € (0, ‘/75) we see that a; > as, so it follows that as > as, ag > a4, and so on. Thus (a,) is a

decreasing sequence that is bounded below by zero, so it is convergent. For a; = \/75 we have

as = 3, so we are back in the interval (0, ‘/75) and we have that (a,) converges in this case.

Likewise for = € (‘/75, 1) we have f(%i) > f(z) > f(1),s0 f(z) € (0,3). Thus if a; € (‘/75, 1),
then ay € (0, 3) C (0, \/75), so the sequence (a,) converges. Obviously the sequence converges
when a = 1. For all z € (1,v/2), f(x) is increasing, and if a = a; € (1,v/2), then ay < a4, s0
the sequence (a,) is decreasing and bounded below by zero, so it is convergent. If a = v/2,
then the sequence is constant and therefore convergent. Finally if a > /2, we have that
as > ay, and so the sequence is increasing. However it is not bounded. Since for z > 2 we

have 2% — 22 > 32 and the sequence given by the recurrance a,i1 = %gai diverges for

a>2. O

Exercise 2. Let a,b > 0. Find the smallest possible constant C' for which the inequality
2y’ < Clz +y)** (1)

holds for all x,y > 0. (Justify your answer.)

a b b
Proof. (A. Newman) The smallest value of C' that works is C' = ( j—b) < > . To
a

verify this, observe that we wish to maximize:

o= (255 (o25)

x

To maximize this function, we will set z = and w =
T+y Tty

maximize f(z,w) = z%w® subject to the constraint z +w = 1, using the method of Lagrange

multipliers we must have A so that az* 'w®—\ = 0 and bz%w~' =\ = 0 simultaneously. Thus
we must have global maxima at z = 47, that is global maxima at y = %’” Substituting this

. And now we try to

a \“/ b \"
f ields that f ithz >0andy =2 weh = :
or y yields that for any (z,y) with z and y = % we have f(z,y) (a—l—b) (a—i—b)

So this proves the claim.

(R. Ye) Sketch: Since x,y > 0, let ¢ = £, then y = tx. Put it into the original inequality and
after simplification, we get:

tb
—— < C.
(1 +t)eto =
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Let f(t) = ﬁ Now it’s easy to maximize f(t) on ¢t > 0 to obtain C, by using derivative.
0

for x #£ 0 and f(0) = 7 is

e — 1

et —1

Exercise 3. Prove that the function defined by f(x) =
infinitely differentiable on R.

Proof. (H. Lyu) By quotient rule, f is certainly infinitely many differentiable for = # 0. So it
suffices to show that f is so at = 0. Using the power series expansion e® = 1+ 7 + z—? +--
r € R, we can write

T m2z? 2z

T_l_ a7 _l_... 7T+T+..
T z2 1 T ()
1 2! 2!

where x # 0. But since f(0) = 7 as defined, (x) holds for all x in R. Note that the two power
series after canceling out the common factor x in (*) have the same radius of convergence,
by Hadamard’s formula since the coefficients do not change. Also, a power series is analytic,
i.e., infinitely differentiable, in its radius of convergence. Thus (*) tells us that f(x) can be
written as a fraction of two smooth functions where the denominator does not vanish at

x = 0.

flx) =

Now suppose we have a function g(z) = p(z)/q(x) where p,q € C*(R) and ¢(0) # 0.

Then since ¢ is continuous and ¢(0) # 0, g(x) # 0 near = 0. By quotient rule, ¢'(z) =
P (z)q(x)—q' (z)p(x)
q(x)?
and the denominator does not vanish at 0, so ¢’ satisfies the same hypothesis as g. Hence,
by induction, ¢ is infinitely differentiable near x = 0, and in particular, at x = 0. This

observation applies to (x), and this shows the assertion. O

near x = 0. Note that both the numerator and denominator are smooth

Exercise 4. Prove that Z = loglogn + C + a,, n € N, where C' € R and a,, — 0
k=2

1
klog k
as n — Q.

Proof #1. (0. Khalil)

1

By the integral test, since the function TTozz

is decreasing, we have that for each n > 2,

S| SN | 1 L
dr < < d
/2 xlogx x_;klogk - 210g2+/2 xlog x .

1 n
— klogk _/2 xlogx

dz. So, 0 < b, < ngQ. Note that for each n € N, we have

1 n+1 1
b1 — by = - / —
(n+1)logn+1) J, zlogz

But, since the function xl;gw is decreasing on the interval [n, n+1], then, we ge that b, 1—b, <

0. Hence, b,, is monotonically decreasing, so the sequence b, is convergent with a finite limit.




Let | = lim,, o b, and let C' = —loglog2+1. Let a, = =l +b,. So, a, — 0 as n — co. Now,
we have that -+ (loglog #) = —1—, and hence

:clog:v’

"ol
/ dx = loglogn — loglog 2
9 xlogx

So, we can write

= loglogn —loglog2 + b,, = loglogn 4+ C + a,

as desired. ]

Proof #2. (K. Nowland) Let f(z) = 1/xlogz. Let k > 2 be an integer. Note that

k f(z)dz = %f(k?) + %f(k —1)— /:1 (x —k+ %) f(z)dz.

Rearranging,

f(k) = f(x)dx + %f(k) — %f(l{: —1)+ /k—l (:z: —k+ 5) f'(z)dx.

k—1

Summing from k = 3 to n,
/f )z + = f +Z/ <x—k+ )f(x)dx.

Since f(z) =1/xlogx,

n n d
/ f(z)dx = / S loglogn — loglog 2.
9 o zlogx

Also, f(n) — 0 as n — oo. Note that |x —k+1/2| < 1/2 in the sum of integrals. Therefore,

/k: <x - %) F(2)dz| <

1 [* 1 1 p
- §/k_1 x?log x * 2log’ x ’
_ 1 N 1
~ 2(k—1)%log(k—1)  2(k—1)2log*(k — 1)

Since E < 00, the sum of the integrals converges absolutely as n — co. We can therefore
write the sum of integrals as ¢ — b, where c is constant and b,, tends to zero as n tends to
infinity. Let a,, = 1/2nlogn — b, and C' = —loglog2 + 1/4log 2 + c. O



Exercise 5. Let f € C'([0,1]). Prove that Zf k/n) —n f Ydr — M

n—00 2
k=1

Proof. (O. Khalil) Let ¢ > 0 be fixed. Since f’ is continuous on [0, 1] which is compact, it
is uniformly continuous. Let NV € N be such that Vz,y € [0, 1], whenever |z — y| < 1/N, we
have that |f'(x) — f'(y)| < e. Let n > N be arbitrary. Now, for every = € [0, 1], write

- [ s

Since f is differentiable, F' is twice differentiable. Let ay = k/n for each k. Now, using
Taylor’s expansion for F', write

ap + ag—1 P”(ak_l) f7H<9k)
F|——— | = F(ai_ 2
( 2 ) () +—5 = 52 )
ak-+>ak_1 P”(ak) frﬂﬁdk)
P22 = Fay) —
( 2 ) () = 5,7+ 52 (3)
agp+ak—1 ap+ak—1

for some 0y € (aj_1,
Substracting 2 from 3

5o—) and wy € (551, ag).

0= F(ax) — Flag-1) — <F/(ak) _;5/<ak—1)) N F//(wk)8;2F//(9k)
Substituting F'(ay) — F(ag—1) fak ) z)dz, F'(z) = f(z) and F"(z) = f'(z), we get

n/’“ f(2)dz = fla) + flaxs) | f'(O) = f'(w)

2 8n %)

Ak —1

Now, write

Hence, we have that

: : £0) = $0
I L

I
e
S
=
Q
N
_l’_
kﬂw
Q
??‘
»—t
'\H
v




where the second equality follows from 4, and the second inequality follows from the uniform
continuity of f” and the choice of N since 6y and wy € (ax_1,ax) and so |0 —wi| < 1/n < 1/N.

Hence, if(k:/n) - n/l fz)de — w as n — oo as desired.
k=1 0

[]

Exercise 6. Let (a,) be a sequence of nonzero real numbers such that Y oo | |a,|™t < .
Prove that the series Y o (x — a,)~" converges uniformly on every bounded set S C R that
does not contain the points a,, n € N.

Proof. (R. Ye) Since S C R is bounded, there exists a M > 0 such that |z| < M for all
z € S. Since Y 07 an| Tt < 00, |a,|”t = 0, or |a,| — 0o as n — oo. Therefore, there exists
an N € N such that |a,| > 2M for all n > N. For n > N:

1 1 1 1 la,| 1 2

T —an |x_an| B ||an| - |x|| N |an| -M |an| _M|an| |an|'

The first inequality derives from triangle inequality, the second one holds since |a,,| > 2M and
|z| < M, and the last one uses the fact that |a,| > 2M. By Weierstrass-M test, Y \(z —

a,)~" converges uniformly on S. Note that 32 (z — a,)™' < oo, since a, ¢ S ¥n € N. So
S>> (¥ —a,)”! converges uniformly on S. O



2013 - Spring

Exercise 1. Let a, > 0 forn =1,2,3,... and suppose that > >~ a, < co. Prove that there
exists a sequence 0 < by < by < --- of real numbers such that b, — oo and Zle anb, < co.

Proof (A. Newman) Since )~ a, converges, we know that the sequence {R }>°, where

= > e, a goes to zero. Thus, there is ny € N with ny > 4 so that R, < 7, and there
is n2 G N, ny > n; so that R,, < 412 and we can continue in this way to ﬁnd n; so that
R, < 3z foreachi € N. Now for i € {1,..,n1}, set b; = 2°+i/(nq1)? fori € {ni1+1,...,no}, set
b, = 2! —i—z/(ng) ,fori € {na+1,...,n3}, set b = 2241i/(n3)? and so on. Now 0 < by < by < ...
and the b; go to infinity and

ianbn = Zanb + Z anby, + Z anby, + -
n=1

n= n1+1 n= n2+1

2Zan+3 Z an + 95 Z an +
n=n1+1 n=nz+1
2R1+3Rm 4 5Ry, + OBy + -
B ST W
- 42 16 4 64 8

IN

IN

This last infinite sum converges since ZZO —and Y 1 7z converge absolutely. O]

Exercise 2. Let z be a complex number such that |z| = 1 but z # 1. Let a; > ag > ag >
- > 0 and suppose a, — 0 as n — oo. Prove that the series

o
g anpz"”

n=1

converges. (Don’t just deduce this from a more general theorem. Give a detailed proof.)

Proof. (A. Newman) This can be proved using Dirichlet’s test. However, we will need to
prove this first as we are not allowed to deduce this result from a more general theorem. We
must prove:

Dirichlet’s Test: If a,, > a,+1 > 0 for all n, and if a, — 0 and if there exists M so that
S 0b

Proof of claim: Let s, = Y ,_,axby and let B, = >, _ by by summation by parts s, =
ant1Bn + > 4_o Bi(ar, — ag41). Now a,41B,, — 0 as n — oo since |B,| < M and a,, — 0,
furthermore for every k, we have |ay — ags1| = ax — ag1. Thus |, Br(ag — agy1)| <
MY _o(ak — ags1) = M(ap — an+1) — Mag. So we have that |> ") apbe| < Ma, + Mag —
May. Thus >, , aiby converges absolutely so in particular it converges. 0

_ Gnby converges.

Now we just have to show that if |2| = 1, but z # 1 we have for some absolute constant

M, [N 2" < M for all n. Observe that 3. 2" N+1_1 for a fixed z with |z| =




and z # 1 we have that |z — 1| is some positive constant ¢ and that |z¥*1 — 1] < 2, thus
Zg:o 2 < % + 1 for any N € N. Now the result follows by Dirichlet’s test.

]

Exercise 3. Suppose that f : R — [0,00) is twice continuously differentiable. Let K be the
support of f. In other words, let K be the closure of {x € R: f(x) # 0}. Suppose that K is
compact. Prove that there is a constant C' (depending on f), such that for each x € R, we
have

f(2)* < Cf(). (5)

Proof. (A. Newman) On R\ K, f is identically zero so all derivatives of f are zero. Fur-
thermore f” attains a maximum on K since K is compact. Thus for all x € R one has
f"(x) < C for some constant C'. Using Taylor’s Theorem with Lagrange remainders we have
for all x € R and for all h > 0,

m;ﬂ

f(z+h) = f(@) + f@)h+ =

for some ¢ € (x,z+ h). Now it follows that for all h > 0 and for any fixed z, 0 < f(x+h) <
fx)+ f'(x)h+ %hQ. Now %hQ + f'(x)h + f(x) is a quadradic polynomial in & that is always
nonnegative so it’s discriminant (f’(z))* — 2C f(z) < 0, so (f'(z))* < 2Cf(z). Since = was
arbitrary, this proves the claim. O

Exercise 4. Define a sequence (p,) of polynomials p, : [0,1] — R recursively as follows: For
each x € [0,1], let po(x) = = and if po(x),...,pn(x) have already been defined, let

T — pn(x)Q.

pn—l—l(I) :pn(]}) + 9

Prove that as n — 00, p,(x) 1 v/x uniformly on [0,1].

Proof. (O. Khalil) We begin by showing p,(z) < /z for each n and Vz € [0, 1]. We proceed
by induction. We have that Vz, po(z) = = < y/z. Now, assume it’s true for p,(x). But, then,
we have that Vz € [0, 1]

(V7 = pn(2)) (VT + pu())

Puia(@) = pa(@) = ;
< (VT = pa(2))V2
S \/_ - pn(.iE)

where we used the fact that /z < 1 for the last inequality. Hence, p,11(z) < \/x as desired.
Now, since © > p,(z)?, then p,y1(x) — p,(z) > 0. Hence, the sequence (p,(z)) is monoton-
ically increasing and bounded above by /z for each z. Hence, the point-wise limit exists.
For each z, let [(x) = lim,, o pn(z). But, then, [(x) satisfies

x—I(x)?



Solving for I(x), we get that I(z) = y/z. Now, since (p,(x)) is a sequence of continuous func-
tions (being polynomials) converging monotonically to a continuous function on a compact
set, then by Dini’s theorem, the sequence converges uniformly. O]

Exercise 5. Let f:[0,00) — R be bounded and continuous. Prove that

b
lim sup %/0 f(z)dx < limsup f(x). (6)

b—oo T—00

Proof. (O. Khalil) Let M < oo be such that f(z) < M, Vz. Let L = limsup,_, f(z).
If L = oo, then there is nothing to prove. If L is finite, let ¢ > L be arbitrary. Then, by
definition of limit superior, 3x, > 0, such that Vx > z,, we have that ¢t > f(z). But, then,

we have that Vb > z,,
1 b 1 To b
i [ r@as =g ([ st [ ptagac)

1 [% 1/
< - f(x)dz+ — [ tdx
b 0 b To

1 [* 1

b—x,

—l/of(x)dx—I—t
b Jo

Mz,

b

t(b - xo)

<

+1

Hence, by taking limsup as b — oo on both sides, we get that

b—o0

1 b
limsupg/ flx)dx <t
0

since % — 0 as b — oo. Now, t was arbitrary, so taking limit as ¢ — L, we get 6 as

desired. O

Exercise 6. Let % be the real vector space of Riemann integrable functions f :[0,1] — R.

For each f € Z, let ||f|| = (fol |f(z)|?dx)Y2. Let f € # and let € > 0. Prove that there is a
continuous function g : [0,1] — R such that || f — g|| < e.

Proof. (H. Lyu) Let f € R and fix ¢ > 0. We claim that there is a continuous function
g :10,1] — R such that

A|ﬂm—guwm<e

Since f is integrable on [0, 1], it is bounded on [0, 1] by some number, say M > 0, and there
is a partition P : 0 = 2o < 21 < -+ < x, = 1 of [0,1] such that U(f, P) — L(f, P) < €/2.
For each i = 0,1,--- ,n — 1, let M; = supy,, , ,,(f(z)) and m; = inff,,_, »(f(z)). Now we

10



construct a continuous function g < f that is "close enough to f’ as follows. First let gy be
the step function defined by
n—1
= Z X[fi_hl?i) : mi?
i=0

where y; is the characteristic function on the interval I C [0, 1]. Note that

/|f o) dz = Z/ ()] da

< Z(]\/fZ —m;)(x; —xi1) = U(f, P) — L(f, P) < ¢€/2.

i=1

Now, the idea is the following. This ”infimum stepfunction” g, is already close enough to
f in 1-norm from the definition of Riemann integral. But since there are only finitely many
jumps in g, a slight modification on gg to make it continuous will suffice. We are going to use
line segments to connect each steps as follows. Let 0 = m. For each i € {1,--- ,n— 1},
define g(z) = ™" (x — x;) + m; on [z, 2; + 6], and for 2 not contained in any of such
intervals we define g(x) = go(x). Obviously ¢ is continuous from the construction. On the
other hand, it differes from gy by at most M on n — 1 "small” intervals of length §. Hence

1 n—1 n—1
/ g0() — g(@)|de <3 mecs —mild < 3 2M6 = ¢/2.
0 i=1 i=1

This yields

/Orf<:c>—g<x>|dxs/o (@) - gola |da:+/ 00(e) — g(a)| dir < ¢/2 1+ /2 = .

This shows the claim.

NOW let f 78 ﬁx e > 0, and choose a continuous function g : [0,1] — R such that
fo |h(x (z)| dz < 53;. Notice that from the construction of g, we get

inf (f(z)) <g< sup (f(x))

z€[0,1] $€[0,1]

In particular, this yields |f — g| < 2M on [0, 1]. Now g is such a function that is close to f
in 2-norm, i.e., ||f — g||2 < €, since

2

/!f \2d:c</02M|f(:c) g(x ydx_zM/ |f(z (z)| dx < 2M - i =2

This shows the assertion. OJ

11



2012 - Autumn

Exercise 1. Prove that the sequence (1 + %)”26_”, n € N, converges and find its limit.

Proof. (K. Nowland) The sequences converges to 1/+/e. Let x, be the nth term of the
sequence. Since z, > 0 for all n, it makes sense to talk of the logarithm log z,,. Since the
logarithm is continuous for z,, > 0, if x,, — x, then log x,, — log x, where if x = 0, then the
the sequence log x,, diverges to —oo. We see that

1
log z,, = n”log (1 + —) —n.
n

log(1+x) =x —2%/2+ 23/3 — - - is a Taylor expansion for log(1 + z) about x = 0 and is
valid for |z| < 1. Using this expansion, we see that

| 1 n 1 1 n

08 2 3n  4n?

This is valid since 0 < 1/n < 1 for all n. Thus log z,, — —% as n — oo. Therefore x,, — 1/+/e,
as claimed. n

Exercise 2. Prove or disprove that the function f(z) = sin(z3)/z, x > 0, is uniformly

continuous on (0,00).

Proof. (0. Khalil) We wish to show that f(z) is uniformly continuous on (0, 00). First, define

g(x) on [0,00) as follows:
) flx) ifx >0,
g(x)_{o if 2 = 0.

Now, by I'Hospital’s rule, we find that

lim f(z) =

z—0t

Thus, since f(z) is continuous on (0,00) and lim, o+ g(x) = ¢(0), then g(x) is continuous
on [0,00). Therefore, g(z) is uniformly continuous on any compact subset of [0, 00).
Moreover, for all x > y > 0, observe that

l9(x) = g(w)] < |g(z)| +19(y)| <

+-<

SHE

S
< |

Now, let € > 0 be fixed. Let 2, > 0 be so that = < . Hence, we have that g(x) is uniformly
continuous on [0, z,] and that for all z,y > xo, we have

19(2) — ()] = |f(@) — f)] < = <&

o

Thus, g(z) is uniformly continuous on [0, 00) and so f is uniformly continuous on (0, c0) as
desired. ]

12



Exercise 3. Let f : R — R be a twice-differentiable function with f"(x) > 0 for all x € [0, 1].
Assume that f(0) > 0 and f(1) = 1. Prove that there exists xog € (0,1) such that f(zg) = xo
if and only if f'(1) > 1.

Proof. (0. Khalil) ”=" Suppose that there exists xo € (0,1) such that f(xg) = zo. Hence,
using Taylor’s expansion with Lagrange remainder, we get

(zo — 1)*f"(6)
2

o = f(wo) = f(1) + (wo = (1) +
for some 0 € (x,,1). Rearranging

f/(l) _ To — f(l) o (xo B ;)f”(8>

z, — 1

Now, since f(1) =1, z, < 1 and f”(f) > 0, then we get that f’(1) > 1 as desired.

<" Now, assume that f(1) > 1. Suppose by way of contradiction that #iz € (0, 1) such that
f(z) = z. Hence, since, f is continuous, then, on (0,1), f lies on one side of the line y = x
(by applying the intermediate value theorem to the function f(x) — ). But, since f(0) > 0
by assumption, then, f(z) > x, Vo € [0,1). But, then, we have the following: Vz € [0, 1)

f) =z fO) - f)

1=
l1—=x l1—2z

Hence, taking the limit as x — 1~ and using the continuity of f’, we get that
1> f(1)

contrary to our assumption. Hence, 3xo € (0, 1) such that f(z¢) = 0. O

Exercise 4. Prove that sup,oxe® [~ e " dt = 1.

2

Proof #1. (O. Khalil) Let f(z) = ze*” [* e~ dt. First, observe that

o0 o0 1
0< / e dt < / etdt = = < o0
1 1 €

1
0</ e dt <e®(1-0)=1
0

also

Moreover, since e~ > 0 for all ¢, then the function gly) = fzy e~ dt is positive, bounded
and monotonically increasing for all y > x. Hence, for all x > 0, we have that

/ et dt < 00
xr

13



Hence, we find that f(0) = 0 and that f(x) > 0 for all 2 > 0. Hence, sup,-, f(z) > 0 and

so we may assume x > 0 (strictly). Now, for a given > 0, we have that on [z,00), t > =

te=t

T

and so > e**. Hence, we have that

oo o0 t —¢2
/ e dt < / S
T T x

e
2
Hence, we have that for all x > 0
1
fo) < M)
Moreover, we have that on [z, + 1], ¢ < 2+ 1 and so we find that on such interval
42 te‘t2
e >

z+1

[ee) ) x+1 )
/ e Udt > / e tdt
x x

z+1 —2
t
2/ C _at
. x+1

z+1)2+e*z2

Hence, we get that

_67(
2(x +1)

And, thus, we get that

But, we have the following

T T

1— —2z—1 > i 1 — —2z—1 — i 1— —2zx—1
gl m e gy et ey = e

for all 2 > 0 and lim, oo (1 — e ") 25 = 1, we find that

1 1 T
— > su x) >sup—(1 —e*!
2 _ngf( )2 leo)2( )x+1

>

(8)

DO | —

as desired. ]

Proof #2. (H. Lyu) (similar but little bit simpler) Let f(z) = ze®’ [ e~ dt as before. One
can show f(0) = 0 following Osama’s argument. So it suffices to show that sup,., f(z) = 1/2.
The key is to use the substitution #* — «, which would yield

2

Loty Tty 1
- t = .
/xe / 2v/u " M

14




Suppose x < y. Then (1) yields the following estimation

2 2 2 2
— < < — 2
2y _/x ‘ B 2z 2

Now the second inequality immediately yields f(x) < 1/2, so that sup,.q f(z) < 1/2. On
the other hand, from the first inequality we get

—x2 _ _—(z+1)? z+1 00
¢ ¢ < / e dt < / et dt
2(x +1) . v

2z—1

so that
T —xe”

— < .
ey W
From this, letting z — oo, we get limsup,_, . f(z) > 1/2. Thus

% = limsup f(z) < sup f(z) < 1/2.

T—00 >0

This shows the assertion. O

Exercise 5. If f is a Riemannn integrable function on a closed bounded interval [a,b], prove
that lim,,_ oo fab f(x) cos™ xzdx = 0.

Proof. (H. Lyu) Fix € > 0. Let 1,--- ,x, € [a,b] be an enumeration of all numbers of the
form k + 7, k € Z, so that xy,--- ,z, is an enumeration of the solutions of the equation
|cosz| =1 in [a,b]. Since f is Riemann integrable on [a, b], it is bounded by certain number,
say, M > 0. Let 6 > 0, N € N, to be determined. Write [a,b] = A LU B where B =
Uj—, (@ — 0,25 + 6) N [a,b] and A = [a,b] \ B. Then we get

/ab f(z) cos™(x) dx

< [ U)o @)l de + [ |f(a)cos”(a) . 1)

First note that | f(z) cos™(x)| < M on B so the trivial estimation yields
/ () cos™ ()] da < M3 1k — 6, 2+ 8) = 2Mro,
B k=1

so we may choose § < 177 so that [, |f(z)cos™(z)|dz < €/2 for all n € N.

On the other hand, for this fixed § > 0, we will choose large N = N(¢,0) € N so that
the integral over A is < €/2. To this end, notice that A is a closed subset of the compact
interval [a,b], so A is compact. Since the function x — |cosz| is continuous on R, it has
absolute maximum on A, say, R > 0. But since |cosz| < 1 on A, we must have 0 < R < 1.
Thus there is a natural number N such that RY < ;Q)M Now for any n > N, we have

20—
/ |f(x)cos™(z)|dx < / MR"dx < M(b—a)RN < ¢/2.
A A

15



Thus it is possible to choose 6 > 0 and N € N such that for all n > N, the estimation
(1) yields

b
/ f(z)cos™(z) dx| < e, (2)
which is independent of 6 > 0. This shows the assertion. n
Exercise 6. Prove that the series Z > n:t} x € [0,1], does not converge uniformly on
n
n=1

0,1].

Proof. (H. Lyu) This solution is due to Prof. Stan. The series does converge pointwise by
summation by parts. To show that the convergence is not uniform, let us estimate the Cauchy
segment and try to find a lower bound. Let f(z) = sinx. Then f”(x) = —sinz < 0 on [0, 7].
so f is concave down on [0, 7]. Hence the graph of f is above any secant line. In particular,
sin(z) > 2z on [0,7/2]. Let n,m € N with n < m. Then

sin nx sinmzx _ 2nz 2mx  2x(m—n+1)
_|._ o e _|_ Z _ e + =
n m nm mm T
provided nz,--- ,mz € [0,7/2], which holds if 0 <z < 5. Let m = 2n. Then we have

sin nx sin 2nx 2x(n +1
P S 2z(n+1)

n 2n = s
if z € [0, [-]. Let z = M—H). Then the above inequality holds and for such z, we have
sin nw sin2nx _ 1
+ ot > -
n 2n 2

Since n is arbitrary, this shows that sequence of the partial sums is not uniformly Cauchy.
Thus the series does not converge uniformly.

]

Proof. (O. Khalil) Let S,(z) = >_;_, %25 be the n'" partial sum of this series and let
f(x) =307, 222 be the pointwise limit. Suppose for contradiction that S, — f uniformly

n=1
on [0, 1].
First, we use the mean value theorem and the fact that the function sinz is differentiable
on [0, 1] to rewrite S, as follows

n

Sn(x) _ Z sin a:k sin 0 _ Zazcos@k
k=1

k=1

for some 6 € (0, kx). Moreover, the function cosz is continuous at 0. Hence, for fixed &,
such that 0 < e, < 1, 36 > 0 such that whenever |z — 0| = |z| < §, we have that

1—¢,<|cosz| <1+¢g,

16



Since 0 < g9 < 1, § < /2. Now, let € be such that 0 < e < @. Since S,, — f uniformly

on [0,1] by assumption, then (S,(z)) is uniformly Cauchy on [0, 1]. Hence, 3N € N such
that Vn > m > N and Vz € [0, 1], we have that

|Sn () = Sm(2)| = <e

n
E x cos 0,
k=m

Now, let n > 2N be some even integer. Now, let = = %. Since, z < -, then 0 < 6, < kx <
7/2. Hence, cos @) > 0 for each k in the above sum and the absolute values can be dropped.
Moreover, 0 < 0, < kx < § and so we have that cosf, > 1 — ¢,.

Hence, we have

n

€ > |Sn(0/2n) — Sp/2(0/2n)| = % Z cos 0y,

k=n/2
- on(l—e,)  6(1—¢,)
dn 4
> €
Thus, we reached a contradiction as desired. O]

17



2012 - Spring

Exercise 1. Study the convergence of the sequence:

V2, 1T+ V2, \J1+ 1+ V2, \/1+\/1+\/1+\/§,...

More precisely, decide if it is divergent (in this case, does it have an infinite limit?), or
convergent (in which case find the limit if possible, otherwise estimate it).

Proof. (H. Lyu) Let f(x) = v/1+ 2. Then the above sequence can be represented as the
recurrence T, = f(x,), zo = V2. We claim that the sequence (z,) is convergent and
lim,, oo 7, = %5 Define g(x) = x— f(x). Then g(x) = 0 has the unique solution o = %3,
and g is increasing on [0, 00) since ¢'(xz) = 1 — 2\/++—x > 0 for z > 0. Thus g < 0 on [0, a)
and g > 0 on [a,00). Now for ¢t € [0,a), g(t) < 0 means t < f(t), so if z, € [0,a) then
Ty < f(x,) = Tpy1. On the other hand, as f is increasing and x,, < a, we get z,11 < a.
Combining these observations, we conclude that if x,, € [0, «), then z, < z,,1 < a. Since
Ty = /2 is in this range, (z,) is an increasing sequence which is bounded above by a. To
find the limit, let 8 > 0 be this limit and solve the equation 3 = /1 + 3, which would yield

B = «. This proves the claim. N

Exercise 2. Let f: I — R be continuous and satisfy the inequality

F(55Y) = 5U@ + s

for all x,y € I, where I is an interval in R. Prove that f is convex. In other words, prove
that

f =tz +ty) < (1 —1t)f(x) +1f(y) (9)
for all x,y € T and for all t € [0,1].

Proof. (E. Nash, though I'm not proud about it) Let x,y € I be arbitrary with x < y. Define
a function ¢ : [0,1] — R by g(¢t) = f((1 —t)x + ty) — (1 — t)f(z) — tf(y) and note that
g is continuous as f is continuous. Note first that g(0) = g(1) = 0 and that g (%) < 0 by
assumption. Proving the claim is now equivalent to showing that g(t) < 0 for all ¢ € [0, 1].

Suppose to the contrary that g(t) > 0 for some ¢ € [0, 1]. Then because g is continuous and
9(0) = g(1) = 0 > g (4), there exists some interval [a,b] C [0,1] such that g(t) > 0 for all

t € (a,b) and g(a) = g(b) = 0. By assumption g (“f2) > 0, so we have the following, after

18



simplification:

0<g (57 - 5900 - 3900

A6 (5965 (550

— SH(U @)+ ay) + (L~ a) @)+ 2 i) — L F(0— )+ by) + (1~ B (@) + 2 ()

(125 o+ (57) v) - 3w = A= 02+ by

But now setting (1 —a)x + ay = ¢ and (1 — b)x + by = d, we have f (%i) > %f(c) + %f(d),
which contradicts the assumption that f(*3%) < $f(z) 4+ 3f(y) for all z,y € I. Thus,

g(t) <0 for all ¢ and the claim is proven. O
Exercise 3. Let f: (1,00) — R be differentiable and define g, h : (1,00) — R by
/!
g(x) = f'w) and h(z) = M
x x

Suppose g is bounded. Prove that h is uniformly continuous.

Proof. (A. Newman) It suffices to show that A’ is bounded on (1, c0), for if a differentiable
function is has bounded derivative then it is uniformly continuous by the Mean Value The-
orem. Toward that end observe that by the quotient rule,

f'(x) _ flx)

x x?

B (z) =

We will (1,2] by
showing f(z) is bounded on (1,2]. By our assumption on (1, 2], we have that f'(z) is bounded
by a constant. If we suppose for contradiction that f(x) is unbounded on (1, 2] then we may
construct a decreasing sequence {z,}, with 2 > z; and z,, — 1 and f(z,) — oo (increasing
sequence). Now by the mean value theorem for any x,, we have that there is an [, € (x,,2)
so that w = f'(l,). Now as n goes to infinty, we have |f'(l,,)| goes to infinity as well
since xn 5 goes to —1, but this contradicts f’(z) being bounded on (1,2]. We next verfiy
that L2 is bounded on [2, 00). By the Mean Value Theorem for any z € (2, 00) one has

s R

for some y, € (2, x). By our assumption |f'(y,)| < cy, for some constant ¢ and since y, < z
we have

'szw =

Thus,



And it follows that ’%’ <c+ |f£—§)| <c+ @. It now follows that h'(z) is bounded by a
constant and therefore h is uniformly continuous. O

Exercise 4. Let [a1, by, [ag,ba], ..., [an,by] be subintervals of [a,b]. Assume that each point
x in [a,b] lies in at least q of these subsets. Prove that there exists k € {1,...,n} such that

(bk — ak) (b — CL)

Proof. (A. Newman) The sum ). (b; — a;) must be at least ¢(b — a) since the intervals
cover the whole interval [a,b] at least ¢ many times. Thus > " (b — a;) > ¢(b — a) from
which it follows that there is a k so that (b —ax) > (b —a)Z. O

Exercise 5. Let f(z) = > ) 2" sin g— for all x > 0 for which the series converges. Prove
that f is defined and is dzﬁerentmble on (0,00).

Proof. (E. Nash) We first show that f is defined on (0, 00), i.e. that > oo 5 2™ sin g converges
for x > 0. Note that siny < y for y > 0. In particular, sin - 3n < ﬁ Now fix z > 0 and
choose N Sufﬁ(nently large so that 3N < 7. Thus, sinz~ > 0 for all k > N. Now set

3k
SN2 sin z;— = M and observe the following:
ZQ”sm— ZZ”sm——l— Z 2"sm—
n=N+1
1 — [/2\"
<M+ - —
<+l oy (3)
n=N+1
1 1 3
<M M+ —
Ty (1—2/3) +x

Thus, > 72" smg% is bounded above. As sin 3,136 > 0 for all £k > N, we know that the

sequence of partial sums is strictly 1ncreasmg beyond a point. Thus, the monotone conver-
00 1

gence theorem implies that limy_,. Zi:o s1n3T = > . _2"sin z;— exists and is finite.

Then because x was arbitrary, the function f(x) is defined for all x > 0.

Now we turn to differentiability. Set fi(z) = Z 0 2" sin z— and note that fy is differentiable

for all k and that fi(z) = YF_, — T3 COS 31— NOW let € > 0 be arbitrary. We will show that
f(z) is differentiable at = . Consider the interval [£,2¢]. As shown above, the sequence
(fu(€)) converges, so to show f(z) is differentiable at z = ¢, it will be sufficient to show
that (f,) converges uniformly on [ 25} as this will imply that ( fr) converges uniformly to
a differentiable function on [ 25] We observe that ‘ IQ COS ‘ < 4 = . We know that
> ;% . 3—: is a convergent sequence, so the Welerstrass M- test 1mphes that (fi) converges
uniformly on [%, 25]. Thus, (fx) converges to a function differentiable at z = ¢ for arbitrary

e, completing the proof. n

o0 e—px
Exercise 6. Prove that supa:/ dp =1
x>0 0 p + 1
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Proof. (H. Lyu) Let f(z) == OOO i:f dp. By the change of variable px — u, we get

t _
X e U

t efpx
o=
S p + 1 ST U + x

Note that for 0 < s < t, we have

du.

—SsT —tx

tx  —u tx —u
e e e —e

| s -
a Ut X sz ST+ sr+x

T x

tx —u e ST _ e—tx

tx —u
[ e [ =t
sx UTT sz tT+T tr +x

T

Thus letting s = 0 and multiplying by x > 0, we have the following estimation

and similarly

1 —et® tepz
— Sx/ dp < f(z) <1—e™™, (1)
1+t o p+1

Note that the last inequality of (1) gives sup,, f(z) < 1. On the other hand, let ¢ > 0 be

arbitrary. Then letting x — oo, we have

1— —tx

1
—— = limsup < limsup f(x) < sup f(z).

Therefore we obtain

Locapfe) <1
— <su )
1 + t - ;(;>Ig -

Since t > 0 was arbitrary, we get the desired result.
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2011 - Autumn

Exercise 1. Let f, g, and h be real-valued functions which are continuous on [a,b] and
differentiable on (a,b), where a,b € R with a < b. Define F' on [a,b] by

f(x) g(x) hz)
F(x) =det [ f(a) g(a) h(a)
fb) g(b)  h(b)

Prove that there exists ¢ € (a,b) such that F'(c) = 0.

Proof. (E. Nash) First, note that f(a), f(b), g(a), g(b), h(a), and h(b) are all constants.
Thus, we have that F'(z) = ¢; f(x) 4+ cag(x) + csh(z) where ¢, ¢o, and ¢z are the constants
given by taking a cofactor expansion along the first row of the given matrix. Then F'is a
linear combination of f, g, and h, so F' is continuous on [a, b] and differentiable on (a,b) as
each of f, g, and h satisfy these properties.

Now observe that plugging in a for z in the given matrix creates two identical rows. If two
rows of a matrix are linearly dependent, then the determinant of the matrix is zero, so
F(a) = 0. Similarly, F'(b) = 0. Now we may apply Rolle’s Theorem, so there exists some
¢ € (a,b) with F'(c) = 0, as desired. O

Exercise 2. Prove that €™ > €.

Proof. (E. Nash) Consider the function f(x) = G defined on (0, 00). By the quotient rule,

we have that f'(z) = 1(?11“’”30_)% Setting this derivative equal to zero delivers x = e. Further, we
observe that f'(z) < 0 for all z € (0,¢e) and f'(x) > 0 for all = € (e, 00). This implies that f
attains a minimum value at f(e) = e and that this minimum value is only met when z = e.
In particular, this implies that f(mw) > e. Thus, we have the following, which confirms the

claim:

™

—>e=>nm>elnr=7>Ih7"=¢e" >7°
Inm
O
Exercise 3. Let f:[1,00) — R be bounded and continuous. Prove that
lim fnt™"tdt = f(1). (10)
n—oo 1

Proof. (H. Lyu) Let g(x) = f(x) — f(1), so g is continuous on [1,00) and g(1) = 0. For each
b > 1, |g| has an absolute minimum A/, > 0 on the compact interval [1,b] be the extreme
value theorem. Notice that M, — 0 = g(1) as b \, 1 by continuity. Since f is bounded, so is
g. Let M > 0 be a bound for g.

Observe that [ 2+ dt = [—t7"]3° = 1. Hence

/loo ) dt—f(1>=/loo o (f(t)—f(l))dt:/loo () dr
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Thus it suffices to show that |f1°o g (t) dt| — 0 as n — o0o. Indeed, for any b > 1 we have

“n
’/1 t”“g(t)dt" : ’/ pradt dt’ ‘/ s dt'

<o [T e [T

M
= Mb+b_n>

and since b > 1, this upper bound goes to zero as n — oco. This shows the assertion. O

Exercise 4. Let f : R — R be monotone and satisfy f(x1 + x2) = f(x1) + f(x2) for all x4
and x5 in R. Prove that f(x) = az for all real numbers x, where a = f(1).

Proof. (E. Nash) First note that f(1) = f(1+0) = f(1)+ f(0), which implies that f(0) =

so the claim holds for x = 0. We now prove that f ( ) = 2 for all s € N. To see this, observe
that @ = f(1) = >_;_, f (%) by iterating the identity f(xl + 29) = f(x1) + f(xg) Thus,
a=sf (%), so f %) = 2 and the claim holds for all % Now for arbitrary » € N, we have
similarly that f( ) =>.f (%), so f (g) =rf (%) = % whenever £ > 0. We also observe
that f(—1) = f(—=1) + f(=1) + f(1), which implies that f(—1) = —a as we have already
shown f(1) = a. A similar argument now allows us to conclude that f (E) = % when 1 < 0.
Thus, we have that f (q) = aq for all ¢ € Q.

N I 2N

Now let x € R be arbitrary and let € > 0 be given. Because the rationals are dense in the
reals, there exist ¢1,¢q2 € Q such that ¢y < 2 < ¢ and |gs — ¢1] < ﬁ Further, because f

is monotone, we know that |f(x) — f(q1)| < |f(q2) — f(q1)|.- Now we observe the following
algebra:

|f(x) —az| = |f(x) — f(q1) + [(q1) — az]
<|f(g2) = flq)| + |f(q1) — ax|
= |agz — aq1| + |aqy — ax|

= la| (lgz — @] + | — )

19
<la (m o= q2’>

As e > 0 was arbitrary and |f(z) — ax| < &, we have that f(z) = ax for all z € R and the
claim is confirmed. O

Exercise 5. Let {r;},., be the set of rational numbers of the interval [0,1]. Define f :

[0,1] = R by
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Then f is continuous on [0, 1]. (You may take this for granted.) Prove that f is differentiable
at every irrational point in (0, 1).

Proof. (E. Nash) Let ¢ € [0,1] be irrational. We will show that limy, o+ L=/ exists and

fleth)—f(c)
n

is equal to limy_,- . Observe the following:

lim fleth) = Jle) lim ~ (i et h = rd _|C—Tk|>

h—0t h h—0t h

.1 h 2c =21, +h —h
| Eoge ¥ EREL 2 g

rL€[0,c) rr€(c,c+h] rr€(c+h,1]

Note now that

Tke[oﬂc) 0
and
00
lim — g E —_— =
h—0*t h 3k
rr€(cth, 1} rr€(c,l ] k=1

Each of these summatlons is monotonic and bounded, so both must converge to some value.

We claim that llmh%w h Zrke (c.cth] 26—§2k+h — 07 which will show that limh*)O'F f(chh})L*f(C) —

D recl0) = D c(e) 35+ Observe the following:

lim |-
h—0+ 3k = h—0t h 3k
rr€(c,cth] rr€(c,cth]

1 3h
< lim — 5 —
= nho h 3k

T‘kE(C,C-‘rh]

It may be similarly calculated that limj_,q- w = Zrke[o,c) 3% - Zrke(c,l] 3%, so f is

differentiable at ¢ and f'(c) = >, cjo.0) 3% — > et . u

Exercise 6. Consider a function f(z) = > 7 a,x™ defined by a power series with radius
of convergence R € (0,00). Suppose the series converges at x = R. Prove that [ is left-
continuous at x = R. (Of course this is commonly known as Abel’s theorem on endpoint
behaviour of power series. You are being asked to prove that theorem, mot just quote it.
Warning: The convergence at x = R may be only conditional. Indeed, the result is almost
trivial when the convergence there is absolute.)
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Proof. (O. Khalil) First, we rescale the problem so that R = 1 by observing that f(z) =

Z a,r" = Z anR" Z b,t" = f(t) which has radius of convergence = 1. We need
n=0 n=0 o ]
to show that lim f(t) = f(1). Fix £ > 0. Then, 3N € N such that Vm > N, |>  b| < 5
t—1-
k=N

Hence, by taking the limit, we have that < =. Now, for a given ¢t € (0, 1), we have

>

OOIFF)

=N
have that
N-1 [%S) %)
L=t <@ =t D fbel + Db + D bt”
k=1 k=N k=N
j=k
Now, using Abel’s summation by parts formula, letting By = Z bj and By_1 = 0, we get
j=N
F(1) = f@) <=V Z b + + (B =Bt ()
k=N

where we have that Vk > N, b, = By — By_1. Now, observe that for each t € (0,1)

i Bit"| < ) T [Biftf <e/3) tF < o0
k=N k=N k=N

where we used the fact that the geometric series > t* is convergent for € (0,1). Hence, we
get the following

Z — B_)t*| = ) Bit" = > Bt
=N k=N k=N

— i Bktk - i Bktk+1
Z |Bk| tk+1> % i(tk _ thrl)

k=N

| A

The second equality follows from the fact that By_; = 0 and that both series converge by
the above argument.

Now, notice that for any m > N, we have that > ;"  (t" — t"™) = ¢V — ¢+l — ¢V as
m — oo. Combining this fact with the above estimate and the fact that ¢tV < 1 for each

€ (0,1), we get that
> (Bx — Bi-1)
k=N

25

< %tN <e/3




Now, since ltm;_,;-1 —

tN~1 =0, 35 € (0,1) such that Vt € (1 — 6, 1), we have that

11—tV < k:fo
3( |bk| + 1)
k=1
k=N-1
N-1 < b | .
N—1 k=1
Hence, Vt € (1= 6,1), (1 —tV"1)) " by < —= <z
= 30 ) Ikl +1)
k=1

Hence, plugging these estimates in (*), we get that V¢t € (1 — 4, 1),

() —fO)l <e

So, f is left continuous at 1.
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Exercise 1. Let \y < Ay < A3 < --- be the consecutive strictly positive solutions of the
equation © = tanxz. Does the series > oo A2 converge? Justify your answer. (As part of
Justifying your answer, you should justify any estimates on A, that you use.)

Proof. (A. Newman) The series does converge. To prove this we will look at the solutions of
tanx —  on intervals of the form I,, = ( w (2";3) We first check that there is always
one solution in such an interval. Since tan x is surjective as a function on [, for each n,
we have that there is y,, € I, so that tany, > @ and so tany, — y, > 0. And also
tan((n+ 1)m) — (n+ 1)mr = —(n+ 1)m < 0 for n > 1. So for n > 2 there is always at least
one A in I,,. Suppose that for n > 2 there are two solutions to tanx — x in [, call them
a and b. Since tanx < 0 on (M (n + 1)x],we know that a,b > (n + 1)7. By Rolle’s
theorem, there is a d € (a,b) so that sec>d — 1 = 0. But the only places where sec?z = 1 is
on integer multiples of 7, but there are no integer multiples of m between a and b so this is a
contradiction. It follows from this that after reindexing and deleting a finite number of terms

we have )\, > nm. So it follows that > 2 | A2 converges by comparison to > o>, n~2. O]

Exercise 2. Let f: (0,00) — R be twice differentiable and suppose that A,C € [0,00) such
that for each x > 0, we have |f(z)] < A and |f"(x)| < C. Prove that for each v > 0 and
each h > 0 we have 4

/(@) < -+ Ch. (11)
Proof. (A. Newman) Using Taylor’s theorem, we have for any x > 0 and any A > 0 an
e in (z,z + 2h) so that f(x + 2h) = f(z) + f'(x)2h + @Mﬂ. It follows that f'(x) =
M f"(g)h. And so by the triangle inequality |f’(z)| < % +|Clh O

Exercise 3. Find the least constant ¢ such that

(21 + o+ -+ + @2011)? < (@] + 25+ + T5011) (12)

for all real values of w1, %, ..., x2011. (For emphasis, let’s repeat that you are asked to find
the least such ¢, not just some c.)

Proof. (A. Newman) The least constant ¢ that works is ¢ = 2011. By the Cauchy-Schwarz
inequality we have (1z; + lzg + -+ + 1ogy1)? < (1P + - + 1) (2f + 23 + - + 23911) =
2011(2% + 22 + - - + 23,;,). This can be seen to be the best possible bound by setting all
x; = 2011. (I think that on a problem like this they may want a proof of Cauchy-Schwarz, a
good one to use is looking at the discriminant of (z1z + y1)? + -+ - + (zn2 + yn)? This is a
nonnegative polynomial so its discriminant is nonpositive and we get Cauchy-Schwarz from
that.) O

Exercise 4. For each x > 0, the integral




exists as a conditionally convergent improper Riemann integral. (You may take this for
granted.) Prove that I(x) has a limit in R as x — 07.

Proof #1. (A. Newman) We will show that I(x) converges to 0 as  — 07. Let (x,) be
a sequence of positive numbers that converge to zero. We will show that I(z,) converges
to zero as well. To do this consider the sequence of functions f,(t) = %j:t We will show
that this converges uniformly to the zero function. To do this it will suffice to prove that
SUDye(0,00) | fn ()| gOES to zero as n goes to infinity. Since f,(¢) is always continuous and defined
on the closed interval [0,00) and does not increase or decrease toward an asymptote as t
goes to infinity, the supremum of |f,(¢)| is the maximum or minimum of f,(¢) (since the
function is sometimes negative). Therefore the supremum occurs where f/(¢) is undefined or

zero. The derivative is given by

z,(1 +t) cosxt — (sin xt)
(141)?

falt) =

So the derivative exists for all nonnegative ¢ and it’s zero at ¢t such that z, (1 +t) cos(x,t) =
sinz,t. At such t the function value may be given by f,(t) = xz,cos(z,t) so |fn.(t)]
|z, cos(z,t)| < x, and so the supremum indeed goes to zero as x, goes to zero. Thus f,(¢)
converges uniformly to zero and so we may conclude that

o0 : t o : t
m [ g — / lim g — o
z—0t 0 ]_ + t 0 r—0Tt ]_ + t

[Proof #2] (O. Khalil) (Same idea but different way of proving uniform convergence) Notice
that the function sin(y) lies below its tangent line at 0 (L(y) = y), for y > 0. So, we get the
inequality |sin(y)| < |y| since sin is odd. So, we can bound each f,(t) as follows:

sin(x,t) |zt
n(t)] = < n
Ol = = ‘_t+1 !
Hence, we get that |f,,(¢)] < |z,|. Thus, sup,ejg o) [fn(t)| = 0 as n — oo as desired. O

Exercise 5. Let (ay) be a sequence of non-negative real numbers. Suppose that for each
sequence () of non-negative real numbers with limy_,, zx, = 0, the series 220:1 ARy CON-
verges. Prove that the series Y, ax converges.

Proof. (K. Nowland) Suppose toward a contradiction that  ay diverges. Note that > ;- ay
divergent implies >~ v aj diverges for all natural numbers N. In particular, there exists
N; € N such that Zlk\lel ap > 1. Further, there exists Ny such that ZIZEMH ap > 2. We

continue this to find a strictly increasing sequence 1 = Ny < N; < Ny < --- such that
iv;anlH ar > n for all n € N. Define (z3) by oy, 11 = 2N, 42 =" = TN, = %

Now we show that x; — 0. Let € > 0. There exists X € N such that 0 < % < ¢. Then for
all k > Nk, we have 0 < x5, < % < ¢. Therefore limy_, o zx = 0.
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By hypothesis, " | axz), < co. But also,

00 N Ny N3
Z apTp = Z axTy + Z arTy + Z AT + -
k=1 k=1 k=N+1 k=Ny+1
N 1 No N3
:Zak+— Z ak+— Z CLk+
k=1 k=N;+1 k=Ny+1
>14+14+1+4---.
Since the series where each term is 1 diverges, it follows that ) ayxz) diverges. The contra-
diction implies the claim that > a; converges. O]
. 2nx
Exercise 6. For n =1,2,3,..., define f, : [0,1] = R by f.(z) = e Does the sequence

(fn) converge uniformly on [0,1]? Justify your answer.

Proof. (K. Nowland) For any fixed z in [0, 1],

o0n’x

en2x

as n — 0o. Thus if the sequence converges uniformly, it converges to uniformly to zero. Note
that

2
fa(1/n?) ==
e
It follows that 5
sup |fn($)| > -,
z€[0,1] €
for all n such that the sequence cannot converge uniformly:. ]
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Exercise 1. Let S, = 1+ V24 -+ /n. Find lim =72 Justify your answer.
n—o0 N

Proof. (K. Nowland) We rewrite S, /n%? as

S
W:Znsm_ Z\/7
1

This is a Riemann sum for / Vzdz. Since /7 is continuous on [0, 1], the limit as n tends

0
to infinity exists and is the value of the integral. Therefore

tim s = [ e 5

]

Exercise 2. Let (a,) be a sequence of real numbers such that the series Y | a, converges.
Prove that

1 n
n
k=1

as n — oco. (Hint: For any sequence (by,) of real numbers, if b, — b € R as n — oo, then
%22:1 by — b as n — oco. You may use this fact without proof.)

Proof. (K. Nowland) Since ) a; converges, the Cauchy convergence criterion implies that
there exists Ny € N such that n > m > N; implies

(14)

Also because > ap < 00, ap — 0 as k — oo. Thus by the hint, %Zzzl ap — 0 as n — oo.
This implies

IR
i 7 2 =0
for all m € N since the sum of the m—1 first terms is fixed and finite. Takingm = 1,2,..., N;.

Since N is fixed (depending on ¢), this is only finitely many terms. We can therefore find
Ny € N with Ny > N; such that for all n > Ny > Ny,

1 n
Dy
na
forall j =1,2,..., N;. Now consider %22:1 kay for n > N,. We rewrite the sum as

1 ¢ 1 1 O 1 < 1 1 ¢
H;kak—ﬁ;ak+ﬁ§ak+~~+gZak%—ﬁ Z ak+--~+ﬁ;ak.

k=N1 k=N1+1

€
15
<N1 (15)
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Applying the absolute value and then the triangle inequality, we use (15) on the first N,
terms and (14) on the remaining n — N; terms to obtain

Since € was arbitrary, this completes the proof. O

Exercise 3. Let f: [0,1] — R be continuous. Suppose f is twice-differentiable on the open
interval (0,1) and M is a real constant such that for each x € (0,1), we have |f"(x)] < M.
Let a € (0,1). Prove that

M

@l < 1fQ) = FO] + = (16)

Proof. (H. Lyu) By Taylor’s theorem, we can expand f(x) at z = a. In particular, we have

10) = f(a)—af’(a)+a2%(€)
fQ1) = f(a)+(1—a)f’(a)+(1_a)2@

for some 0 < £ < a and a < ( < 1. Subtracting and rearranging, we get

fia) = £0) — 1) + 28 0 ol

Note that the quadratic function g(x) = 222 — 2z + 1 has axis at z = 1/2 and has absolute
maximum on [0, 1] at x = 0 and 1, which is 1. Since | f"(x)| < M for all z € (0, 1), by triangle
inequality we obtain

7)< 1£0) = O] + a2 + (= aP| 5 <17(0) — )l + 5

as desired. ]
Exercise 4. Let f:[0,1] x R — R be continuous, define g : R — R by

o(y) = / f(, y)dr,

and suppose Of [0y is continuous on [0,1] x R. Prove that g is differentiable on R and that

/)= | Z—iw,y)daz (17)

for all y € R.
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Proof. (H. Lyu) Fix y € R. Let h € R. Then by the mean value theorem, we have

(y+h /fxy—i—h /axy

for some y *(h) € (y — |h|,y + |h|). Now for each h € R, define a function ¢, : [0,1] — R by
on(z) = ( ,y*(h)). As h varies, (¢p,) defines a family of functions. Notice that y*(h) — y

as h — O, so by the continuity of ?, we have
y

bn — g(—,y) pointwise as h — 0. (1)
Y

In fact, this convergence is uniform on [0, 1]. To see this, restrict the continuous map %
on the compact domain [0,1] x [y — 1,y + 1] to get the uniform continuity there. Now fix
€ > 0. Then by the uniform continuity there exists 6 > 0 such that whenever the two points
(x1,y1), (x2,y2) € [0,1] X [y — 1,y + 1] are within J in the usual Euclidean distance, then we
have

'Z_ch(xbyl) - g_g(fﬁbw) <€

Hence for any |h| < min(d, 1/2), since (z,y), (z,y*(h)) € [0,1] X [y — 1,y + 1] and |(z,y) —
(x,y*(h))| < |h| < ¢ for all z € [0, 1], we have

onte) ~ e =| S e - G | <

Thus the convergence in (1) is uniform on [0,1]. This allows us to switch the limit and

integral as follows :
I /¢ )d /1 on(z) d —/13—f( )d
—hlilé h xr = im ¢p(z) dr = r x,y)dx

Since y € R was arbitrary, this shows the assertion. O

Exercise 5. Let X be a subgroup of (R,+). (This means that 0 € X C R and for all
x,y € X, we have x+y € X and —x € X.) Prove that either X is dense in R or there exists
c € R such that X = cZ where ¢Z = {ck : k € Z}.

Proof. (A. Newman) We have two cases to consider. Either for every € > 0, there is a point
of X in (0,¢) or there is €y so that for X N (0,¢)) = @. In the first case we will show that
X is dense. So let (a,a + ¢) be an open set of R. We can find an x5 so that 0 < x5 < g.
Therefore there is n € Z so that nxs € (a,a+ ). So X is dense in R.

Now suppose that there is €, so that (0,€) contains no point of X. Let ¢ be the infimum
of elements in X that are greater than ¢). We claim that ¢ € X. Let (z,),>0 be a sequence
in X with each z, > ¢ that converges to c. Such a sequence exists since ¢ is an infimum
of the elements of X that are at least c. Toward a contradiction suppose (z,),>0 is never
eventually constant at c. Then there is z; so that |z; —¢| < ¢, and there is 25 < 71 so that

32



[z —c| < L. Now 0 <1 —2p = |11 —cH+c—a| < vy — |+ |22 — | <L < €. But 21 — 25
is in X, and this contradicts the choice of €. So ¢ € X since (x,) is eventually the constant
sequence c¢. Thus ¢Z is in X. Lastly if there is a point of X between nc and (n+ 1)c for some
n, then there are points r < y € X so that x — y < ¢, but this contradicts the choice of ¢
sincex —y € X and x —y # 0 so x —y > €. And c is the greatest lower bound of a such a
set. So X = cZ O]

Exercise 6. Let f:[0,1] = R be Riemann-integrable. For each real number p > 1, let

A, = /Olp:cplf(x)da:.

Let A =limsup,, , A, and let B = limsup,_,,- f(z). Prove that A < B. (In case you would
like a reminder, here is one way to define the limits superior that appear in this problem:

limsup,, o Ap = infye(1,00) SUPpe(g.00) Ap and limsup, ;- f(x) = infuc(,1) SUP,e(y1y f(2)-)

Proof. (K. Nowland) Note that for any p > 1 and any u € (0, 1),

t= [(rap@ans [ @
< [ et @de+ s 1)
0

z€(u,l)

Now if we take the limit supremum of A, we see that

limsup 4, < lim sup/ pr? f(z)dr + sup f(z).
0

p—>00 p—r00 z€(u,l)

If a limit exists, then the limit supremum is equal to it. Since f is Riemann integrable on a
bounded interval, it follows that f must be bounded by some number M. We see that

|/ prP~t f(x)dz| < M/ prP~tdx = MuP.
0 0
Since 0 < u < 1, as p — oo, this tends to zero. Therefore

limsup A, < sup f(z).

p—00 z€(u,l)

Taking the infimum over all w in (0, 1), gives the desired result. O
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Exercise 1. Prove that if {a,} and {b,} are convergent sequences of real numbers, with
A= lim a, and B = lim b, then

n—oo n—o0

. aObn + albn—l + -+ CLn—lbl + anb(]
lim

= AB. (18)

Proof. (K. Nowland) We begin by writing

aobn+---+anbo_AB‘: aobn+---+anb0—(n+1)AB‘
n+1 n+1
(aobn—AB)—l—+(anb0—AB)
n n+1 ‘
< 1

< Z |agbn—1, — AB],
n+1 —

where the last line follows from the triangle inequality. Let ¢ > 0. By the convergence of
{ay}, there exists N; € N such that £ > N; implies |ay — A| < e. Since {b,} converges to B,
there exists Ny € N such that n — k > Nj implies |b,_ — B| < . We rewrite the summation
above as

Ny n—No—1
aobn+---+anb0 1 1
— AB| < b, — AB _ bo_r — AB
n+1 '—n+1§‘a’f g |+n+1k;ﬂ|a’“ g |
- =iVl
1 n
b,_ — AB].
1 Z |arbn—r |

k=n—Ns

Since {ay} converges, it is bounded in absolute value in R by some M, > 0 (and |A| obeys
this bound). Let M, be a similar bound for the sequence {b;}. Then each term in the first
sum obeys the bound
|akbn_k — AB| = |akbn_k - akB + akB - AB|
< |a||bn—r — Bl + | Bl|ax — A
< M,e + 2M,M,.

Similarly, each term in the third sum obeys
|akbn_k — AB| = |akbn_k — Abn_k + Abn_k - AB|
< bn—rllax — Al + [Allbn—r — B
S Mb€ + 2MaMb.
For the middle terms we do better, since both £ > Ny and n — k > N,, and we have
]akbn_k — AB| = |akbn_k — Abn_k + Abn_k - AB‘
< |bu-kllax — Al + |ak||bn—k — B|
< Mye + M,e.
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Plugging in these estimates gives

Ny n—No—1
aObn+"'+anb0
— AB| < M, 2MyM, M, + M,
n+1 ‘—n+1§< b+ 20 )+n+1k;+l< v+ Ma)e
1 n
> (Mg + 2M, M)
n—i_lk:anz
_Nl“‘l n—NQ—l—Nl

ntl (Mb€ + 2M5Ma) +

Ny +1
2 +1 (Mg + 2M,M,).

M, + M,
n+1 ( + b>€

n —+

Since N1 + 1 and N, + 1 are constant, we can pick n large enough that ]Xfll and ]\f:ll are

both less than €. With n this large and noting that the fractional coefficient of (M, + M,)e
is always less than 1 gives

aobn+“’+anbo
n+1

— AB| < [(My+ M,)(1 4 ¢) + 4M, M)e.

Since M,, M, do not depend on ¢ and ¢ was arbitrary, the desired convergence holds. O

Proof. (S. Meehan) Write a,, = «,, + A, where a,, — 0 as n — oo, and b, = 3, + B, where
B, — 0 as n — oo. Observe that:

agbn + arby_1 + -+ apibi+anby (0 + A) By + B)+ -+ (an + A)(Bo + B)

n+1 n—+1
_ (n+1)AB+ B>} o +AD> 7 B+ D n—o bk
n+1
— AB+BZZ=0 X —I—AZZZO Bk Zzzo Oékﬂnfk
n+1 n+1 n+1

Note that both the second and third summands converge to 0 via Cesaro’s Theorem (since
B — 0). It suffices to show that the final summand converges to 0. Since a — 0, {a,} is
bounded, so there exists M > 0 such that |a,| < M for all n. So we have:

ZZ:O O‘k;ﬂn—k < ZZ:O |ak| |6n—k|
n-+1 - n+1
- n+1 ’

which converges to 0 via Cesaro’s Theorem. Hence by squeeze theorem, we see that

Y ro Ok Bn—k

—0
n—+1

as n goes to infinity. The result follows. m
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nx

E ise 2. Fi hn e N let f, = — 7,
xercise or each n et f, (1') 72 + n2

converges uniformly on R.

x € R. Check whether the sequence (f,)

Proof. (O. Khalil, K. Nowland) We claim the sequence doesn’t converge uniformly. First,
we compute the pointwise limit. Fix some x € R. Then, we have that f,(z) = ﬁi

n — oo. Now, observe that for each n, we have that f,(n) = 3. Thus sup,cg |fa(z)] > 1
such that f,(x) does not converge uniformly to zero, i.e., given ¢ < 1/2 we cannot find an
N such that n > N implies sup, g | fn(2)| < €. O

Exercise 3. Prove the following special case of the Riemann-Lebesgue lemma: Let f : [0,1] —
1

R be continuous. Prove that tlim / f(z)sintzdr = 0.
—00 0

Proof. (O. Khalil) Let ¢ > 0 be fixed. Since f is continuous on [0.1] which is a closed bounded
interval, then f is also uniformly continuous on [0, 1]. Hence, 36 > 0, such that Vz,y € [0, 1],
whenever |z — y| < 6, then |f(z) — f(y)] < e. Now, let T} € (0,00) be so that 2% < 4.
Since f is continuous on a closed bounded interval, then by the extreme value theorem, f is
bounded. Let M > 0 be such that f(z) < M < co. Let T, € (0,00) be such that % <eg/2.
Let T'= max{Ty,T>}. Let t > T be fixed. We wish to show that

/1 f(z)sintzdx
0

Let N € N be the largest integer so that M < 1. Write

27rk'
< Z / f(z)sintzdz| +
2 k 1)

Now, the period of sintz = 2T. Hence, for each k, Vz € [m, W], (half subinterval),

we have that sintz = —sin(tz + 7). Hence, we can rewrite the sum in 19 as follows
27Tk

N
Z / ) sin txdx
— k 1)

But, since [r —x — 7| = T <

<e€

1
) sin txdz

f(z) sintzdz

2N
t

(19)

w(2k—1)
t

N

—2:/

2w (k—1)
t

(20)

(ﬂ@—ﬂx+9nmmm

< 4, then uniform continuity of f gives

f(z) = flz+ )| <€

Hence, the right hand side in 20 can be bounded as follows:

/ N w(2k—1)

t
27r(k 1)
k=

7r(2k 1)

(x) — flx + %)) sin txdz

< Z/W_l) ‘(f(x) —f(:)s+§))sintx dx

k_
Tr(zk 1)

em Nem
< E dr = —_—
27r(k 1) < = t

<5/2
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The last inequality follows from the choice of N. Now, the remaining part of 19 can be
bounded as follows

1

1
Nf(:c)sintxdx §/2 |f(z )smt:c\dx<M(1—¥)

N
t

2m 27r €
< M — < M—< =
T 2
The third inequality follows by the choice of N which makes the length of the remainder
interval less than the period of sintz. The fourth inequality follows by the choice of T'.
Plugging these bounds in 19, we get

z)sintzdr| <e/2+¢e/2=¢

as desired.
O

Exercise 4. Prove this version of Cauchy’s mean value theorem: Let f,g : [a,b] — R be
continuous on |a,b] and differentiable on (a,b). Then there exists ¢ € (a,b) such that

(f(0) = fa))g'(¢) = (g(b) — g(a)) f'(c). (21)

Proof. (E. Nash) First, consider the case where g(a) = g(b). Then Rolle’s Theorem implies
there exists some ¢ € (a,b) such that ¢’(¢) = 0. Thus, (f(b) — f(a))¢'(c) = 0 = (g(b) —
g(a))f'(c) in this case. We therefore consider when g(a) # ¢g(b). Consider the function h :
[a,b] — R defined by h(z) = f(x) — <M> g(x). Note that h is a linear combination of

g9(b)—g(a)
% is a constant, so h is continuous on [a, b] and differentiable on (a, b) with

W(r) = f'(x) - ( g";‘f((jj))) ¢ (). Further note that h(a) = h(b):

f and g as

= J(b) ~ f(a) - “b‘f) ~gla
= 1(0) ~ fl@) — (F) ~ (a) =

Thus, h(b) — h(a) = 0, so h(a) = h(b). Then Rolle’s theorem implies there exists ¢ such

that h'(c¢) = 0. This implies that f'(c) — ({;Eg;:g((s))) ¢'(c) = 0, which simplifies to (f(b) —
f(a))g'(c) = (g(b) — g(a))f'(c), confirming the claim. O

Exercise 5. Find the limit

1 L cost
lim —
=0t Inz J, 241t
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Proof. (E. Nash) We claim lim, o+ o fo ¢l dt = —1. Let 0 < ¢ < 1 be given and choose

§ € (0,1) so that cost > 1 — ¢ for all ¢t € [0,d]. Now consider —f5 st dt. We have the

0 =z+t
following, assuming z € (0,1):
1 5 cost
Inz fO 2+t dt < lnz z+t dt < nz fO Z+t dt
o= (In(z46) —Inz) < lnz fo el gt < == (In(z+40) —Inz)
(M2 1) < L feta < (-0 (M2 1)

Taking the limit as z — 0%, we have that Ind — 1 < lim,_,o+ 0 fO(S el dt < (e —1)(Ind —

1). Lettmg §d — 0T, we see that to prove the claim it is now sufficient to show that
lim, o+ == s f; Cz‘f: dt = 0 for all § € (0,1). We first note that 0 < f; cost gt < f; cosd gt —

2+t Tt
— cos 6-In 8, so the integral has a finite value. But lim,_,+ == iz = 0. Thus, lim, g+ lnz f ! C;f: dt =
lim, o+ ﬁ-limz_“ﬁ f ! Z‘f: dt = 0, as claimed. This finally 1mphes that lim,_,o+ —— s fol Czojf dt =

—1, as claimed. O

Exercise 6. Show that for all x € R and all n € N we have

J
>y (22)
=0 7
Proof. (K. Nowland) Let
241
fo(z) :=€" — —.

We wish to prove that f,(x) > 0 for all n € N and z € R. We induct on n. For n = 0, we
want to show that e — 1 — 2z > 0. Note that f{(z) = e” — 1 satisfies f{(z) <0 for all z <0
and fj(x) > 0 for all x > 0. Sicne fy(z) is continuously differentiable for all real numbers,
this implies that fo(z) has a global iminimum at = = 0. Since f}(0) = 0, this proves the base
case.

Now suppose f,_1(z) > 0 for all z € R. We want to prove that this implies that f,(z) > 0.
for all x € R. Note that )
/ _ T o
r)=e Z 4!
=0

satisfies f!(0) = 0 such that x = 0 is a critical point of f,. Taking another derivative gives

2n—1 ]

T
fil@)y=e" =Y —=>0

=0 7’

where the last inequality follows from the inductive hypothesis. Therefore f,, is concave up
at all x > 0. Therefore f,, has an absolute minimum atz = 0. Since f,,(0) = 0, this completes
the proof. n
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Exercise 1. For any sequence (a,) of positive numbers, prove that

lim sup(a,, )™ < lim sup i1 (23)

n—oo n—oo  Op

Proof. (K. Nowland) This is one half of d’Alembert’s ratio test. A proof of the other half
can be found in 2005 Autum number 6. If limsup,,_, “221 = 00, then there is nothing to
prove, so suppose that L := limsup,,_,, a;‘—:l is finite. Since a,, > 0 for all n, we have that

L > 0. Let t > L. By the definition of the limit supremum, there exists N € N such that

a
n+1 <t

sup
n>N Qp

It follows that
Ap+1

an

<1

for all n > N. Let n > N and write

An Ap—1 aAN+1

a, =
Ap—1 Ap—2 an

We therefore have
an, < " Ntlay.

Raising to the 1/n power,

(an)l/ <t (tN—H) :

Taking the limit supremum as n — oo gives

lim sup(a,)*/" < t.

n—oo

Since t > L was arbitrary, we conclude that (23) must hold. O

Exercise 2. Prove or disprove: f(x) = xlogx is uniformly continuous on
(i) the interval (0, 1];
(i1) the interval [1,00).

Proof. (A. Newman) For part (i), we will show that f(x) is uniformly continuous by showing
it can be extended to a continuous function g on the compact interval [0, 1]. All that is
required here it to show that lim, ,o+ xlogz = 0. By computing the derivative f'(z) =
1+ log(x) we know that f is decreasing on (0, 1) and also f(x) < 0 on (0, %), thus on (0, %)
we know that |z log(z)| is increasing. So let € > 0 be given. Find n so that % < min{e, 1}.
Now set § = & s0 0 < z < & implies that |zlogz| < | = 2 < ¢&. And show we

o log()
prove that by defining f(0) = 0 we can extend f to a continous function on a compact set,
so f is uniformly continuous on (0, 1].
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The function f is not uniformly continuous on [1,00). On [1, 00) the function increasing (we
see this by checking the derivative). So by the mean value theorem for any =z < y € [1,00),

we have % > logx + 1. So given € > 0 there is no § so that |z — y| < ¢ implies
|zlogx — ylogy| < e since |zlogx —ylogy| > |r — y|(logx + 1) — oo as x goes to infinity,
regardless of how small |z — y| is. O

Exercise 3. Let f : [0,1] — R be continuously differentiable and satisfy f(0) = f(1) = 0.
Show that

/0 @)z < 4 / 2| (@) Pz, (24)

Proof. (0. Khalil) The continuity of f and its derivative on [0, 1] implies that the functions
in 24 are integrable on [0, 1].

Now, using Cauchy-Schwarz inequality for integrals, write

/ P e (o (/ e \dw) (/lezrf%x)\?dx)m (25)

Integrating the left handside by parts taking

u=ux dv = ff'dx = fdf
du = dz o
2
yields
/f (f (z (f(z’” —1/2/ fa ]dm—0—1/2/ F2)2dz (26)

Plugging this into the left hand-side of 25 and squaring both sides

ny 1 |f<x>|2dx)2 <(/ 1 ) ( | 1 If o) ) 27)

1
Now, if / |f(x)|*dx = 0, then 24 would follow immediately since 2|f’(z)|*> > 0 on [0, 1].
0

1
Otherwise, dividing both sides of 27 by / |f(z)|?dx gives 24. O
0

Exercise 4. Suppose we define the sine function by the convergent series
‘ B o0 (_1)nx2n+1
s =3

n=0

Prove there exists a > 0 such that sin(a) = 0.
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Proof. (K. Nowland) First we show that sin(x) converges on all of R. The radius of conver-
gence of the power series is given by

1
lim sup, o0 {/]ca]’

where ¢, is the nth coefficient of ™ and with the convention that if the limit superior is 0
then the power series converges on all of R and if the limit superior is oo then the power
series diverges for all nonzero x. If we relabel the ¢, as b,, = co,,11, then since the other terms
are zero, we have

R:

1

"~ lim SUp,,_ oo \"/|bn|'

Note thate |b,/bn41] = 1/(2n + 1)(2n + 3) tends to zero as n — oo. This implies that
lim,, . {/|b,| exists and is zero by D’Alembert’s theorem. Thus limsup,, ... ¥/|c,| = 0 as
well, such that sin(x) converges on all of R.

(11 11 .
sin(1) = T3 + 5T +--->0.

4 43 45 47 49 411 413
) = (-5t 3~ )+ (e ) e <o

Since sine converges for all € R, it converges uniformly on all disks {z : |z| <r} for
r < oo. Since sin(z) is the uniform limit of continuous functions — the partial sums are
polynomials which are continuous — on any bounded disk, sin(z) is continuous on all of R.
By the intermediate value theorem, sin(x) has a zero in the interval (1,4). O

R

Now calculate

But also,

Proof. (H. Lyu) By ratio test, the power series converges on the whole real line. Hence
it converges uniformly on any compact set K C R. In particular, for each zy € R, the
series converges uniformly on a compact neighborhood of xy, and since the partial sums are
continuous at xy, we see that sinx is continuous at zy. Since this holds for every zy € R,
we see that sinz is continuous on R. Now we claim that sina = 0 for some a € (1,4). By
the intermediate value theorem, it would suffices to check sin1 > 0 and sin4 < 0. Indeed,

observe that
o _5 + E_ﬁ toe =0

On the other hand, observe that

43 45 47 49 411 413 415 417
ind = (12 4+ - )2 ) (2o ) ...
- ( TR T 9!) (11! 13!) (15! 17!)

_ows av & an
T 405 11 13-12) 15! 15- 14

Therefore by the intermediate value theorem, there exists 1 < a < 4 such that sina =0. O
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Exercise 5. Prove that 2 32 . 12
3Nt = Zk:l k

3
nl/2

lim
n—oo

exists and determine its value.

Proof. (K. Nowland) We claim that the limit is —1. Let f(z) = y/z. The numerator can
then be rewritten as

[ e § = S50 = F@) == = 1) = ) -

1
) = 350

If we divide by n'/?2 = f(n), then as n tends to infinity, the 2/3 and —1/2f(1) terms will
vanish. We may therefore ignore these terms in taking the limit. If we can show that

" 1 1
| #@ds = S50 = £ = = fn =) - 3 (w)
1
is bounded uniformly in 7, then the limit after dividing by n'/? = f(n) will be —1, as

2 )
claimed.

Let F(z) = [ f(t)dt. Since f(t) = y/z is infinitely continuously differentiable on (0, c0),
then so is F'(x) and F'(z) = f(x). Using Taylor’s theorem with Lagrange remainder, there
exist ay € (k,k+1/2) and b, € (k+ 1/2,k + 1) such that

Fk+1/2)=F(k+1)— %f(k: +1) + %f’(bk),

and
1 1
F(k+1/2) = F(k) + 5 f(k) + o f'(ax)-
Subtracting the top from the bottom,

f'lax) = f'(br)
8

F(k+1) = F(K) = 3 (k) + S f(k+ 1)+

By the definition of F(x),

1 1 ~ Pla) - F(by)
| fa)de = 5 ) - 5f 1) = - .

Note that f(x) = /= has a positive but decreasing derivative on [1,00). Therefore we see
that

0< kﬂf(x)dx—lf(k)—lf(kﬂ)gfl(k)_f/(k“).
k 2 2 8
Summing from £ =1 to n — 1 gives
0 [ fladds = 350 = 1) = = ftn - 1) - g0 < TR < Sy

This proves the claim that the above difference is bounded uniformly in n. The limit is
therefore —%. ]
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Exercise 6. Let f € C([—1,1]) and f_ll z?" f(x)dx = 0 for all integers n > 0. Prove that f
1s an odd function.

Proof. (K. Nowland with thanks to O. Khalil) We can rewrite the condition on f as

Léx%dmﬂ+ﬂ—wﬂw=0

for all nonnegative integers n. Note that f(z)+ f(—x) is a continuous functions because both
f(z) and f(—z) are continuous functions on [0, 1]. We want to apply the Stone-Weierstrass
theorem for some set A. Let A be the polynomials of degree 2n where n > 0 is an integer.
Note that the zero degree polynomials are the scalars. Then A is closed under addition (the
sum of polynomials is the sum of the individual monomials which are all even and addition of
monomials either keeps the degree the same or reduces it to zero), closed under multiplication
(the monomials in the product will have degrees that are sums of the even degrees of the
monomials in the factors such that the product will only contain monomials of even degree),
and contains the constants. Note that x? # y? if x # y are in [0, 1], such that A separates
points. By Stone-Weierstrass, A is dense in C|0, 1]) under the uniform topology.

Since |f(x) + f(—=z)| is continuous on the compact interval [0,1], it is bounded by some
constant M. Let ¢ > 0. Choose g(z)inA such that |f(z) + f(—z) — g(x)| < /M for all
x € [0, 1]. We calculate

[ v@rropa - [ @a) - f-a
< [ 1@+ 10 = s@)l @) = F=o)lds

1 19
< —Mdx = e.
/0 i x €

Since g(z) is a finite sum of even monomials,

AgWXﬂ@+fvax=o

by hypothesis. Thus X
/0 (f(x) + f(—x))dr < e.

Since ¢ was arbitrary and the integrand is nonnegative, it must be that f(z) + f(—x) = 0,
ie., f(—z) = —f(z). Therefore f is odd, as claimed. O
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2009 - Spring

Exercise 1. Let a; and by be positive real numbers. Define

1
ap =/ CLn—lbn—la bn - 5((1”_1 + bn—l)

for integers n > 1. Prove that both the sequences (a,) and (b,) converge and have the same
limat.

Proof. (K. Nowland) By the arithmetic-geometric mean inequality, a,, < b,, for all n. In fact,
equality holds if and only if a,,_; = b,_1 such that the sequences are constant at some point
if and only if a; = b; and they are constant at all points. It therefore suffices to consider
the case where a; # b;. Again by the arithmetic-geometric mean inequality, a,, < b, for all
n > 1, such that it suffices to consider a; < by, since we will be immediately in this case and
the first term of the sequence does not change the limit. Then we have a,, < b,, for all n € N.

It follows that
Upi1 = V by, > /a2 = ay,.

Thefore (a,) is an increasing sequence. Similarly,

1 1
bn+1 = 5((1” + bn) < §(bn + bn> = bn,

and b, is a decreasing sequence. Also,
aléan<bn§b1>

such that (a,) is an increasing sequence bounded above and (b,,) is a decreasing sequence
bounded below. Both sequences therefore are convergent. Let a be the limit of the a,, and b
the limit of the b,

Since a, < b, for all n, it follows that a < b. Suppose toward a contradiction that a < b is a
strict inequality. Let ¢ = %(a +b). Since a < b, it must be that ¢ < b. Let € > 0 be less than
b—c. Let N be so large that b < b, < b—e for all n > N. Since (b,,) decreases monotonically,
b < b,, for all n. We calculate Then

1 1 1
b<bn+1:§(an+bn)<§(a+b+£):c+§€<b.

This is a contradiction. The contradiction proves that claim that a = b. O

f(x)

Exercise 2. Prove or disprove: If f is a continuous function on [0, 00) such that lim ———- =

r——+oo I
then f is uniformly continuous on [0, 00).

Proof. (E. Nash) We claim this statement is not true. Consider the function f : [0,00) — R

1 1
defined so that f (Z E) = kz:: T + (—=1)™. Then let f vary linearly between the points

k=1
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i 1 f (i, 7)) and ( Zfll = ( Zjll 7)) for all m € N and let f be uniformly 0 on
the interval [0, 1). The function f is well-defined on [0, c0) because >y, + diverges. Further,
f is continuous because it is piecewise linear and its piecewise intervals all agree on their
endpoints. Visually, the graph of f oscillates above and below the line ¥y = x more and more
rapidly as z — oo.

We claim f is a counterexample to the statement. To see this, note that —1 < f(z) < x+1
for all o € [0,00). Thus, lim, o = < lim, o0 £ < lim, . 25, =

for arbitrary 6 > 0 we may choose n € N so that 5~ < 4. Then }Zk x- i l! =
5. < 0. But ’f( i ,1§) f( ii_ll %)’ = i + 2 > 2. This implies that f is not uniformly
contlnuous as claimed. O

SO limgc_ﬂ>O -

+x

n+1 2 1 1
Exercise 3. Given that E —) = 7T—, evalute 08T dx.
12 o 1

n=1

Proof (K. Nowland) Note that for 0 < z < 1, the geometric series Y~ (—xz)" converges to

T H We can therefore rewrite the integrand as

log x
1+a

=logxr —rlogz + x*logx + - -+ + (—x)"logx + - - -

Though we are not free to interchange the integrand with an infinite summation without
uniform convergence, we can do so for any finite number of terms. Thus it suffices to (prove
the existence of and) evaluate

/ log xdx + / )" log xdzx.

Since log x is infinite at zero, we excise the origin with an e-ball and take the limit as e — 0.
We see that

0
/ logzdr = (zlogx — x|l = —1 —eloge —¢.
€

As € tends to zero from above, €loge tends to zero. (This can be seen by from expanding
log(1 + x) about zero but is not proven here). We must still evaluate

/ )" log xdzx.

Our goal is to prove uniform convergence of the interior such that we may interchange
the integral and summation. It is sufficient to prove that the series converges uniformly
absolutely. Consider the partial sum of the absolute values

N
— Z x"logx.
n=1

This is well-defined on [0, 1] since z™logz — 0 as x — 07 since n > 0. Note that Sy(0) =
Sy(1) = 0. For 0 < = < 1, the convergence of the geometric series implies that the Sy
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converge pointwise on the compact interval [0, 1]. Moreover, the convergence is monotonic,
i.e., Sy(z) < Sy41 for all N > 1. Dini’s theorem implies that the convergence is uniform.
With the uniform convergence, it follows that we may exchange the integral and infinite
summation:

1 oo o0 1
/ Z(—az)"logxdx = Z(—l)"/ " log zdz.
0 =1 n=1 0

Note that 2™ and log x are both differentiable on (0, 1). Integrating by parts,

L 1 [ 1
— / My = ————.
o n+1) (n+1)2

The valuation at zero of the boundary terms is again justified by the vanishing of x log x as
x — 07. We therefore have

1 ntl
"1 dr = 1
/0 x" log xdx ] ogx

0 1 | p o (_1)n+1 71_2
;( ) /0 x" log xdx ; (nt 12 5

Thus

/1 log z 2
de = ——.
o T+l 12

n € N. Prove or disprove: the sequence (f,,) is uniformly

[
nw

Exercise 4. Let f,(z) = T
nx

convergent on [0, 1].

Proof. (O. Khalil, K. Nowland) We claim this statement is false. First, we calculate the
pointwise limit. Fix x € [0,1]. Then, we have that — 0 as n — oo.

1-1—7:1—95902 - ml—‘rnxQ
Hence, we wish to show that sup,e 1y [fn(z) — 0] = sup,¢o ) |fn(x3| -+ 0 as n — 00. Since
fn(1/n) = 1/2, it must be that sup,cp ) |fn(2)] > 1/2 for all n € N. Thus the sequence
cannot, converge uniformly to zero. [

Exercise 5. Prove the following integral form of the Mean Value Theorem: If f and g are
continuous on [a,b] and g(x) # 0 for all x € (a,b), then there exists ¢ € [a,b] such that

/f@WM%#@/gww- (25)

Proof. (0. Khalil) By the continuity of g on [a, b] and the intermediate value theorem along
with the fact that g # 0 on (a,b), we have that g doesn’t change sign on [a, b]. Hence, we
may assume that g > 0 on [a,b] (the negative case follows similarly). Let m = infyc(o 4 f()
and M = sup,¢(, 4 f(¥). Since f is continuous and [a, b] is compact, then m and M are finite.
Moreover, by the extreme value theorem, 3¢y, ¢y € [a, b], such that f(c;) = m and f(co) = M.
Hence, since g(x) is non-negative, we have that Va € [a,b], mg(z) < f(x)g(z) < Mg(x).
And so, we get

n [ s < [ @< [ g (20)
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Let I = fabg(:z)da: If I =0, then the preceding inequality gives that fab f(x)g(x)dx = 0 and
28 follows trivially. Now, assume I # 0. Then, I > 0 by the non-negativity of g. Dividing 29
through by I gives

m=fe) < 7 [ f@aads <M = feo (30)

Now, applying the intermediate value theorem to f, we get that 3¢ € [min{cy, co}, max{cy, 2 }]
[a, b], such that

b
fe) =7 [ falgta)da

And, so 28 follows. If g < 0 on (a, b), then the inequalities in 29 and 30 will be reversed but
the rest will be the same. O

Exercise 6. Let f : [0,1] — R be continuous. Determine lim,, fol na” f(z)dz. Prove your
answer.

Proof. (K. Nowland) We claim that the limit is f(1). Note that as n tends to infinity, that
5 — 1. Thus it suffices to show that for e > 0, there is N € N such that n > N implies
that

! n
]/0 nx f(x)dx—n—ﬂf(l)\ <e.
We calculate
b n L
| nastayin = ) = [ nar(sa@) = s,

Since f is continuous on the compact set [0, 1], there exists M > 0 such that |f(x)] < M
for all z € [0,1]. By (left) continuity at 1, there exists J satisfying 0 < ¢ < 1 such that
|f(x) — f(1)| <e/2if 1 —§ <z < 1. Then we see that

| / na"(f(x) — f(1))de| < / na"|f () — F(1)|dz
- / e f(z) — f(1)]dz + / na®|f(z) — F(1)|de

=

1-6 1
< 2M/ na"dr + 5/2/ na"dx
0 1-5

<oM—"

1
1_5n+1 2/ nd
n—l—l( )4/ i nz"dx

OIM(1— 6"+ ——¢/2
< ( 9) + n+1€/
<2M(1—6)"t +¢/2.

Note that 0 < 1 —§ < 1. Let N be so large that (1 —6)"*! < £/4M for all n > N. Then we
have

1
[ e pteyte = L) <

as desired. m
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2008 - Autumn

Exercise 1. Find the limit:

lim n(/n —1).

n—oo

Proof. (O. Khalil) Since the function x — Inz is infinitely differentiable on (0, cc0), with 2m
derivative equal to ;—21 < 0, this function is concave and hence is below its tangent line at
every point greater than 0. In particular, it is below its tangent at = = 1. Since (Inx)'|; = 1,
and In1 = 0, this gives the following equation for the tangent line at x = 1, L(z) = = — 1.
Therefore, we get the following inequality for all z > 0:

nx<z-1
Hence, for each n € N, we have that
In(/n) < ¥/n—1
And, thus, multiplying both sides by n, we get
Inn < n(Yn—1)

Since the left-hand side goes to co as n — oo, then so does the right-hand side. O]

Exercise 2. Find the value of the series:

| o

2

B

25
k=1

Proof # 1. (K. Nowland) Set S,(z) = >_,_,2". Note that

_ .n+l
S(a) = 1=

1—2z

If 0 <x <1, S,(x) converges pointwise as n — oo. Differentiating,

= 1 zntl (n+1)a"
/ _ k=1 __ _ _
S”(f”)_;kx T0-22 (1-22 1-z

This converges pointwise for 0 < x < 1 since (n+1)z™ — 0 as n — oo. Differentiating again,

"r) = - L P 2 _ Qpntl _ (n—|— 1);5” B n<n_|_ 1)1.71—1
Sn< ) ;k(kﬁ 1) (1_1.)3 (1_1,)3 (1_3:)2 11—+ .
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As above, this converges pointwise for 0 < x < 1. Calculate
d Kb =a+) Kt
k=1 k=2
=z + 2 Z 2k 2
k=2
=2+ 2? Z k(k — 1)z 4 22 Z kak—?
k=2

=x+ 225 (2) +x Z kaht

= 228" (z) + x5! (z).
Taking 0 < x < 1 and letting n tend to infinity, we see that

> 222 x
Kk = .
; 2P  (1—2p

Plugging in = = 1/2, we see that

— k> 1/2  1/2
Zl 2 18 14
[Proof # 2] (O. Khalﬂ)

Let S, = > zk, for each n € N. Set A, 21 7 and note that A, = 1 — 2— Now, use
summation by parts to write (some simplification steps are left out but the calculation should
be clear)

S, =n’4, +2Ak — (k+1)?)

2 n—1 n—1
_,on 2k +1
1 1
2 n—1

ﬁ + An—l

2n
2

where T,, = Y7 2k Apply sumation by parts again to 7T,, to get

n—1

T, =nd, + Y _ Ap(k— (k+1))

:nAn—(n—1)+An_1:1—2%+An_1
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Hence, since g; — 0 and A, — 1 as n — oo, we get that 7,, — 2. Thus, since ;‘—j — 0, we

get that S,, — 6 as n — oc. O
Exercise 3. Define f: R — R by

Prove that f is infinitely differentiable on R.

Proof. (R. Garrett) Clearly, f is O on all of R\ {0}, as f™(z) = 0 for # < 0 and by
induction f™(z) = Pn(%)e_% for x > 0: indeed, f'(z) = %e%, and since (1) = = and

72

P, being a polynomial implies that P, is a polynomial we have if f M) (z) = Pn(%)e’i then
fot(@) = Pi(L)- (;—21)6% + Pn(i)(_?l)e = = (polynomial in )e= , as desired.

Now we show infinite differentiability at 0 by induction.

— f(0 1
lim M = lim —e Y* = lim ze™® =0
z—0t . —0 =0t T z—00
since exponential growth dominates polynomial growth and
lim M — lim 0
z—0~ z—0 =0~ X
so f/(0) = 0. Now, suppose for a natural number n f™(z) = 0. Then,
M) () = () 1 1 -
tim L@ =0 L e (DR C i By@)e = 0

z—0+ z—0 =0+ T T T—00

since exponential growth dominates polynomial growth (we're setting pn(%) = 1P.(1)). So,

by induction we have f™(0) =0 for all n € N, and we have f € C*(R).
O]

Exercise 4. Let
I / Vrcosw z
= dx

x + 100

Is I convergent?

Proof. (A. Newman) This is a direct application of Dirichlet’s Test for integrals since fON cos xdx

is bounded by 1 for all N € R*, and +100 decreases to zero as x goes to infinity. So I will
give a proof of a version Dirichlet’s test for integrals.

Claim: If g, f are continouous real-valued functions on [0, 00), with f differentiable and de-
creasing and f(z) — 0 as x — oo and fON g(x)dx < M for some constant M for all N € RT,
then [;° f(x)g(x)dz converges.
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Proof of claim Using integration by parts we have for a fixed N € R*, fON f(x)g(x) =
f(z) fo x)dx where G(x) is an antiderivative of g(x). So

- Jrwewly - [ awr

< |f@G@IG ]+ ‘/
< [f(N)G(N) )G(O)] + M(f(N) = £(0))
— |f(0)G(0)|+M( f(0)) as N — oo.
Thus ’fooo f(a:)g(x)dx‘ is convergent. O

Exercise 5. Suppose that f, € C|0,1] for every n, fo(x) > for1(x) for every n and x, and

lim f(2) = f(z)

n—oo

for some function f € C[0,1]. Show that f,, converges to f uniformly on [0, 1].

Proof. (O. Khalil) This is an instance of Dini’s theorem. Let g,(x) = f.(x) — f(x) for each
n € N and each x € [0, 1]. So, g, > 0 for all z and all n and g,(z) | 0. Also, g, is continuous
for each n. We need to show that sup,c(o 1 gn(z) — 0 as n — oo.

Let € > 0 be fixed. Let G, = {x € [0,1] : g(z) < €} for each n. Then, we have that G,, C
Gy for each n. Moreover, G,, = g, '[(—o0, €)] and so G,, is open for each n by the continuity
of g,,. Moreover, since g, (z) | 0 for each x € [0, 1], then there exists some N € N such that for
all n > N, we have that g,(x) < e. Thus, x € G,, for all n > N. Therefore, [0,1] = J,~, G,.
But, since |0, 1JC is compact, then there exist finitely many natural numbers ny, - -- , n; such
that [0, 1] = U;_, Gn; = G, since the G, is an increasing sequence of sets.

Now, let N = ny. Then, for all x € [0,1] = Gx, we have that gy(x) < € by construc-
tion. Hence, for all n > N, we have that g,(x) < gny(z) < €. Therefore, for all n > N,
SUD,c(0.1] 9n(T) < €. Since, € was arbitrary, then sup,¢jg 1) gn(z) — 0 as desired.

[
Exercise 6. Let f : [—1,1] — R be continuous. Prove that

/1 ufT) 40 s f(0), (31)

L u? + 2?

asu — 0.

Proof. (0. Khalil) Note the following

/1 uf(o) A TO) 4t — po)(arctan(L) — arctan(=1))

_u?+a? -1 1+ 42 u u
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where we used a change of variable ¢ = ux. Hence, we get that f_ll ;CEZ)Q dx — wf(0) as
u — 0. Hence, it suffices to show that

1 1
lim / uf(x) dz:—/ u/(0) dr =0
u—0t J_; u? + x? _q u? 4 x?

Let € > 0 be fixed. Since f is continuous at 0, let 6 > 0 be such that if |x| < 4, then
|f(z) — f(0)] < e/2m. We may assume that § < 1. Also, by continuity of f on [—1,1], we
have that f is bounded with some constant M > 0. Also, we have that 7% — 0asu — 0.
So, let u be such that e < S

Let A =[—0,6] and B = [—1,1] \ [—0,d]. Then, we have the following

[0, o [ =10,

u? + 22 u? + 2

< [ oD,

u? + 02

1
9
<M== [ dr=e/2
8M/_1x ¢/

Also, we have that

[ -10) dx‘ < [ -tOl,,
A A

u? + x2 u? + 22
5 u
— | 5——dx
27T A U2 + SU2
3
= —2|arctan 0 /u|
2m
£
< —
— 2
where we used the fact that the function arctan is bounded by /2.

Combining the above 2 estimates gives us that

" uf(0)
‘/1u2+x2 /_1u2+x2dx'<g

Since £ was arbitrary, we get the desired result.
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2008 - Spring

Exercise 1. For each n € N, let

s—1+3+5+ +2n—1
"9 92 93 on

Prove that S,, — 3 as n — oo.

Proof # 1. (K. Nowland) We want to show that

= 2k —1
Z 2k =3

k=1

Let
n+1

DML
11—z
Note that this converges pointwise for 0 < x < 1 to 1/(1 — z). Differentiating,

B ik:pkl B 1 B Tt _ (n+1)2m
B C(1—-2)2 (1-x)? l—z

This converges pointwise to 1/(1 — x)?) for 0 < x < 1. We calculate

Z(Qk —1)a* = 2$Z kah—t — ka =225 (z) — Sp(z) + 1
k=1 k=1 k=1

For 0 < x < 1, this converges pointwise as n — oo to

> 21 1
2k — 1)z - 1.
; TO—ar 1=z

Plugging in = = 1/2 gives

izk—1_2(1/2) 1 s

B _
2 1/4  1/2

[Proof # 2](O. Khalil) Check 2" proof of 08A2. The idea is to use summation by parts with
series whose terms are products of 2 sequences, one of which is easily summable. O

Exercise 2. Let f : R — R be twice differentiable and suppose f"(x) > 0 for all x € R.
Prove that f is strictly convexr on R; in other words, prove that for all s,t € (0,1) with
s+t =1 and for all u,v € R with u # v, we have

flsu+tv) < sf(u)+tf(v).
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Proof. (K. Nowland) Without loss of generality, suppose u < v. We apply the mean value
theorem in the interval [u, su + tv] to see that there exists x € (u, tu + sv) such that

f(su+tv) — f(u) = f'(x)[(s — 1)u + tv].
Similarly, there exists y € (su + tv,v) such that
fw) = flsu+tv) = fi(y)[(1 = t)v — sul.

Multiplying the first equation by s and adding it to the second equation multiplied by —t
gives

f(su+tv) —sf(u) —sf(v) = f'(x)[s(s — Du+tsv] — f'(y)[t(1 — t)v — tsul.

We have used the fact that s + ¢ = 1. To prove convexity, it suffices to show that the
right-hand side of the above is strictly negative. We rewrite this as

f(@)[s(s = Du+tsv] < f'(y)[t(1 — t)v — tsu].
Since f” is strictly positive, f'(z) < f’(y), such that it suffices to show
0<s(s—1Du+tsv <t(l—t)v—tsu.
Since 1 —t = s and s — 1 = —t and v > u, the above is equivalent to
0 < —tsu+tsv < tsv — tsu,

which holds trivally. This completes the proof. O]

Exercise 3. Let (z,) be a sequence of non-zero complex numbers. Suppose that

Zn+1
Zn

lim sup
n—oo

Prove that Y~ | z, converges.

Zn+1

Proof. If limsup,,_, < 1, then there exists /N so that for all n > N one has <

Zn41
Z

n

Zn41
Zn

(1—¢) for some (1 —¢) between limsup,,_, . ‘ ‘ and 1. Thus for a fixed k one has |2y, x| <

(1—=e)¥|zn]- So Yopey lantr] < lan] Xopey(1—€)* < 0o by the geometric series test, and since
Zg;ol |z, is fixed and finite we have that >~ z, is absolutely convergent, so in particular
it is convergent. O

Exercise 4. Prove the following special case of the Riemann-Lebesgue Lemma: Let f :
[0,1] = R be continuous. Then

t—o00

lim /0 f(x) cos(tx)dx = 0. (32)
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Proof. (H. Lyu) To outline the idea, we start from the observation that the integral of
f(zx) cos(tx) over one period will be small if f is almost constant on that interval. Since f is
continuous on the compact domain [0, 1], it is uniformly continuous. So as t goes to large,
the interval of one period for cos(tx) becomes small, so f becomes almost constant there.

Let € > 0. Since f is continuous on compact interval [0, 1], it is bounded and uniformly
continuous. Let M > 0 be a bound of f. So we can choose § > 0 such that whenever
|lx—y| < d, we have |f(z) — f(y)| < €/8. Next, choose t > max(27/d,4M /¢). For each k € N,
denote I, = [(k — 1)2%, k25]. Let N(t) be the largest possible k such that I C [0,1]. Write
the unit interval as the disjoint union of these intervals and the remainder, i.e.,

0,1] =L UlyU---UlngUIg. (33)

Clearly every sub-intervals above has length < 27/t < §. Now we estimate the integral.
Suppose f(xy) = 0 for some xy € I}. Then by uniform continuity of f, we have |f| <¢/4 on
I,.. Hence

€ e [! €
< ta)|dr < = to)|dz = — dz = —
_/Ik |f(z) cos(tx)| dx < 4/Ik\cos( x)| dx 4t/0 | cos(x)| dx ym

(34)
On the other hand, suppose f > 0 on I;. Then also by uniform continuity, there is M > 0
such that My < f < My + €¢/4. Note that cos(tz) is positive on the first and last quarter,
and negative on the second and third quarter on each I. Denote the jth quarter of I, as
Il, for j = 1,2,3,4. For each function g : [0,1] — R, define g*(2) = max(0,g(z)) and
g~ () = max(0, —g(z)). Then

/Ik f(z) cos(tx) dx

/If(x) cos(tx)dr| = /I(f(x) cos(tz))*dx—/l(f(x) cos(tx))” dx (35)
= i f(x)(cos(tx)) ™ dx — i f(z)(cos(tx))” dx (36)
< / Myt efa)cos(ta)da— | Micostr)de| (37
] /2 [ ]
= w/@ cos(x) dx — %/ﬂ cos(z) dx = % (38)

The similar estimation holds if f < 0 on I;. Therefore we have, for each 1 < k < N(t), that

€
< —. 39
<s (39)

f f(x) cos(tx) dx

Lastly, the integral over the remainder interval I can be estimated trivially :

2
< [ |f(x)cos(tz)|de < M [ |cos(tz)|dx < MI(Ig) < MTW
Ik Ik

IN

—~
; N)'Im
(@]
=

i f(z) cos(tx) dx
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Now since N (t) - 27” < 1, combining the previous estimations we obtain

1 N(t)

/ f(x) cos(tx)dx| < Z (x) cos(tz) dx| + f(x) cos(tx) dx (41)

0 i 1/, In

N(t)e € € ¢
— < -4 = . 42
S 5 + 5 < 5 + 5 <€ (42)
This shows the assertion.

O

Exercise 5. Let p € (—1,0]. Prove that there exists a convergent sequence (o) in R such
that for each n € N, we have

- 1
Y k= ——n'rta, (43)
k=1 1 + p

Proof #1. (K. Nowland) Note that the above holds trivially for p = 0 if we take «,, = 0 for
all n € N. Suppose —1 < p < 0. We write

n n k n k
ka—1+2/ xpdx—i—Z/ (k? — a?)dx
k=1 k=2 k=1 k=2 k-1
n n k
:/ 2Pdr +1 —|—Z/ (kP — aP)dx
1 iy k-1
_ b e L +1—i—i/k (kP — 2¥)dw
p+1 p+1 — Ji-1

Let a,, be the last three terms in the above. To show «,, converges, it suffices to show that

the series
n

> /k:(kp — 2P)dx

k=2

converges as n — 00. Let [z] be the least integer greater than or equal to x. Then

g: /: (kP — 2P)dx = /f((ﬂp — 2P)dz.

-1
Since —1 < p < 0, the integrand is nonpositive for x > 0, such that it suffices to show that

the integral is bounded below, as this will show that the decreasing sequence «,, is bounded
below. With p negative, [2]? > (2 + 1)P. Therefore

/1n((x1p _ )dp > /1n[(x +1)7 — 2?)da.
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But then

n

/[(x+1)p—xp]dx (x+1)pda:—/ 2Pdx
' n+1 n '
xpdx—/ xPdx
1

n+1 2
xpda:—/ 2Pdx
1

Il
— T T T

n+1 2p+1 1
= xPdx — + —
p+1 p+1
opt+l 1
> — + —.
- p+1 p+1

Since the integral is bounded below, the claim is proven.

[Proof #2] (O. Khalil) For p = 0, the claim holds trivially. So, we may assume p < 0. Let
Sp=>_1kP. Let I, = [{"2Pdz. Since p < 0, the function f(z) = 27 is decreasing on (0, o)
and hence the integral test gives that

In+1§Sn§1+In

Since the function f(x) is non-negative on [1, 00|, we have that I,, < I,,1. Moreover, we have

that I,, = ’;Tll — ﬁ. Combining these calculations, we get
1 nPTt 1
<8 - —— <1 ——
p+1 p+1 p+1
Let o, = S,, — ZPTT' Then, we have that «,, is bounded. Moreover, we have that

(n+ 1)P+ — pptt

p+1

Q1 — = (n+1)P —

n+1
=(n+1)P— / xPdx

But, since the function z? is decreasing, we have that fnnﬂ 2Pdr > (n+ 1)P(n+1—n) =

(n+ 1)P. Hence, we get that a1 — a,, < 0. So, a,, is monotonically decreasing and bounded
o+l

and thus is convergent. Note that we have that S,, = T T 0m, which completes the claim. [

Exercise 6. Let f : [0,2] — R be continuously differentiable. (Use the appropriate one-sided
deriwatives at 0 and at 2.) For each n € N, define g, : [0,1] = R by g,(z) = n(f(x+1/n) —
f(z)). Prove that the sequence (g,) converges uniformly on [0, 1].

Proof. (H. Lyu) We show that the sequence (g,) converges uniformly to f’ on [0, 1]. First
observe that for each = € [0, 1] and n € N, there exists &, , € (z,z + %) such that

gn(x) = n(f(z+1/n) = f(z)) = ['(Sam)
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by the mean value theorem. Now fix € > 0. Since f’ is continuous on the compact interval
0, 1], it is uniformly continuous, so there exists 6 > 0 such that | f'(x) — f'(y)| < € whenever
|z —y| < 0. Let n > 1/4. Then for every x € [0, 1], since |z — &,,| < 1/n <, we have

[F'(2) = gn(@)| = |f'(2) = f'(&n)| <€

This shows || f" — gn|l. < € whenever n > 1/§. Thus g,, — f’ uniformly on [0, 1].
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Exercise 1. Let (ax) be a decreasing sequence of positive real numbers. Suppose that the
series Yy > May,2 converges. Prove that the series Y .- | ay converges.

Proof. (K. Nowland) Note that the distance between consecutive squares is (m+1)? —m? =

2m + 1 < 3m. Since the sequence is decreasing, we have

i": 2m+1 am2<32ma < 00.
m=1 m=1

The partial sums are increasing, since each term is positive. The comparison test implies
that > aj converges. O

Exercise 2. Let f(z) = ze fom e’ds for all z € R. Is f bounded on R?

n

Proof. (R. Garrett) First, we notice the following: for any = > 0, fox ies2ds < fox e’ds <
Jy €*"ds. These inequalities hold since €’ is an increasing function and s € [0, ], which means
2 <1land sz < 22. Evaluating the integrals on the left and right, we obtain %(6332 -1) <
Iy e ds < %(eﬁ — 1) for all x > 0. Since ﬁ(e“2 -1 <[5 e ds < %(e”ﬂ2 —1) for all x > 0,
multiplying by ze™* we get 0 < s(1— e ) < ze IN e’ds < (1 —e ") < 1. So, f(x) is
bounded for all z > 0. The quantity is 0 when x = 0, so it remains to consider the case when
z < 0. When z < 0, f(z) = —(—z)e 9’ IS e ds = —(—x 1) [, e Pds = f(—x),

where we obtained these equalities by the symmetry of e, and as a consequence we obtain

boundedness when = < 0. Thus, f(z) is bounded on all of R.
[
Exercise 3. Let f € C([a,b]), where a,b € R with a < b. Let

M = sup {|f(z)] : @ & [a, b]}

L= ([1sra)

Proof. (O. Khalil) Since |f]| is continuous and [a,b] is compact, then M is finite by the
extreme value theorem. Moreover, the EVT gives that M is attained i.e. there exists y € [a, b]
such that |f(y)| = M. Now, for each n € N, we have that

b 1/n
I, < </ M"dx) = M(b—a)¥/"

and for each n € N, let

1/n

Prove that lim,,_,oo I,, = M.

Hence, we get that
limsup I, < lim M(b—a)’/" = M

n—00 n—00
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Now, let € > 0 be arbitrary. By the continuity of |f| at y, there exists 6 > 0 (§ # 0) such
that Vx € (y — 6,y + d) N [a, b], we have that |f(z)| — M| < . And, hence, we have that
for all such z, |f(z)] > M — e. Let a1 = max {a,y — 0} and by = min{b,y + 0}. Note that
by — a; > 0 and that by # a;. Hence, for each n € N, we get the following

I > </b1 !f(ﬂ?)!”dx) " > (/bl(M - 8)"da:) . — (M — &) (b1 — a))V/"

al al

Therefore, we have that

liminf I, > lim (M —¢)(by —a))/" =M —¢

n—oo n——0o0

But, since ¢ was arbitrary, we get that

liminf7,, > lim M —e=M

n—00 e—0t

Combining these estimates
liminf I, > M > limsup I,

n—oo n—00
And, hence, lim,,_,,, I,, exists and is equal to M as desired. O

Exercise 4. Let f : (0,00) — R be C'. Suppose that f has at least one zero and that
f(z) =0 as z — oo.

(a) Prove that f' has at least one zero.

(b) Suppose in addition that f is C* and that f” has only finitely many zeros. Prove that
f'(x) =0 as z — 0.

Proof. (O. Khalil)

(a) Let 2,(0,00) be such that f(z,) = 0. By continuity of f, there exists §; > 0 so that for
all x € (z, — 01,2, + d1), we have |f(z)| < 1. Let o € (z,,x, + d1). Similarly, there
exists do > 0 such that for all z € (z, — 02, x, + J2), we have that |f(x)| < |f(z2)|. Let
x1 € (o, — 02, x,. Hence, 1 < x9. Now, since f(x) — 0 as © — oo, let x3 > x9 be large
enough so that |f(z3)| < |f(z2)|. Now, suppose that f(z3) > 0. Then, we have that
f(z1) < f(x2) and f(x3) < f(xa). Thus, the mean value theorem gives the following

flx2) = f(21)

= f/(Cl) >0
To — X1
f(‘r3) - f(l’g) _ f/(CQ) <0
T3 — X2

for some ¢; € (x1,22) and ¢y € (22, x3). Hence, by the intermediate value theorem, since
f’ is continuous, there exists ¢ € (c1, ¢2) such that f/'(c) = 0 as desired.

(b) Let ¢ > 0 be fixed. We wish to show that |f'(z)] < e for sufficiently large x. Let
T, = MaXze(0,00) f () = 0. @, exists and is finite since f” has only finitely many zeros.
Hence, by the continuity of f”, it doesn’t change sign after z, and therefore f is monotone
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on (z,,00). By the mean value theorem, for each n € N, there exists ¢, € (n,n+1) such
that | f(n)— f(n+1)| =|f'(c,)|- But, sincef(x) — 0 as  — oo, then there exists N € N
such that for all n > N, we have that |f(n)| < /2. Hence, we get that for all n > N,

[Fe)l <[f)] +1fin+1)[ <e

Now, for all z > N+1, we have that there exists n > N such that x € [¢,, ¢,41]. So, by the
monotonicity of f” on [¢,, ¢,11], we get that either —e < f'(¢,,) < f'(x) < f'(epy1) < € or
e> f'(cy) > f'(x) > f'(cny1) > —e. Either way, we get that |f(z)| <eforallz > N+1
as desired.

[]

Exercise 5. Prove or disprove: For each uniformly continuous function f :[0,00) — R, if
the improper Riemann integral [;° f(t)dt converges, then lim, o f(z) = 0.

Proof. (O. Khalil) (See Ex. 6, Spring 06 for a shorter proof).

Let € > 0 be fixed. We wish to show that |f(z)| < e. By uniform continuity, 3§ > 0 such
that for all z,y > 0, whenever |z — y| < 0, then |f(z) — f(y)| < /2. Also, by the Cauchy
convergence criterion, since f f )dt converges, then there exists x, > 0 such that for all
T >y > x,, we have that | [ f(t)dt| <

Now, let # > x, + J. Since f is continuous on [z — §/2, z + §/2], then by the extreme value
theorem, there exists ¢,b € [x — 0/2,x + 0/2] such that

o= mf f)
tefz—5,z+5]
fb)="sup f(t)

te[xfgvx+%]

Hence, we get the following

o5 245/2 z45/2 z+6/2
= / IO / UL / L, JOU =S8
56 x+4/2 z+6/2

2. // F(t)dt < / ,, =50

But, since 0 > 0, then, f(c) <e/2 and f(b) > —e/2. Moreover, we have that |c —z| < § and

|b—x| < 0. Thus, we have that f(z)—f(c) < |f(z)—f(c)] < 5/2 and that f(z)—f(b) > —¢/2
Hence, we get that

flx) < flc)+e/2<e/24+¢€/2=¢
flx) > f(b) —¢/2>—€/2—¢/2=—¢

Therefore, we get that |f(z)| < € as desired. O
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Exercise 6. Let .F be the collection of all twice continuously differentiable functions f on

R satisfying f >0 on R and f"(z) <1 on R. Find a constant C' € (0,00) such that for each
f €% and for each x € R, we have

fl(2)? < Cf(a). (44)
Justify the value you find for C'.

Proof. (O. Khalil) Let z € R and f € .# be fixed. Let h € R be arbitrary. Then, Taylor’s
expansion with Lagrange remainder gives

h2 f// ( C)

Fa+h) = (o) +hf' () + o

for some ¢ between x and x + h. Since f > 0 for all z, then we get that

I < pay 4 hp)+

02 f(@)+hf'(@) + .

But, the above inequality is valid for any h. Hence, as a polynomial in A, it has at most one
real solution and so its discriminant is < 0. Thus, we get that

fl(@)? = 2f(z) <0

Rearranging, we get
fl(@)? < 2f(2)

Since z and f were arbitrary, and letting C' = 2 (doesn’t depend on a particular choice of
f), then 44 is verified. -
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2007 - Spring

Exercise 1. Let f : [0,00) — [0,00) be decreasing and suppose that fooo f(z)dz converges.

Prove that

lim
h—0+

(45)

(h > f(nh)> - /000 flxz)dz.

Proof. (O. Khalil) Let € > 0 be fixed. By the Cauchy criterion, since [;° f(x)dx converges,
then there exists N € R such that for all z, > N

/Oo f(x)de < e/4

Let § > 0 be such that 20f(0) < e/2. Let 0 < h < § and let K € N be large enough so that

Kh > N. Now, write

hYf(mh) [ fads

:01 (h F(nh) - /(::)h f(x)dx>|

where the absolute values were dropped in the last step since f is decreasing. Moreover, on
each interval of the form [(n — 1)h, nh|, since f is decreasing, we have that f(z) > f(nh).
Plugging these estimates to bound the above expression

B fnh) - /OOO F(a)dz

IN

||Mw

]~

" n—1)h) — f(nh))dz N " x)dx
/(n_l)h(f(( D) = fnh)ds+ S /(n_l)h2f()

n=1 n=K+1

B(F((n— Dh) — F(nh) + / " 2f(a)da

1 Kh

3
Il

= h(f(0) — F(KR)) + / " 9f(@)da

Kh

<2hf(0)+e/2<e/2+¢/2=c¢

where in the last step we used the Cauchy criterion along with the fact that Kh > N and
that f(0) — f(Kh) < 2f(0) along with the choice of ¢. Hence, limj, o+ (A  ~, f(nh)) =

fooo f(z)dx as desired.

]
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Proof. (S. Meehan; This proof was inspired by laziness, trying to avoid the above solution.)
Let f:[0,00) — [0,00) be decreasing and suppose that fooo f(x)dx converges. Since f(z) is
both positive and decreasing, we have via the integral test:

hf(h) +/: flx)de > hY " f(nh) > /hoo flax)da.

Clearly as h — 0T, we have

/: f(x)da:,/hoo f(:)s)dx—>/ooo f(x)dz.

Also, note that hf(h) — 0. Hence the result follows (via squeeze theorem). O

Exercise 2. Let C[0,1] denote the set of continuous real-valued functions on [0,1]. Let
p € (1,00). For each continuous function f :[0,1] = R, let

in= ([ |f|p)1/p.

Prove Minkowski’s inequality in this setting, namely

L+ gl < W[ FIF+ gl (46)

for all f,g € C[0,1].

Proof #1. (H. Lyu) (This elegant proof is due to Prof. N. Falkner) Let a« = || f|| and 8 = |g]|.
Notice that a, 8 < o0, since any continuous function on [0, 1] is bounded by the extreme
value theorem, the integral over the function on the compact interval [0, 1] is finite, so its
norm is also finite. If @ = 0, then fol |f(z)[Pdx = 0, and since x +— |f(x)| is continuous and
nonnegative on [0, 1], this implies |f(z)| = 0 for all x € [0,1], so f is identically zero. Then
the assertion is trivial. Similarly, 5 = 0 leads to a trivial case. So we may assume «, 5 > 0.
Further, we may assume a + 3 = 1 by scaling; for instance, consider f/(« + ) instead of
f and g/(a + B) instead of g. Now let ¢ = |f|/a and ¢ = |g|/B. Then clearly they are
continuous, and fol PP = fol YP = 1. Also note that |f + g| < |f|+ |g| = a¢ + B1. Since the
map x — P is increasing and convex on [0, 00), and since « + § = 1, we have

|f+gl” < ([f] +1g9])P < ag? + ByP.

Now this gives

1 1 1
Hf+9|\p:/0 \f+9|p§a/0¢p+ﬁ/0 Y=a+p8=1.

Therefore
If+gl <l=a+pB=|fl+Igl
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Proof #2. (K. Nowland) This is a more time-consuming way to do the above proof, but is
another way to do it. The first thing to do is prove Young’s inequality, then prove Holder’s
inequality, then prove Minkowski’s inequality. Young’s inequality says that for a,b > 0, we
have
ab? bl
ab < — + —
p q
where 1/p 4+ 1/q = 1. If either a or b is zero, this is trivial. If neither are zero, this follows

from the concavity of the logarithm.

log(a”/p+a?/q) > (1/p)loga” + (1/q)log b? = log ab.

Then, for Holder, we rescale and f and g (nonzero, because otherwise it is trivial), by f/|| |,
and g/||g|l4 such that we only need to show that

/\f 2)|dz < 1.

/|f o)\ < 1/p/ (@) P + 1/q/|g |dx— ;:17

By Young’s inequality,

as desired. Then if p > 1, its conjugate is p/(p — 1) > 1. Again we can scale so that
If]l + llgll = 1 by dividing the original f and g by the sum of their norms.

! 1
/ /(@) +g(@)|dx S/ f +gllf + gl dw
0 0

1
p—1
s/o (If] + laDIf + glP"da

1 1-1/p
Pd
< (11 + g (/ i+l )
1 1-1/p
:(/ |f+g|pdw> :
0

Dividing by the term on the right gives the desired result. O
Exercise 3. Let f:[0,1] = R be continuous. Define ¢ : [0,1] — R by

o) = [ e s
0
Prove that ¢ is differentiable and find .

Proof. (H. Lyu) We show that
)= s - [ e 1)
0
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Fix x, h € R. Note that

o 1 x+h x —ht 1
pleth) —¢l@) 1 / e”HMF(t) di + / ‘ e " f(t) dt. 2)
h hJ, 0 h
Let F(y) = [/ e (@+h)t £(¢) dt. Then F is differentiable and F’(y) = e~ @M f(y). So by the
mean Value theorem,
1 [e=th F(x+h)— F(x _
E/w e (w+h)tf(t) dt = ( i)z () —e (I+h)§x,hf<£x7h) (3)

for some &, , € (x—|h|, z+|h|). Ash — 0, &, — x and since f is continuous, f(&,,) — f(z).
Thus we have

lim — / —(z+h) tf (t)dt = }llli% ef(Hh)éz’hf(gm,h) = e*fo(x). (4)

h—0 h

It remains to deal with the limit of the second term in (2) as h — 0. It suffices to show that
the integrand converges to ¢ — —te " f(¢) uniformly on [0, 1], as h — 0, since then we can
switch the integral and limit to get the desired convergence. To this end, write

z ,—ht _ x ,—ht _
/Oe - 1e_$tf(t)dt:—/o e_htlte_’”tf(t)dt. (5)

—ht 1

Denote g,(t) = . We claim that g, — 1 uniformly on [0, 1] as h — 0. Let € > 0. Note
that since ¢ — €' 1s contlnuous on the compact interval [—1, 1], it is uniformly continuous.
So there is 6 > 0 such that |1 — €| whenever |¢| < §. For each h € R and ¢ € [0, 1], there is
Ent € (—|ht|, |ht|) such that

—ht __ 1 ¢
— h,t 6

by mean value theorem. Now let |h| < §. Then since t € [0, 1], |ht| < |h| < 0, so || < 0.
Thus

—ht __ 1
—ht

'1_6 ‘:u_e&h,t\q. (7

This shows the claim. Note that this implies the integrand &— —Lte™™ f(t) converges to
te=™ f(t) as h — 0; the function (z,t) — te " f(t) is continuous from the compact domain

[0,1]? to R, so it is bounded by some number, say, M > 0; so for a fixed € > 0,

fht_l

0 - ) <

—ht

—ht

(& €

L 1\ e (1)) < M ®)

for all ¢ € [0, 1], whenever |h| is small. Therefore we have

T efht -1 T efht -1 x
lim e () dt = / lim e F(L) dt = — / et () d. (9)
0 0

h—0 J, h—0 h

This shows the assertion.
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Remark. [Uniform Convergence and Integration] Let a be monotonically increasing on
la, b]. Suppose f, € R(«) on [a,b], for n € N and suppose f,, — f uniformly on [a,b]. Then
f € R(a) on [a,b] and

f da = lim fn da.

n—o0

Proof. Let € > 0 be given. Since f, — f uniformly on [a,b], there is N € N such that
|fn — f| < eforalln > N on [a,b]. Then for all n > N, we have

ffndoz —ffdoc ffn — fda

We have the similar result for the lower Riemann integrals. Now since each f, € R(a), we
can choose N large enough so that ‘fabfn do — fabfn da‘ < e(a(b)—a(a)). Then for alln > N,

< [1fa=lda<da®) ~a@).

we have
b i
/fda—/fdoz < da—/fda da—/fnda da—/fda
< 3¢(at) - ala)).
Since € > 0 was arbitrary, this shows f € R(«). Then (1) shows [ f, do — [ fdo. O

Exercise 4. Prove that the equation

2 1.3 "

1— B —1\V"— =0
x+2 3+ + ( )n

has exactly one solution in R if n is odd and no solutions if n is even.

Proof. (K. Nowland) Let P,(z) be the left-hand side of the above equation. Suppose n is
even. Note that as © — o0, P,(z) — oo. In particular, P,(z) attains its infimum. If the
infimum is positive, then P,(x) has no roots. The derivative is

1—2"

P/ :_1 _ 2 “e _1nn_1:— .
" (2) +rx—a2"+--+(=1)"x T

The second equality holds only if # # —1. Note that —1 is not a zero of P/(x), since then
every term of P/(x) will be negative. The only real zero of P/ (z) is x = 1, such that P,(x)
must obtain its infimum at z = 1. We see that

P"<1):<1_1>+<%_%)+”'+(niQ_ni1>+%>0'

Since the infimum of P, (z) is positive, it follows that P,(x) has no zero if n is even.

Now let n be odd. Note that lim, , ., P,(x) = oo and lim, ,, P,(z) = —o0. Since P,(z)
is a polynomial it is continuous. The intermediate value theorem implies that P,(x) has
at least one zero. If P,(x) has another zero, it must have either a local maximum or local
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minimum by the continuity of the derivative (it is also a polynomial) and Rolle’s theorem.
The derivative is

1+2"

1+az’

Prll($) =—14+xz— $2 4+t (_1)nxn—1 _

where the second equality holds only if  # —1. Note that —1 is not a zero of P/ (x) since,
as above, every term in P (z) will be negative. Since this is the only possible real zero of
142", P!(z) has no real zeros and thus P,(z) has no local maxima or minima. This implies
P,(z) has exactly one real zero when n is odd. This proves the claim. O

Exercise 5. Let (a,) be a decreasing sequence of positive numbers such that y - | a, < 0o.

Prove that na,, — 0 as n — oo.

Proof. (K. Nowland) Because > a, < oo, the Cauchy condensation theorem implies that
3" 2%au < oco. Tt follows that 2¥aw — 0 as k — oco. Write m = 2% + n where 0 < n < 2F.
Then

may, = (28 + n)a, < (28 4+ 2M)a,, = 2(2%a,,) < 2(2%aqn),

where the last inequality relies on the fact that the sequence consists of decreasing positive
numbers. Let € > 0. Since 2¥a,r — 0 as k — oo, it follows that there exists K € N such that
k > K implies 2Fay < e/2. If m > 2K taking m = 2% + n as above,

0 < may, < 2(2%aw) < e.

Therefore ma,, — 0 as m — oo. O

Exercise 6. Let f be a continuous function on [0, 1]. Find

1
lim n/ "2 f (x)dx.
0

n—oo

Justify your answer.

Proof. (H. Lyu) We show that the limit is f(1). First observe

1 1
/ na"?dr = n "3 = " < 1.
0 n+3 o n+3

So
1 1
o [ -] < o e - 2]+ |-l
1 1 n
= |[ e re = [ ey | -] s

n+3

_ / na™(f(z) — f(1))dz

e IO
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Since = — 1 as n — oo, it suffices to show

lim
n—oo

/01 nx"?g(z)dx| = 0. (1)

where g(z) = f(x) — f(1). Let € > 0. Since ¢ is continuous at 1 and g(1) = 0, there is
0 < ¢ < 1 such that |g(z)| < €/2 whenever 1 —4 < 2 < 1. On the other hand, g is continuous
on the compact interval [0, 1 — d] so there is a bound Mjs for |g| on this interval. Noting that
na"*! is increasing, we have

1 1-6
/ nax"g(x)dx / nx"g(z)dx| +
0 0

1
/ nx"g(x)dr
1

-6
< (1= 8)n(l— )™M+ <

1
/ na"t? dx
2015

gﬂ%Wb@WM+g

Since n(1 — 6)"" — 0 as n — oo, there is N € N such that for each n > N, we have
(1 —0)n(1 —08)"**Ms < €/2. Thus for each n > N, we have

<e.

1
/ nz"2g(x)dr
0

This shows (1), and hence the assertion. O
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Exercise 1. Prove the following version of I’Hopital’s rule: let f,g : R — R be differentiable
with ¢'(x) never 0, and suppose that as x — oo, we have g(z) — oo and f'(x)/¢' (x) — oc.
Then f(z)/g(x) — oo also.

Proof. (K. Nowland) In the sequel, we assume x is large enough that g(z) > 0. This is
possible since g(x) — oo as r — 0.

Let M > 0 be fixed. It suffices to show that for all x sufficiently large f(x)/g(z) > M. Since
M is arbitrary, it must be that f(z)/g(x) — oc.

Let (z,) C R be any strictly increasing sequence tending to infinity. Since f and g are
differentiable on all of R with ¢'(z) # 0 for all x € R, there exists ¢, € (x,41,%,) such that

Since x,.1 > ¢, > x, for all n, ¢, is a strictly increasing sequence tending to infinity as
n — oo. Since f'(x)/¢'(x) tends to positive infinity as x does, there exists y € R such that
f'(x)/g' (x) > M for all z > y. Since (¢,) tends to infinity, there exists N € N such that
n > N implies

Therefore as n — oo,

f(@ni1) — flaa)

9(xns1) = g(an)
as n — co. By Ceséro-Stolz, f(x,)/g(z,) = 00 as n — oo. By the continuity of f/g, this is
independent of the choice of sequence such that f(z)/g(z) — oco.

— 0

It would probably be a good idea to prove Cesaro-Stolz in this case. Let (a,) and (b,) be
sequences such that 0 < by < by < --- with b, — 0o as n tends to infinity. Suppose

. Apy+1 — A
lim " = fo0.
n—00 bn+1 — by

Then a,/b, — co. Let A, = a,+1 — a, and B,, = b,41 — b,. Let M > 0. Then there exists
N € N such that for n > N, A,,/B,, > M. Note then that

A, > MB,,
for all n > N. Thus
Apik +Apskr +-- + A, > M(Bpyi + Bryk—1 + -+ Bn),
such that

AnJrk + AnJrkfl +ee An
Bn+k + BnJrkfl +eee Bn

> M
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for n > N and all k¥ € N. Write
an  Apt+Ap i+ A+ AN+ AN+ + A

bn  Bn+Bna+--+By+Byi+--+ B’
_A1+---+AN_1+AN+---+An <1_B1+---+BN_1)

b, By+---+ B, b,

Note that the first term tends to zero as n — oo. Let € > 0. Then there exists N’ > N
such that the first term is less than e is absolute value for all n > N’. Similarly, the second
term in the parentheses can be made less than e in absolute value for n > N” for some
N" > N'"> N. Thus for n > N”,

Qn

b_ > —5+M(1—8)

Since £ was arbitrary, this implies that a, /b, > M for n sufficiently large. This completes
the proof of Cesaro-Stolz. O

Exercise 2. Define f:[0,1] — R by

Cfo ifreo,1\Q
f(m)—{% ifz="2€[0,1]NQ,

where p and q are coprime integers. Prove that f is Riemann integrable.

Proof. (K. Nowland) By the Lebesgue integrability theorem, Riemann integrability of f on
0, 1] is equivalent to f being bounded and being discontinuous on a set of Lebesgue measure
zero. Clearly f is bounded by 1. If we can show that f is continuos at = € [0,1] \ Q, then
we are done, as the rational points have zero measure. To prove that the rational points
have zero measure, let g1, qs,... be an enumeration of Q. Let € > 0. Define the intervals
I, = (¢, — 271 q, + 277 1). Since

2 U
n=1
and

f: |I,| = isf" =c
n=1 n=1

by the convergence of the geometric series. Since ¢ was arbitrary, the outer regularity of
Lebesgue measure implies that Q is a set of Lebesgue measure zero.

Now let x € [0, 1] be irrational and let € > 0. We must find 6 > 0 such that |z —y| < ¢
implies |f(z) — f(y)| = |f(y)| < €. Since f = 0 on the irrationals, it suffices to show that
0 < f(y) < e for rational y sufficiently close to x. Let N be so large that 1/N < €. Then for
all ¢ > N we have 0 < f(p/q) < € where p and ¢ are coprime. Let § be the distance from
x to the nearest rational with denominator less than N. This distance is strictly positive
since there are only finitely many such rational numbers in [0, 1], and x is irrational. Then
|z — y| < 0 implies that if y is rational, then 0 < f(y) < €. Therefore f is continuous at x.
Since x was an arbitrary irrational number in [0, 1],, we conclude that f is continuous at all
x € [0,1] \ Q which completes the proof that f is Riemann integrable. O
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Exercise 3. Let ay > 0 for each k € N. Prove that if >~ ai converges, then Y .-, @
also converges.

Proof. (E. Nash) Define a set S := {k € N: aj, > ;5}. Then define two new sequences (by,)
and (c) so that by := 1g - a and ¢, := Img - ai for all k& € N. Note that by, ¢, > 0 and

‘/,: ‘F \/TCT“ for all k. To show that > -, @ converges, it will therefore be sufficient

to show that Yooy @ + > ey % converges.

First, consider the series Zk 1 ‘kﬁ We claim that a; > b’“ for all k. If & §é S, then
\IC =0 < ag, so suppose k € S. Then because a;, > 0 and ay, > kQ, we have a} > . Taking
the positive square root of both sides gives ay > */% As k € S, ap = by so ag 2 ‘/,:’“, as

claimed. Thus, ), ¥ Yhe < 5% ), < 00, so the first series converges.

Now consider the series Zk 1 C’“ . We claim that \ﬁ § s forallk e N.If k € S, thenc¢, =0

1 \F < \/1/’f2 1

SO

and the result is immediate, so suppose k ¢ S. Then ¢, = a;, <

k2 ) - k2 .
Thus, Y 02, Y5 < 307, & < o0, so this series converges as well. Because Ek:l —V,i"“ and
> req Yt both converge, their sum converges, as desired. O

Proof. (S. Chowdhury) Notice that (y/a; — 1)* > 0. Indeed, we have:

| Jar
R
WEE TG

Taking sums, we find that the terms on the left hand side converge (the first by assumption,
and the second by the p-test/integral test/Cauchy condensation test). By comparison, and
the fact that all our terms are non-negative, the sum of the right hand side will also converge.

[]

Exercise 4. Let (f,) be a sequence of functions from |a,b] to R, where a,b € R with a < b.
Suppose that for each ¢ € [a,b], (f.) is equicontinuous at ¢ and (f,(c)) converges. Prove
that (f,) converges uniformly. (To say that (f,) is equicontinuous at ¢ means that for each
e > 0, there exists 6 > 0 such that for each x € [a,b], if |x — c| < 0, then for each n,

[fu(2) = fule)] <e.)

Proof. (0. Khalil) Let f(x) be the point-wise limit of f,(z). We begin by showing that f
is continuous on [a, b]. Let € > 0 be fixed. Let ¢ € [a,b]. By the equicontinuity of (f,) at c,
30 > 0, such that Vx € [a,b] with |x — ¢| < §, we have that Vn € N, |f,(z) — f(¢)| < ¢/3.
Now, let = € [a,b] with |x —¢| < 6. Let N € N be such that |fx(c) — f(c)| < /3 and
|fv(z) — f(x)| < e/3. Thus, by the choice of N and equicontinuity, We get

[f (@) = fl)] < [f(x) = fn(@)[ + [fn(z) = fn(o)] + [fnlc) = flo)] <e

Hence, f is continuous. Now, we wish to show that for large enough n:

sup |fu(z) = f(z)] <€

x€la,b]
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Since [a, b] is compact and f is continuous, then f is uniformly continuous and so 3§; > 0
such that Va,y € [a, b], we have that |f(z) — f(y)| < e/3 whenever |z — y| < 6.

Now, for each x € [a,b], we have that by the equicontinuity of (f,) at z, 35, > 0, such
that Vn € N, and Vy € [a,b] N (v — d,, ¢ + 0,), we have that |f,(z) — f.(y)| < /3. We
may assume that d, < &; for all z. But, then we get that [a,b] € U, ¢, y(z — 0z 2 + 0p).
But, again, the compactness of [a,b] gives us that there exist zy,---x € [a,b] such that
[a> b] C Ulf(xl - 5I¢>$i + (sz)

For each i, let N; € N be such that Vn > N;, we have that |f,(x;) — f(x;)] < €/3. Let
N =max {Ny,---, N}

Now, let « € [a, b] be arbitrary. Then, we have that © € (z; —d,,, x; +90,,) for some 1 <i < k.
Hence, we get that for all n > NV,

(@) = f(2)] < [falz) = ful@)| + [ falzi) = fzi)] + [f(2i) = f(2)]
<e/3+¢/3+¢/3=¢

where bounding the first term uses the equicontinuity at x; by the choice of 4,,, the second
term uses pointwise convergence by the choice of N (which is independent of z), and the
third term uses uniform continuity of f since d,, < 9.

Since z was arbitrary, then we get that

Sel[lpb] |[fu(z) = f(z)| < e

as desired.
O]

Exercise 5. For each a € (0,00), define f, : (0,00) — R by fo(x) = x*logx. For which
values of a is fo uniformly continuous? Justify your answer.

Proof. (K. Nowland) We claim that f, is uniformly continuous for 0 < « < 1 and not
uniformly continuous for o > 1. Note that f, is differentiable on (0, c0) for all @ > 0. The
derivative is

fi(z) =211 + alogx).

First suppose a > 1. Let ¢ > 0. To disprove uniform continuity, it suffices to show that for
any ¢ > 0, there exist z,y € (0,00) such that |f(z) — f(y)| > e with |z — y| < J. Fix § > 0.
Let x be so large that y > z implies that |f.(y)| > 2¢/§. This is possible since f/(z) — oo
as x — oo for @ > 1. Let y = x + 0/2. By the mean value theorem, there exists § € (z,y)
such that f,(y) — fa(x) = fl(c)(y — z) = f'(c)d/2. Since ¢ > x,

[faly) = f(@)] = [fa(e)l0/2 > .

But |z —y| = /2 < 6. Thus f, is not uniformly continuous.
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Now suppose 0 < a < 1. To prove uniform continuity, it suffices to show that | f/| is bounded.
This is because by the mean value theorem,

|[f(z) = fy)] < Mz —yl.

Given € > 0, we may choose § < 1/M, to see that |f(z)— f(y)| < e if [r—y| < 1/M. To show
that f! is bounded on (0, c0), it suffices to show that f/ is bounded as z — 0 and  — oc.
In this case, f! will be bounded for 0 < z < y; for some y; and also for z > yo > y; for
some yy. By the continuity of f! on [y1,ys], f. is bounded on [y1,ys]. Taking the maximum
of these three bounds will give a bound on f! on all of (0, c0).

To bound f!(z) as x — oo, it suffices to bound z* !logz for # > 1. Note that for any y,
e¥ > y. Then for z > 1,

log 1
e(l—a)logz — 1 _ o'

0<zo! logx =

Because 2! — 0 as x — 0%, to bound f!(z) as = approaches zero from above it suffices to
bound 2z !logx for 0 < x < 1. Cearly 0 > 2% !logx. But as above,

0< —2*'loge < — .
1 -«

Therefore f!, is also bounded near zero. This completes the proof that f/ is bounded on all
of (0,00), which implies that f, is uniformly continuous in the case 0 < a < 1. ]

Exercise 6. Consider the integral

1ol
I:/ / dxdy.
o Jo 1—ay

Find a,b € R such that I € [a,b] and b —a < 1/2. Justify your answer.

Proof. (O. Khalil) Let € € (0,1). Let I. = f€1_€ fol —L_dxdy. Evaluating the inner integral

1—zy

L | In(1 —
/ gy — 0 —ay)
0

1—xzy —

' oIn(1—y)

0 )

Now, on [e, 1 —¢], we have that In(1—1y) is defined. Hence, we can use power series expansion
around y = 0 to write

— (=)™ (=y)"
L /:_E 1n(1_; y)dy B /El—e ; _yn ) /:_E i yf;‘l (47)

n=1

Now, using Cauch-Hadamard formula to compute the radius of convergence of the power

series in 47, we get

1
R = =1

limsup,, . {/—=
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where we used d’Alembert’s theorem to evaluate the limit superior. Hence, on [e, 1 — ¢], we
have that >~ %71 is uniformly convergent. Hence, we can interchange the sum and the
integral to get

0 1—e

= (l—e)r e
D ) D

€ n=1 n=1

where both series on the right-hand side converge by the comparison test being bounded
above by the harmonic series Y7 | # and below by 0.

oo pn

Moreover, the power series ) >~ | %y
and hence converges uniformly on [0, 1 —¢] and so in particular the function g(z) =
is continuous on this interval. Thus, we get that

o —(1-9)" <) ., (=" &\ &1
i%fe—S%(ZT‘Zﬁ E=C AN =1

has radius of convergence = 1 by d’Alembert’s theorem
o0 ™
n=1 n2

n=1 n=1
where we used the fact that g(1) converges along with Abel’s theorem giving that g is left
continuous at 1. Hence, we have that
. — 1
I = lim 15:Z—<oo

0+ n?
n=1

And, so, the claim follows. n
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Exercise 1. Determine the radius of convergence and behaviour at the endpoints of the
interval of convergence for the series

= 1 1y
{14+
2 n

n=1

Proof. (K. Nowland) Let a, be the coefficient of 2. Then the Cauchy-Hadamard theorem
says that the radius of convergence R of > 7 | a,z™ is

1
R=—
lim sup {/|a,|

If the limit exists, then the limit and limit supremum agree. Note that each of the a, is
strictly positive. Then d’Alembert’s ratio test implies that when lim,, o, a,,41/a, = [ exists,
then lim,,_,, /a,, exists and is also [. Note that

1
o+l _ l=—"—+—1
an n(n+1)

Therefore the radius of convergence R = 1.

The series does not converge at either x = 1 nor x = —1. For « = 1, note that a, > 1 such
that the sum of n terms is at least n. Since we may take n as large as we like, the series
must diverge to infinitey. For x = —1, the terms in the series a,, do not converge to zero,
which implies that the series must fail the Cauchy convergence criterion for series, as the
difference between consecutive partial sums up to n and n—1 is a,,. Thus the series converges
at neither endpoint. O

Exercise 2. Let n € N. Define P: R — R by

P() = o ((a* = 1)").

Clearly P is a polynomial. Prove that the roots of P are all real and lie in the interval (—1,1).

Proof. (R. Garrett) First, notice that if P is a polynomial and a is a root of P with multiplic-
ity n, then a is a root of P’ with multiplicity n — 1: indeed, if P(z) = (x — a)"Q(z), then by
the product rule P'(z) = n(z—a)"'Q(z)+ (z—a)"Q’'(z) = (x—a)" ' [nQ(z)+ (z —a)Q'(x)].

Now, for ease of notation, let Q(z) = (2 —1)" and Q¥ (z) denote the ith derivative of Q(x).
Q(z) has roots 1 and —1 both of multiplicity n. By Rolle’s Theorem, P’(zy) = 0 for some
xg € (—1,1). Moreover, @ has degree 2n — 1 and, as shown at the start of this proof, 1
and —1 are roots of @)’ of multiplicity n — 1, so zp has multiplicity 1 and all roots of @’
are real. Again, by Rolle’s Theorem, Q”(z;) = 0 for some z; € (—1,2¢) and Q" (xs) = 0 for
some Zy € (xo, 1). By similar reasoning as before, in ", 1 and —1 are roots of multiplicity
n — 2 and Q" has degree 2n — 2, so x; and x5 each have multiplicity 1 and all roots of Q"
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are real. We now proceed by induction. Suppose for induction hypothesis that Q*)(z) has
2n — k real roots: 1 and —1 each occurring with multiplicity n — k& and remaining roots
—1 <o < a < --- < ap < —1. Then, by what we first showed, Q**(z) has degree
2n — k —1 and 2n — k — 1 real roots: —1 and 1 each occurring with multiplicity n — k — 1
and (by Rolle’s Theorem) additional roots fy € (=1, ap, B € (i, iqq) for i € {1,....k —1},
and betay, € (o, 1). Hence, by induction, P(z) has n real roots lying in (—1,1).

[]

Exercise 3. Let (x,,) be a sequence of strictly positive real numbers. Suppose that > >~ | Tpyn
converges for each sequence (yn) of strictly positive numbers such that y, — 0 as n — co.
Prove that Y >° | &, < co.

Proof. (K. Nowland) Suppose toward a contradiction that ) x, diverges. Note that it must
diverge to +oo since x,, > 0 for all n. We will repeatedly use the fact that if a series diverges,
then removing a finite number of terms will not change the fact that the series diverges.
Since the series diverges to 400, there exists N; such that ZNill x, > 1. Similarly, there
exists IV, such that ZT]:Z N11 x, > 2. Continuing in this way, we construct a sequence of strictly
increasing natural numbers such that N, satisfies %Z;l x, > k. Let (y,) be sequence such
that for Ny_y <n < Ny — 1, y, = 1/k. Then y, > 0 for all n and y,, — 0 as n — oo since
for any & > 0 there exists k such that 1/k < ¢ and thus for n > Nj_; we have y,, = 1/k < e.

Thus Y y,z, converges by assumption. But

00 Ni—1 NQ 1 N3 1

Z%%—Zxﬁ an+ an

n=1 n=N1
S14+14+1+4--

The series ) x,y, therefore diverges. The contradiction implies that ) x, must converge.
O

Exercise 4. Find the limit of m> - % as m — oo. Justify your answer.

Proof. (K. Nowland) Note that each term in the sequence is defined since the series Y n =2
converges. Since 1/x? is decreasing as x — 00,

kL gy b 1 kodr
[ S=>a<l 5
2 n:an oy 2

m

Since floo i—‘;’ converges, we may take the limit as & — oo, which gives

=1 > dx
nf GEmdgsn[ T

Integrating,
=1 m
1<m —_— < —
- ; m?2 " m-—1
The squeeze theorem implies lim,, soom Y oo n~2 =1. O
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Exercise 5. Let n € N and let ay, as, ..., a, € (0,00). Let

1/n ap + ay + -+ ay

n

and A=

G = (amaz---ay)
Prove that G < A.

Proof. (K. Nowland) We first prove that claim for n = 2¥. We induct on k. For k = 1, the

claim is that
ai + as

Varag < 5

for a;,as > 0. Multiplying by 2 and squaring both sides, this is the claim that

4aray < (ay + az)?® = a? + 2a1a, + a3,

or that
0 < a?—2aja; + a3 = (a1 — az)*

Since the square of real numbers is postiive, this proves the base case. Now suppose the
statement is true for 2*~! numbers, we want to prove it for 2 numbers. Grouping the
numbers into pairs, the inductive assumption and base case imply

(CL16L2 ce a2k—1a2k)1/2k — (a1a2)1/2 . (azk_1a2k)l/2]1/2k71
B R )
- 2k—1

)+ -+

—

<

as desired. This proves the case for n = 2* for all k € N.

Now suppose n is not a power of two. Let k be such that 2871 < n < 2. Let A = (ay +---+
an)/n and G = /aj - --a,. Clearly A > 0. We pad out the ay,...,a, with 2 —n copies of
A. Since we have the statement for 2% positive terms, we have

ap+ - +a, + (28 —n)A
Qf/al...an/anS L - ( ) )

2

This can be rewritten as

k _
N Grarn — g A < MY (;k mA _

But then this is G*/2" < A"/ guch that G < A holds, as desired. O

Exercise 6. Let f:[0,00) — R. Suppose that f is uniformly continuous and that

/000 f(z)dz

lim f(x)=0. (48)

T—r00

converges. Prove that
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Proof. (K. Nowland) Suppose toward a contradiction that f(z) 4 0 as  — oo. Then there
exists € > 0 such for a sequence (¢,) C [0,00) tending to infinity |f(t)| > . Without loss
of generality we may assume that ¢,,; — ¢, > 1 for all n € N. By uniform continuity, there
exists & > 0 such that |t — ¢,| < ¢ implies |f(t)| > £/2. We may suppose that 6 < 1. This

implies that
tn+0

| F(t)dt| > 6.

tn—5
Since t,, — 00 as n — 00, this implies that the integral fails the Cauchy convergence criterion
and does not converge. The contradiction proves the claim.

]
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Exercise 1. Determine whether Y~ | a, converges, where

2

n~! if n is a square,
ap = _ .
n otherwise.

Justify your answer.

Proof. (K. Nowland) The series converges. The series can be rewritten as

m;énz

Since >, _, k= converges, the comparison test implies Y a,, converges. To apply the com-
parison test we used the fact that each term in the original series is positive. O]

Exercise 2. Let f : R — R be twice continuously differentiable. Suppose that |f"(x)] < 1
for all x and that f(—1) = f'(—1) = f(1) = f'(1) = 0. What is the mazimum possibly value
for f(0)? Justify your asnwer.

Proof. (K. Nowland via stackexchange) By continuity, f restricted to [—1,1] realizes its
maximum. Without loss of generality, we may suppose its maximum is assumed at a > 0.
By Taylor’s theorem with second order Lagrange remainder,

£ 1) = £0) - pnes e < 2
where for some ¢ € (1 — h, 1). Similarly,
fla+ ) = @)+ P@h+ T85> ) - e

for some ¢ € (a,a + h) and we have used the fact that f’(a) = 0 since there is a maximum
there. This is not a priori valid, but is if we can suppose that a # 1. This is easy to see,
because if the maximum is there, then the maximum is zero. Then f < 0 on all of [—1,1].
If f is not identically zero, we can replace f with —f to say that the maximum is in fact
not at 1 and thus satisfies f'(a) = 0 as a local maximum of a differentiable function. Setting
h = (1—a)/2, we calculate

- 05 (a5 = (1-15) < 02

J(0) < f(a)

Therefore

IN
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We can realize this bound with the function

1+2)? 2< 3,
fl@)=q3-32> —3<e<y
%(1 —z)? x> %

This function is not twice differentiable at :I:% and thus we must rely on an approximation by
smooth functions. The smooth function we use is defined as follows: Let € > 0 be arbitrary
but less than 1/2. Define g(z) to be

-1 m<—%—sorm>%—|—6,
1 /(1 1 1
o(z) = —t(3+e) —3-e<a<-5+e
1 —ste<z<i—g,

L(-0) j-esesite
Let G(x f g(t)dt and F(x ff t)dt. Then F satisfies the required conditions.
Using the fact that f (—1) = ( ) = 0, we see that the difference between f'(z) and G(z)

is at most 2¢. Then we see that |F'(0) — f(0)| < 2e, using the fact that F(—1) = f(—1) = 0.

This completes the proof that 1 7 1s sharp, since € was arbitrary. O
=, sinz

Exercise 3. Prove or disprove: The series g ——— 5 converges uniformly on [—7, 7).
- 1+n°x

Proof. (O. Khalil) Let S(z) = Z 18& and Let S, (z) denote the partial sums of the

+ n2x2

series for a given z. Now, we have that

> sin x *  sinx
S (z)— S o= > —dt
1,2 =S o= sup S s> s [ T

This is because we have that S(0) = 0 and the function is odd so it suffices to consider the
interval (0, 7|. The absolute value is dropped because the summand is non-negative on (0, 7].

The inequality follows from the integral test since the function f(t) = li% 5 is decreasing.

Now, making the substitution u = ¢z, the integral yields 32£ (3 — arctan((n + 1)z)). So, we
get that

| Sp(z) — S(z) ||oo = sup sin (g — arctan((n + 1)x)>

ze(0,n] L
sinx /m T
> (5 —aret D)) =2
> lim —— (5 —arc an((n+ 1)x) 5
So, we have that ¥n > 1,||S,(z) — S()|, = 5§ - 0 as n — oco. So, the series doesn’t
converge uniformly on [—7, 7]. O
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Proof. (H. Lyu) This series does converge pointwise by summation by parts. To show that
the convergence is not uniform, let us estimate the Cauchy segment and try to find a lower
bound. Let f(x) =sinz. Then f”(x) = —sinz < 0 on [0, 7]. so f is concave down on [0, 7].
Hence the graph of f is above any secant line. In particular, sin(z) > 2z on [0,7/2]. Let
n,m € N with n < m. Then

sinx n . sinx >2 T n T
1+ n2z2 1+m222 = 7 1+ n2a? 1+ m?2x2

provided x € [0,7/2]. Put m = 2n and = 1/n. We may assume n is large enough so that
1/n < w/2. Then we have

sin x T sin x S 2 1 n 1
1 + n2a? 1+ (2n)222 = 7an \ 1+ n?/n? 1+ (2n)2?/n?

>21+ +1
— 1 \b 5

in+1>£.
™ 5 T 5w

>

This holds all n > 2/7. Thus the sequence of the partial sums is not uniformly Cauchy.
Therefore the series does not converge uniformly. (”Stan estimates”) O

Exercise 4. Suppose that f : [0,1] — R is continuous and has a local mazimum at each
point in [0, 1]. Prove that f is constant.

Proof. (O. Khalil) [0, 1] is compact and f is continuous, so by the extreme value theorem,
[ attains its infimum at some point z, € [0, 1]. Fix some a € [0,1] such that there exists
some b € [0,1], z, € (a,b) and f(z,) > f(x) for all € (a,b). The existence of such a,b is
guaranteed by assumption that f has local maximum at every point. Define the following
set

B,={b:b€][0,1],b > a,z, € (a,b) and Vz € (a,b), f(z,) > f(z)}

Let b € B,. Observe that for each x € (a,b), we have f(x,) > f(x) by construction and that
f(z,) < f(z) by the fact that f(x,) is the infimum of f on [0, 1]. Hence, f is constant on
(a,b). Moreover, since this gives us that the left-handside limit of f at b is f(x,), then by
continuity of f, we have that f(b) = f(x,). This holds for each b € B,.

Let 8 = sup B,. Since both B, is bounded, then § is finite and § < 1. We claim that /3
belongs to B,. Suppose not. Then, there exists z € (a, §) such that f(z) > f(z,). But, then
for all b € (x, ), we have that b ¢ B,. Hence, for all b € (z, ), we have that b > sup B, = 3,
a contradiction.

Now, suppose that § < 1. Then, by the observation that f(b) = f(x,) for each b € B,, we
have that f(8) = f(z,). But, f has a local maximum at /5 by assumption, so we can find
some b < 1 such that 5 € (a,b) with f(z,) = f(5) > « for all « € (a,b). But, then b € B,
and b > (8, which is a contradiction. Therefore, b = 1.

Now, if we fix b = 1 and consider the set

Ay ={a:a€l0,1],a < 1,2, € (a,1] and Vz € (a, 1], f(x,) > f(x)}
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Following the same argument as above, we find that inf A; = 0 and that 0 € A;. Thus, f(z,)
is both the supremum and infimum on [0, 1] and therefore f is constant. ]

Proof. (H. Lyu) Since f is continuous on the compact set [0, 1], by extreme value theorem it
attains absolute minimum, say, m, at some ¢ € [0,1]. Let K = f~![{m}]. Since c € K, K is
nonempty. It suffices to show that K = [0, 1]. Since f is continuous and K is the pull-back
of a singleton, which is closed in R, K is closed in [0, 1]. Now since [0, 1] is connected, any
nonempty subset of [0, 1] which is both open and closed must be the whole space [0, 1]. As
we know K is closed in [0, 1], it suffices to show that K is also open in [0, 1]. To this end, let
y € K. Since f has a local minimum at y, there is € > 0 such that f has absolute maximum
at y on U := (y — ¢,y + €) N [0,1]. But since y € K, f has absolute minimum on [0, 1] at
y. Thus f must be constant on the relative e-ball U of y. But since f(y) = m, f must be
identically m on U. Hence U C K. So y is an interior point of K. Since y € K was arbitrary,
K is open in [0,1]. Thus K = [0, 1]. This shows the assertion. O

Exercise 5. Prove or disprove: For each unbounded open set U C (0,00), the function f
defined by f(x) = z* is not uniformly continuous on U.

Proof. (K. Nowland) The claim is false. We provide an unbounded open set U such that f is
uniformly continuous on U. The key to the construction is to provide an increasing sequence
of open intervals which decrease in size rapidly enough that z? does not have room to change
much on each interval.

Let U, = (n — 1/n%* n + 1/n?) for n > 2. We claim that f(z) = 2? is uniformly continuous
on U = Up2,U,. Clearly this set is unbounded. It is open as it is the union of open sets.

To prove uniform continuity, let € > 0 be fixed. We must find § > 0 such that |z —y| < §
implies that |f(z) — f(y)| < e. Note that on any U, the distance between f(x) and f(y) is
bounded by (n + 1/n%)? — (n — 1/n?)%. We calculate

s (P41 - —12 n'4+2P+1-n'+20°—-1 4

(n+1/5%) — (n.— 1/n?) = = .

Let N be so large that 4/n < ¢ for all n > N. It follows that for any choice of § < 1/2 that
|f(x) — f(y)| <eforall z,y > N —1/N? and |x — y| < §. This is because |z — y| < § with
x,y € U implies that x and y are in the same U, for some n such that |f(z)—f(y)| < 4/n < e.
Thus we can choose any ¢ < 1/2 that works for the compact interval [1, N +1/N?|. Since any
continuous function is uniformly continuous on a compact set, there exists such a é.w [

Exercise 6. Let (a,) be a sequence of strictly positive real numbers. Prove that

an+1

lim inf < liminf a}/™. (49)

Qn

Proof. (O. Khalil) This is part of D’Alembert’s theorem. Let [ = lim inf ntl ¢ 0, 00), since

n—oo a/TL
(a,) are strictly positive. If [ = 0, then there is nothing to prove, so suppose [ > 0 and let

t € (0,1). Now, we have that

Ap+1

t < liminf = sup( inf amH)

n—00 n>0 mM2n Ay,
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A, , a
So, AN > 0, such that ¢t < inf t Hence, Vn > N, we have that a, = e NHaN >
m2N Gy, Ap—1 an
" a 1/n . . a 1/n
ant™ V. Taking n'* root, we get that ai/ = <t_]]\\’[) t. But, since lim (t—]]VV) =1, we
n—oo
find that liminf a}/™ > ¢. Since t € (0,1) was arbitrary, 49 follows.

n—oo

O
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Exercise 1. Let ) )
Tp=14+—-4-+——logn
2 n

for each n € N. Prove that x, converges as n — co.
Proof. (K. Nowland) Our strategy is to use partial summation. Let Ay = k for k£ > 0. Then

"1 "L AL — Ayl
;E:Z%

k=1

k k
k=1 =
n—1 n—1
A A
—1 kL
2.7 [
k=1 k=
n—1
1 1
=14 A <E_k:—+1)
k=1
n—1 k+1
_1+/ x_Q{w}dx,
1 x

where {x} = x — [z] and [z] is the greatest integer less than or equal to x. Breaking up the
integral and evaluating, we see that

T, =1—

Note that 0 < {x} <1, such that

n (o] 1
/ @dm < / —de =1.
1 X 1 X

Since the integral will be strictly increasing as n — co but is bounded above, we conclude
that the integral converges. Thus x,, converges (to the Euler-Mascheroni constant). [

Proof. (S. Chowdhury, credit to Hanbaek Lyu)

Notice that we have

So in particular,

n

1
X, = Z i logn > log(n + 1) — logn = log(
k=1

n+1

)
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Thus z,, is bounded below. We just need to show that it is decreasing.
1 1 1
Ty — Ty = — —logn +log(n — 1) = — 4+ log(l — —)
n n n

1

n?

Consider the graph of log(1 — x); it is always below the graph of y = —z. Replacing = =
we get:

1 1 1 1
log(l— =)< —==1log(l——)+—-<0
n n n’ n

Thus z,, is indeed decreasing and bounded below. So it converges.

]

Exercise 2. Prove or disprove: For each continuous function f : [0,00) — R, iflimy_, f(t) =
o0, then
1 (T
Tlggof/o f(t)dt = oc. (50)
Proof. (0. Khalil) Let T,, be an arbitrary strictly increasing sequence such that 7,, — oo as
n — oo. Let a, = fTO" f(z)dz. Now, let M > 0 be fixed. Since f(x) — oo as x — oo, then

dz, > 0 such that for all x > z,, f(z) > M. Also, since T,, — oo, then IN € N such that
for all n > N, T,, > M. Now, for all n > N, we have the following

Ty
Qpy1 — Ap o an—l f(l')dl' > M(Tn+1 — Tn)

=M
Tn+l - Tn Tn+1 - Tn - Tn+1 - Tn

Since M was arbitrary, then

. Ap4+1 — An
lim —— =
n—00 Lpy1 — Tn

Hence, by Cesaro-Stolz theorem, we have that

But, since T}, was arbitrary, then 50 is verified.

To prove this instance of Cesaro-Stolz theorem, let a,, and b,, be 2 sequences such that b, is
increasing and unbounded and such that

1. Apy1 — Ap

n—00 bn—i—l - bn
Let M > 0 be fixed. Then, there exists N € N such that for all n > N, we have that

Qp+1 — Ap

> M
bn+l - bn
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Multiplying through by b,.1 — b, > 0,
Apt1 — Gp > M(bn—i-l — bn)

Summing from N ton + 1

n+l n+1
> (tni1 = a0) = apsr —ay > Y M(bpy — by) = M(bpi1 — by)
N N

Dividing by b,.1, we get

Intl ZON S M (1 _ by ) (51)

bn+1 n+1

Now, as n — oo, b‘”L — 0 and (1 — bbfl) — 1. Hence, there exists L € N such that for all

k > L we have that

1 by 1
(1) <14 =
2 ( ka) *y

Plugging these estimates in 51, we get that for all n > K,

Ap+1 > M—-1
b 2

But, M was arbitrary and so {* — oo as desired. O]

Proof #2. (K. Nowland) This is more direct than Osama’s proof, but is essentially the same.
Let M > 0 be fixed. Since M is arbitrary, it suffices to prove that for all T" large enough,
%fOTf(t)dt > M. Let ¢ > 0 be fixed. Since f(t) tends to infinity as t tends to zero, there
exists 71 > 0 such that t > Ty implies f(¢) > M. Since f is continuous on [0, 00), the
integral fOT f(t)dt exists for all T > 0, and in particular exists and is finite for 7' = T}. Let
T5 > T7 > 0 be such that

Now let T' > T, > T;. We calculate

1 (7 1 To T
il dt = — d d
7 =g [T e [

T-T,

> —c+ M.

Since (T'—Ty)/T tends to 1 as T tends to infinity, let T3 > T, > T7 > 0 be such that T' > T3
implies (T'—T1)/T > (1 — €). Then for all such 7" we have

%/OTf(t)dt > (1—e)M —e.
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Since ¢ was arbitrary, we conclude that for T sufficiently large,

%/OTf(t)dt > M,

as desired. 0

Exercise 3. Prove of disprove: For each function f : R — R such that f is differentiable at
0, and for each strictly decreasing sequence (ay) in (0,00) such that lim,_, a, = 0, we have

lim flan) = fany1)

n—oo Ay — an+1

= 1(0). (52)

Proof. (E. Nash) We claim this statement is not true. To see this, consider the function
f: R — R defined by f(z) = 2% for z € Q and f(z) = 0 for x € R\ Q. Then we claim
f is differentiable at 0. Let € > 0 be given and suppose |z| < ¢ and = # 0. If x € Q, then

% = |z| <e. If z € R\ Q, then %’ = 0 < e. Thus, f is differentiable at 0 with

£(0) = 0.

Now construct a sequence (a,,) as follows. Let a; = 1 and let ay be some irrational number
in the interval (%, 1). Let a3 = % and let a, be some irrational number in the interval (%, %)
Continue in this way so that for each k € N, ag,_1 = % and agy, € (k%l, %) is irrational. Note
that (a,) is a strictly decreasing sequence of positive numbers with limit 0. Now observe the
following for some k € N:
f(a2k—1)_f(a2k)7ki2_0> 2 k1
A2k—1 — A2k % — G2k % - k+r1 k

>1

From this, it follows that we cannot have lim,,_,, %ﬁi‘ﬁ“) =0 = f'(0) as the sequence
<M

i ) contains a subsequence that is always greater than 1. O
n—an41

Exercise 4. Let f be an n times continuously differentiable real-valued function on [a,b],
where a,b € R with a < b. Suppose that the nth derivative of f satisfies f™(x) > 0 for each
x € |a,b]. Prove that f has at most n zeros in [a,b].

Proof. (K. Nowland) The above follows from the general fact that if ¢ : [a,b] — R is
differentiable and has at least k (distinct) zeros, then ¢’ must have at least k — 1 zeros. This
is guaranteed by Rolle’s theorem, which says that if a < x < y < b are such that g(a) = g(b),
then there exists ¢ € (a,b) such that ¢’(¢) = 0. The fact that + < ¢ < y guarantees that
distinct consecutive pairs of zeroes will lead to distinct zeros of the derivative. If we iterate
the above procedure, we see that if f has at least k zeros in [a,b] and k& > n, then f™ has
at least k —n zeros. Since f™ has no zeros on [a, b], it must be that f has at most n zeros
on [a,b]. O

Exercise 5. Let f:[0,1] = R be continuous. Suppose that
1
| @@=
0
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for each continuously differentiable function g : [0,1] — R satisfying g(0) = 0 = g(1). Prove
that f must be a constant function.

Proof. (O. Khalil) Let F(x) = [/ f(t)dt. Then, since f(z) is continuous, the fundamental
theorem of calculus 1mphes that F'(x) is also continuous with F'(z) = f(x). Hence, F' is
continuously differentiable. Let ¢ = F'(1). Let g(z) = F(x) — cx. Thus, g(z) is continuously
differentiable with g(1) = 0 = ¢(0). Therefore, by assumption, we have that

/f dx—/f —cdx—/f :U—c/f

Thus, we find that
/01 F(a)2dy = c/olf(x)dx _ (/01 f(x)dx)2 (53)

But, the continuous Cauchy-Schwarz’s inequality gives

(/Olf(x)h(x)dx>2 < /Olf(ac)2dx/01 h(z)?da

for any continuous function h(x) : [0,1] — R and equality holds if and only if f(z) = Ah(x)
for all € [0,1] and some constant A € R. But, then, letting h(x) = 1, we have that

fo x)%dx = 1. Thus, given 53, we have that I\ € R such that f(x) = A for all z € [0,1] as
desued

The continuous Cauchy-Schwarz inequality can be proven as follows: for any A € R, we have
that (A\f(z) — h(x))? > 0 for all z. Hence, we have that

/0 (\f(z) — h(2))? > 0

Expanding the above expression, we get

/f 2dx—2/\/f dx+/01h(x)2dx20

The above expression can be considered as a polynomial in A. Hence, a polynomial is > 0 if
and only if it has at most one real solution if and only if its discriminant is < 0. Computing
the discriminant gives the C-S inequality. Moreover, if equality occurs, then this implies that
JA € R such that the polynomial vanishes. But, then, we get that

/0 (\f(z) — h(x))* =0

And, thus, the integrand has to vanish identically yielding that f(z) = Ah(z) for all x €
0, 1] O
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Exercise 6. Prove that .
= S (—1)H (1 f)
Fe) = >0 os (147

s defined and differentiable on the open interval —1 < x < 0.

Proof. (O. Khalil) First, observe that the sequence log (1 + %) goes monotonically to 0 as
n — oo forallz € (—1,00). Hence, the alternating series test gives that Y~ (—=1)""log (1 + £)
converges for all z € (—1,00) and so f is defined.

Now, let z € (—1,00) be fixed. Let [a,b] C (—1,00) be such that x € [a,b]. To show that f
is differentiable at x, we begin by showing that the following series converges uniformly on
[a, b]:

oo

o) = 31—

n=1

But, for every y € [a, b], we have the following (note that a > —1)

= 1 = 1
(_1 n+l__ = —
; ) n+y n%d(n—i—y)(n—i—y—i—l)
T~ lnty)n+y+1)
= 1
<
_nzod:d (n+a)(n+a+1)

S 1
S;(7”L—i—cz)(n—l—(1—|—1)

But, >, m is a convergent p-series, with p = 2. And, since a > —1, then all the
terms of the series are positive. Hence, by the Weirstrass M-test, we have that the series in
question converges uniformly on [a,b] as desired. Moreover, since the function (—1)"*1—-

n+x
is continuous for each n, then the uniform limit g(y) is continuous.
To conclude, we wish to show that the limit limj,_.q w exists. Using the fact that g

converges uniformly on a neighborhood of x, we get the following

g JEHR —F@) i(—l)nﬂlog (1+ =) —log (1+2)

h—0 h h—0 — h
> z+h) _ z
— h—0 h

—~

x was arbitrary, so f is differentiable (—1,00) as desired. O]
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Exercise 1. Suppose that (a,) is a decreasing sequence of positive real numbers such that

) . Q-+ as+ -+ a9y
S a, diverges. Prove that lim ——— ntl .
n—oo Qg+ Qg+ v+ A2y

Proof. (K. Nowland) First we observe that since the sequence is positive and decreasing, we
have the inequalities

a1+a3+~--+a2k_12a2+a4+---+a2k,
ag+az+---+ag > az+as+ -+ g1

Since adding in a; would not affect the convergence of the odd terms, it follows that the
sum of the even terms converges if and only if the sum of the odd terms converges. The
convergence of either would therefore imply the convergence of > a,, for all n. Since this is
not the case, it follows that both the sum of the even terms and the sum of the odd terms
must be divergent.

Using the fact that the sequence is decreasing,

B L s ai +a3+"'+a2n+1< a 1
Ay +ag+---+ay  ag+-o-tay Gyt -cc-tag, T ayt-o-dag,

Note that this goes to 1 as n — oo, by the fact that the sum of even terms diverges to
positive infinity. But also,
ay + -+ Qopi1 > ay + -+ Qopy1 (2n41

= + 1.
g +---+az — a+t-o-taxgmoa Azt 4 ong

This also tends to 1 as n — oo, since the series of odd terms diverges to positive infinity and
asn+1 is bounded above by a; (and below by 0). The squeese theorem implies the desired
result. O

Exercise 2. Suppose that f is a C* function on R which has the properties that liIJP flx)y=A
T—>+00
and lim f'(z) = B for some real numbers A and B. Show that B = 0.

T—+00

Proof. (O. Khalil) Let € > 0 be fixed. Since f(z) — A as x — oo, there exists M; > 0 such
that for all x > M, we have that |f(z) — A| < ¢/4. Thus, for all z,y > M;, we have that

[f(x) = )l < |f(2) = Al +]A = f(y)] <e/2

Similarly, since f’(z) — B, there exists My > 0 such that for all x,y > M, we have that
|f'(x) — f'(y)] < e/2. Let M = max{M;, My}. Let x > M be arbitrary. We wish to show
that | f/(x)| < €. By the mean value theorem, we have that

flz+1) = f(z)
r+1—=x

= f'(6)
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for some 0 € (z,z + 1). Moreover, we have that since z,xz+1 > M, then |f(z+ 1) — f(z)| =
|f'(0)] < e/2. Also, since z,0 > M, then we have that |f'(z) — f'(0)] < /2. But, then we
get that

[F@)] <|f ) +e/2<e/2+¢/2=¢
as desired. ]

Exercise 3. Let ¢ € C3°(—1,1) (recall that this means that ¢ is infinitely differentiable and
@ 1s identically 0 in some neighborhood of —1 and 1). Show that for any natural number N,
there exists a constant C' = Cy such that

[ o

Proof. (0. Khalil) First, for ease of notation, we may extend ¢ so that it is defined on the
closed interval [—1,1] by letting ¢(1) = 0 = ¢(—1). Since ¢ = 0 in some neighborhood
of 1 and —1, then the one-sided limits exist at these points and are equal to 0. Hence,
 remains continuous after such extension. Moreover, being constant in a neighborhood
of 1 and —1 implies that ¢ is identically 0 on some neighborhood of 1 and —1 and that
lim, - ¢'(z) = lim,, 1+ ¢'(x) = 0. Hence, we may extend ¢ in a similar fashion. By in-
duction, for each n € N, we may extend ¢(™ to be defined and continuous on [—1, 1] with
PM(1) = 0 = (1),

<OV (54)

for all A > 0.

Now, let A > 0 be arbitrary and fixed and let f(x) = e**. For each n € N U {0}, inte-

gration by parts gives
/ f n+1 )
-1

(%) IRE dm—(}—Dn(%f(x)w
~() [ s

Now, fix a natural number N. Induction on the above expression gives that

/ F()pla)ds = (‘—j)N / F(z)p™

Let Cy = f_ll |¢™) ()| dz. Cl is finite since ™) (z) is bounded being continuous on a closed
bounded interval. Hence, we get the following

1
‘/1 z)\a: dl’ (K) /1 GZAx(p(N)(l‘)dl‘

< /\—N/l ‘BMxQO(N)(ZL‘”diL'

1
=A™ (@) dz = OnA™Y
~1
Since C'y depends only on N and )\ was arbitrary, then 54 is verified. O
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Exercise 4. Let f be a differentiable real valued function on [1,00) and suppose that f'(x)/x
is bounded. Prove that the funtion f(x)/x is uniformly cntinuous on [1,00).

Proof. See Spring 2012, Exercise 3 (with the difference that the function here is defined on
[1,00) instead of (1, 00) which makes the problem easier). O

o0

Exercise 5. Let f(z) = Z

meT’fZO.

(a) Find lim f(z).

T—+00
1
(b) Find tim 087@)

z—+o00  logx

Proof. (K. Nowland)

(a) We claim that lim, ,,, f(z) = 0. Note that by comparison with the p-series > n=7/%,
the given series converges for all z > 0. Fix xg > 0. Let ¢ > 0. By convergence, there
exists IV such that

[e.e]

1
2 Wi

n=N-+1

<e/2.

Note that each term decreases as x gets larger, such that this estimate is valid for all
x > xo. Also, since each term tends to zero as x tends to infinity, there exists x1 > g
such that the first N terms of the seris (a finite number) satisfies

N

1

<e/2

for all x > x;. Thus we see that for x > x1,

N

1
<12y

n=1

[e.e]

1
) e

n=1

<E.

- 1
n=N+1

Thus lim, 1o f(x) =0, as claimed.

(b) The limit is —12/7. By the integral test,

/oo dt <f()</oo dt
— = X — -
xS T ~Jo w7

Examining the upper bound, we calculate

f(2) < 1 /°° dt 1 /°° du C
x) < — - —_ _
Sy 14 /2N T 227 f 14w 227

where C' is the value of the convergent integral. Similarly, we can bound the bottom to
see that

C Loodt - _C
212/7 o x5 fz) < 2127
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log f(x 12
Since the integral term vanishes as x goes to infinity, we conclude that lim {g#() =—
z—oo  logx

[]

Exercise 6. If f is a differentiable strictly increasing function [0, 1], can the set {z : f'(x) = 0}
be uncountable? (You have to justify your answer, of course.)

Proof. (H. Lyu) This solution is due to Donald, who was the Analysis Qual prep TA.

The answer is yes, i.e., there is a differentiable, strictly increasing function f on [0, 1]
whose critical points form an uncountable set. The useful way of constructing a differentiable
function is to use the fundamental theorem of calculus :

f(z) = / "yt de 1)

where ¢ is a Riemann integrable function on [0, 1]. Since f must be differentiable and strictly
increasing, it is required that g is nonnegative, continuous, and the set {g = 0} uncountable,
but contains no open interval. The only sparse uncountable subset of [0, 1] we should know
of for the Qual is the Cantor set C. So we want ¢ =0 on C, and ¢ > 0 on C°. The point is
to make such function g continuous. Here, we use the similar construction when Weierstrass
constructed his nowhere differentiable continuous function(see p.154, PMA, Rudin), using
the fact that the uniform limit of a sequence of continuous functions is continuous. Recall
the contraction of Cantor set: Let Cy = [0,1], and recursively define C,; to be the set
obtained from ()1, which is a disjoint union of closed intervals, by taking out the open
middle third form each of those components of C,,. Then by definition C' = () C,,. C' consists
of the numbers in [0, 1] whose trinary expansion contains no digit of 1. So C' is uncountable,
and contains no open interval. Now define

gn(z) = dist(x, Cy) = inf{|x —y| : y € C} }.

So each g, is continuous on [0, 1], and 0 < g, < 37", Define

g(@) = gul).

This series converges uniformly on [0, 1] by Weierstrass test, since |g,| < 37" and ) 37" < 0.
Thus ¢ is continuous on [0, 1]. For this function g, the function f defined by (1) is a desired
one.

]
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2004 - Spring

Exercise 1. Let f: [—1,1] = R be continuous. Show that

1
. uf(z)

ulg(r)l+ /1 2 dr =7 f(0). (55)

Proof. See Autumn 2008, exercise 6. O]

Exercise 2. Let (a,) be a sequence of real numbers. Suppose that the series »  any, converges
for every sequence (y,) with limy, = 0. Prove that ) a, converges absolutely.

Proof. (K. Nowland) Suppose toward a contradiction that ) |a,| diverges. Then there exists
N, € Nsuch that M |a,| > 1. Similarly, 2% Ny +1 |@m| must diverge, such that there exists

N5 > Nj such that Zm Ni41 |@n] > 2. Continuing in this way, define a sequence b, by

1
ka—1+1 = bNK71+1 == ka - E
Let y,, = sign(a,)b,. By construction,
00 0 N 1 No 1 N3
Zanyn:Z|an|bn:Z|an|+§ > janl + 3 > a4 > T AT A4
n=1 n=1 n=1 Ni+1 No+1

It follows that ) a,y, does not converge. But y,, — 0 as n — oo, such that this contradicts
our hypothesis. The contradiction proves the claim. O

Exercise 3. Define h(z) = Va2 + 1 for x € R. Is h uniformly continuous on R? Why?

Proof. (S.Chowdhury)

Claim: f is uniformly continuous. Note that we can write

x2+1—(y2+1)|

e N s Sy s

This becomes

% — g2 ‘ ‘ (x +y)( ‘

)\/x2+1—|—\/y2—|—1 \/T-F\/?JT

We can control |z — y| via J, so we need to control the other part.

2| < Va?+ 1 and [y| < V2 + 1=z +yl < |z + [yl < Va2 + 1+ V2 +1

So we can write:
|z + 9

va?+1+
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(Note that the bottom term is positive.)

Finally, if we fix £ > 0 and set 0 = ¢, we have

lr—y|l<d=¢

= [f(x)

| ’ m+y

NrES E;

0| <.

]

Proof. (H. Lyu) Recall that a function is uniformly continuous if it is Lipschitz continuous.
Suppose f is Lipschitz continuous on R, i.e., there exists a constant K > 0 such that for all
x>y eR,

[f(z) = f(y)] < Kz —yl.
Now given € > 0, one has |f(z) — f(y)| < e for all |x —y| < 6 when 0 < § < ¢/K. Thus f is
uniformly continuous.

If a function g is differentiable, a useful way to show g is Lipschitz continuous is to show
that ¢’ is bounded. Indeed, if there is a constant M > 0 such that |¢/| < M, then by the
mean value theorem we have

[f(@) = fW)] = [f' Oz —y| < M|z —y|
for each x > y € R, where € € (z,v).

Now according to the previous notes, it suffices to show that A’ is bounded. Indeed, for
all z € R,

< 1.

| ()| =

Thus A is uniformly continuous on R

‘ x?+1

O

Exercise 4. Let U be an open set in R. Show that U may be written as a countable (or
finite) disjoint union of open intervals.

Proof. (S.Chowdhury) StackExchange has several variants on this proof; I'm quoting one of
them here.

Take an open set O in R. Let Z denote the family of all open intervals contained in O.
Define an equivalence relation ~ on I, J € T by setting I ~ J if there exists a sequence
I =1Iy1,---,1, = J such that I N I}, is nonempty.

Let [I] denote the equivalence class of I. Then [I] is an open interval, and U [I] is a decom-

IeT
position of O into pairwise disjoint open intervals.
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To show countability, take a rational number ¢; in each [I]. Let K denote the set of equivalence
classes described above. Then we have a map f : K — Q given by f([/]) = ¢;. Because the
classes are disjoint, the map is injective, and thus we have a countable collection of open
intervals. O

Exercise 5. If a function g : R — R is differentiable everywhere and g’ is one-to-one, prove
that ¢’ is monotone.

Proof. (S.Chowdhury)

This problem requires Darboux’s theorem about the intermediate value property of deriva-
tives. Recall that on an interval [a, 0], if we have ¢’(a) < A < ¢/(b), then there exists ¢ € (a,b)
such that ¢’(¢) = A. Here’s the proof:

Define h(z) = g(x) — Az. Then h'(x) = ¢'(x) — A, and so A/(b) > 0 (increasing), h'(a) < 0
(decreasing). Thus there exist d,e in (a,b) such that h(e) < h(b) and h(d) < h(a). In
particular, h attains its minimum value (extreme value theorem), and it does so at some
point ¢ € (a,b). At this point, we have h'(c¢) =0 = ¢'(¢) — .

Back to the proof. For contradiction, assume ¢’ is 1-1 but not monotonic. Then there exist
a < b < ¢ € R such that (WLOG) ¢'(a) < ¢'(b) > ¢'(c), and either ¢'(a) < ¢'(c) or
g'(a) > ¢'(c). Suppose (WLOG) ¢'(a) < ¢'(c). Then we have ¢'(a) < ¢'(c) < ¢'(b), and by
Darboux’s theorem, there exists a point d € (a,b) such that ¢'(d) = ¢'(c). But this is a
contradiction because ¢’ is 1-1.

[
Exercise 6. Let the function ¢ be continuous on [0, 1] with
1 1
/ o(x)dr =0 and / zo(x)dr = 1.
0 0
Prove that |p(x)| > 4 for some z € [0,1].
Proof. (H. Lyu) Suppose for contrary that |p| < 4. Define
fla)= [ olt)a
0
Then f is differentiable on (O 1) with f" = ¢, f(0) = 0 and f(1 fo dr = 0. The

second condition implies | fo x)dx| = 1, since by integrating by parts

1—/011590(15)6[ /f —/Olf(x)d:c

Now the idea is the following. Since |f'| = |p| < 4, and f(0) = f(1) = 0, the graph
of y = f(z) must be enclosed by the four lines of "maximal” slope, namely, y = +4x and
y = 8 F 4z. But then the net area under y = f(x) must be strictly less than 1, contrary
to the fact that |f0 x)dz| = 1. To be more precise, we claim that |f(x)| < |[4x| on [0,1/2]
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and |f(z)| < |8 —4x| on [1/2,1]. First suppose for contrary that |f(y)| > |[4y| for some
y € [0,1/2]. Then by the mean value theorem, there exists &, € (0,1/2) such that

ol = [LO=LQ 05 |35

— Y

Y

contrary to the assumption that |p| < 4. The similar argument works for the second part of
our claim. Recall that if ¢ is a continuous non-negative function on [0, 1] and fol ¢ = 0, then
¢ = 0. This implies that if g, h are continuous functions on [0, 1] such that g(a) < h(a) for
some a € [0, 1], then fol g < fol h. In particular, we have

1/2 1/2 1 1/2
/ |f(x)|dx</ Az dx, / |f(m)|dm</ 8 — 4z dx.
0 0 1/2 0

Therefore we obtain

1 1 1/2 1
1= / f(x)dx S/ |f(x)]dx</ 4xd93+/ 8 —dxdr=1/2+1/2=1,
0 0 0 1/2
which is a contradiction. This shows that |p(z)| > 4 for some z € [0, 1]. O
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2003 - Autumn

Exercise 1. Prove or disprove: g(x) = sin(e®) is uniformly continuous on R.

Proof. (S. Chowdhury) Claim: ¢ is not uniformly continuous. To see this, consider the se-
quences given by

3
x, = In(2nm + g), Yo = In(2nm + 77T>
Observe that we have
onm 4 3¢
Yp — Tp = In ———2 = n(l—l—L)
2nm + g 2nm + %

So y, — x, — 0.
On the other hand, |f(y,) — f(zn)| = |sin(2nm + &) — sin(2nm + Z)| = 2. Set € = 2; this
contradicts uniform continuity. m

Exercise 2. Suppose (f,) is a sequence of functions on [0, 1] which converges pointwise to
a continuous function f and suppose that for each n, the function f, is increasing on [0, 1].
Does it follow that f, — [ uniformly? Justify your answer.

Proof. (S. Chowdhury) Claim: f, — f uniformly.

First note that f is continuous on a compact domain, hence it is uniformly continuous.
Fix ¢; this gives us a § s.t. [z —y| < 0 = |f(x) — f(y)| < . Now we partition [0, 1] into

intervals of length < g, with each endpoint a rational number. Thus we have a partition

P={0=q0,¢1, - ,qr = 1}. Now consider
[fu(@) = f(@)] = [fu(2) = ful@s) + ful@) — f(@)] < |fa(@) = fal@)] + | fala) — f(2)]

where we have taken g; to be the smallest rational in P that is greater than z.

Controlling | f.(z) — fu(q;)|: We have ¢;_1 < = < ¢ and we also know that f, is increasing.
So we can write

|fr(@) = fal @) < |fal@iz) = ful@)| = [faldio1) = f(qim1) + fl@im1) — (@) + f(@) — fala)]
< |fulgi-1) = fla)| + 1f(qi1) = fl@)| + | f(a) — fula)]

The first and third terms here can be controlled by pointwise convergence at the rationals; we
just need to choose a large n that works for all ¢, - - - , ¢&. The second term can be controlled
by the uniform continuity of f.

Controlling | fn(q;) — f(x)|: Write this as

|ful@i) = f(2)] = |fulas) — fla) + f@) — f(2)]
< | fal@) = fla)| + 1 f(q) — f(z)]
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We have already seen that the first term can be controlled by pointwise convergence (for all
i), and the second term can be controlled by uniform continuity.

We can control | f,(z) — f(z)| for all x € [0, 1], and so we have uniform convergence. O

Exercise 3. Let a, | 0 with Zzo:l a, < oo. Prove that na, — 0.

Proof. (S. Chowdhury) Apparently this problem is a classic, and there are at least two ways
to solve it. One uses even and odd subsequences (and is a little ad-hoc, I think), and the
other uses the Cauchy condensation test. We will use the condensation test to show that
> na, converges.

> a, converges (bounded series of nonnegative terms), so by the CCT, we know > 2"agn
converges and 2"ay» — 0. Consider the values of k for which 2" < k < 2"*!. Because the
terms are decreasing, we also have agn+1 < ap < agn. So we can write:

2na2n+1 < ka2n+1 S k?ak S k’CLQn < 2”+1a2n

1
= §(2n+la,2n+1) S kak S 2 . (2na2n)
The terms in parentheses go to zero, so by the squeeze theorem, the term in the middle also
goes to zero. Thus we conclude that na, goes to zero. O

Exercise 4. Construct (or prove the existence of ) a continuous function f on [0,00) such
that the improper integrals [[° f(x)dx and [~ xf(x)dx are both well-defined and equal to
zero but [ | f(x)|dz = oo.

Proof. (K. Nowland) f(z) = sinz/(xlogz) is such a function (after removing the singulairty
near the origin in a continuous way). Since sin x/(x log z) and sin x/ log x satisfy the condition
that fON sin zdt is bounded for all N and 1/zlogx and 1/logz go to zero as as = goes to
infinity, the integrals we wish to converge will certainly converge.

On the other hand, |sinx/xlog x| may not have a convergent integral. If we break up the
integral into intervals of length m, we see that the integral of | sin x| over any period will be
the same. But then the integral of 1/xlogx diverges, as the antiderivative is loglog . O

Exercise 5. Suppose f' exists and is decreasing on [0,00) and f(0) = 0. Prove that @ is

decreasing in (0, 00).

Proof. (S. Chowdhury) Set g(z) = £ Then ¢/(z) = W The denominator is positive;

x
we want to show that the numerator is negative.
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Apply the MVT on (0, x); we get

f(z) = £(0) =z ()
= fi(e) = %
/()

But f’ is decreasing, so f'(z) < f'(c) =
= af'(z) — f(z) <0

= ¢'(x) <0

“|

f (=)

xz

=

is decreasing.

]

Exercise 6. Let f € C?[a,b], where a,b € R with a < b. Let m = (a + b)/2, the midpoint of
the interval [a,b]. Prove that there ezists ¢ € (a,b) such that

[ ra)ds = 6= a)fm) + 500 - o) (56)

Proof. (O. Khalil) Define the function F(z) = [ f(t)dt. Since f is twice continuously differ-
entiable on [a, b], then by the Fundamental Theorem of Calculus, F' is 3-times continuously
differentiable on (a,b).

Using Taylor’s expansion with Lagrange remainder, write

F(B) = F(m) + (- m) flm) + P gy 4 O g (57)
F(a) = Fim) + (@~ m)f(m) + “ ™ promy + O ey (ag)
for some ¢; € (m,b) and ¢, € (a,m). Now, observe that b—m = %% and a —m = %32, And,

so, we have that (b —m)? = (a —m)?%.
Substituting these calculations and substracting 58 from 57, we get

(b—a)’ (f”(cl) + f”(@))

24 2 (59)

/ f(x)dz = f(m)(b—a) +

But, since f” is continuous on [a,b] and since W lies between f”(c;) and f"(cz),
then, by the intermediate value theorem, we have that there exists ¢ € (¢1,c2) C (a,b) such
that f"(c) = M Substituting in 59, we get 56 as desired. O
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2003 - Spring

Exercise 1. Find a triangle ABC' of mazimum area if A= (—1,1), B = (2,4), and
C e {(x,y):y:a:2,—2§x§2}.

(E. Nash) This problem has two valid proofs. We present them both.

Proof #1. Draw a sketch and guess. You will be correct. O]

Proof #2. Note that this problem is equivalent to considering A = (-1, —1), B = (2,2), and
Ce{lry):y=2"—-2-2<x<2}

We have just shifted every point down by two. Now if C' = (z, 2% — 2) for some z € [-2,2],
the area of the triangle ABC' is one half the length of the segment AB times the length of
the perpendicular line from (z, x*> — 2) to the subspace spanned by (1,1). Thus, maximizing
the area of the triangle is equivalent to maximizing the length of this perpendicular. We

must first calculate the projection of the vector (z, 2% — 2) onto the subspace spanned by

(1,1). The unit vector in the direction of (1,1) is (‘/75, ‘/7§>, so the projection is

2 V2 V2 V2 V2 2 oz 2 oz
[@’x _2>'<7’7>] <2’2> (2+§_12+§_1)

Subtracting this projection vector from the vector (z,z? — 2) gives the perpendicular vector
we are seeking:

2 2 2 2
) 2 oz ? x 22 2z
_oy (T T ) o (CE ),
(z,2" = 2) <2+2 '3 3 ) (2+2+’2 2 )
Set p1(x) = —‘%2 +Z+1=—1(z—-2)(x+1), pa)= %2 —Z-1=1(z—-2)(xz+1), and
p(x) = p1(x)? + p2(x)%. Then the length of the perpendicular vector is /p(z). To maximize

this function on the interval [—2,2], we take the derivative and set it equal to O: Lx()) =0.
p(x

Note first that p(z) = 0 only when both pi(x) = 0 and ps(z) = 0, so the derivative of
p(z) is undefined at x = —1 and 2 = 2 and we must consider these as critical points when

calculating the extrema. Now we find when p'(z) = 0, which will coincide with the zeroes of
p(x) .

24/p(z)’
p'(z) = 2pi(x) (% - l’) + 2ps() (az — %) =2(z—2)(z+1) (% - x>

Thus, we have critical points at x = —1, ;,2, and the endpoint —2. Clearly /p(—1) =

V/p(2) =0, so we must COHSldeI‘ = and the endpoint x = —2. We have the following:

PG =y (i) i) = () ()
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Vo(=2) = V(2= 1+ 12+ 2+1-1)2 = V22 + 22,

Thus, v/p(—=2) > 4/p (%) and so /p(z) attains a maximum at x = —2 on the interval

[—2,2]. Recasting this in the context of the original problem, the triangle of maximum area
therefore has vertices A = (—1,1), B = (2,4), and C' = (—2,4). O

Exercise 2. Let f, be differentiable on [0,1] and suppose:
(a) For each n € N and each x € [0,1], | /()] < 1;
(b) For each g € QN 0, 1], the sequence of numbers (fn(q)) converges.

Prove that the sequence of functions (f,) converges uniformly on (0,1).

Proof. (S. Chowdhury) Use the Cauchy criterion for uniform convergence; we want to get

[fn(@) = fin(2)] <

for any z € [0, 1], given n, m large enough. Write this as:

(@) = fm(2)] = [fa(@) = ful@) + fin(@) = fin(2) + fn(@) = fm(9)] (60)
< |fn(m) - fn<Q) + fm(Q) - fm(x” + |fn(Q) - fm(Q)| (61)

Note that we can control the second term in (61) by the assumption that {f,,} converges on
the rationals. So we need to try and control the first term.

Try MVT on the function f,, — f,,; for any ¢,z € [0, 1], we have

|fo(@) = fin(@) = ful@) + (@) = 1 f(0) = fr(0)]|x — g

<9.%
=4y

The “2” follows from the assumption that f is bounded, and the $ appears because we can
choose ¢ as close to x as we want.

Now we can control (61) and make it smaller than ; this concludes the proof. ]

Exercise 3. Let [ be twice-differentiable on R and suppose there are constants A, C' € [0, 00)
such that for each x € R, |f(z)] < A and |f"(z)| < C. Prove that there is a constant
B € [0,00) such that for each x € R, |f'(z)| < B.

Proof. (S. Chowdhury) Use Taylor expansion about .
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For our case, we set « = x and g = x + 2h.

J(a+20) = f(2) = f(2)(@ +2h — x) =f"(7) - 207

- iy L2 =S = 12

1) =g £+ 2) = £(2) — 2025 ()
f”(v)‘

=

<or| Flo - 2m) — f@)] +

1
<%2A + hC' (the bounds come from assumption)

A
== 4h
-+ hC

This gives us a bound and concludes the proof. O]

Exercise 4. Let f be a continuous function on [0, 1]. Determine

1
lim n/ eV f(z)dx.
0

n—oo

Proof. (K. Nowland) This is a typical d-function approximation. Note that ne™®~1 tends to
zero pointwise on [0, 1) but tends to infinity at 1, such that we would guess that the limit is

f(1). Note that
T I

as n — 00, such that it suffices to show that the limit of the above is the same as this limit,
i.e., for n large enough, the difference between the two can be made arbitrarily small. (To be
precise, this would require a triangle inequality.) Let € > 0 be fixed. Since f is continuous,
there exists 0 > 0 such that 1 —§ < x < 1 implies | f(z) — f(1)| < £/2. Since f is continuous
on the compact interval [0, 1], it is bounded in absolute value by some constant M > 0. We
calculate

0

1—em

- / 0@ (f(z) — f(1))da

< [nee @) - )1t
1-5 1

:/ ne™ @V f(z) — f(1)|dx+€/2/ ne™ @D dy
0 1—

s
1-6 1
< 2M/ ne™ = Vdg + 8/2/ ne™ Dy
0 0

<2M(e™ —e ™) +e/2(1 —e ™)
<2Me ™ +¢/2.
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Since e — 0 as n — oo, let n be so large that e™"0 < Me/4, such that we have

/l ne" @Y f(z)dx — RION <e,
0

1—em

as desired. ]

Exercise 5. FEither prove the following statement, or disprove it by giving a counterexample:
For each nonnegative continuous function f on [0,00), if the improper Riemann integral
fooo fdx converges, then fooo f3dx converges.

Proof. (K. Nowland) The statement is false. We build a continuous function f(z) as follows.
Let f(x) = n for x € [n — .5n3,n + .5n73%] for all n > 2. At the endpoints of each such
interval, liniearly connect f(x) to zero at a distance of .5n73 form the end of the interval. Let
f be zero elsewhere. Then the integral of f over the interval [n —n=3 n+n~3] is bounded by
2/n? since f is bounded by n on these intervals but the length of the interval is only 2/n?.
Since the series Y~ n~? converges, this proves that fooo fdx converges.

On the other hand, f3(x) = n® on [n —.5n73, n+ .5n73], such that the integral just over this
interval is 1. Since fooo f3dx is greater than the sum of the integrals over the inifnitely many
such intervals, [ f*dx must diverge. O

Exercise 6. Let K be a compact subset of R™ and let f be a map from K to K. Consider
the graph of f:
Gy =A{(z, f(x)):z € K}.

Prove that if Gy is a closed subset of K x K, then f is continuous.

Proof. (S. Chowdhury) First, we recall a general result: Suppose we have a vector-valued

function
g(x) = (fi(x), faox), -~ fulz))
Then g is continuous iff each f; is continuous. Proof: use the inequality

1

[12) = £iw)] < lota) [Z\fz 5w’

If each f; is continuous, then we can control the |f;(z) — fi(y)| terms and hence control
lg(x) — g(y)|. On the other hand, if g is continuous, then we can control each |f;(z) — fi(y)]
by the inequality given above.

Now we discuss the main proof. Define

g: K — Gy
x> (z, f(x))

This map is both onto and 1-1, and it makes sense to define g=! by
g~ ((z, f(x))) =
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Note that ¢! is continuous. Given € > 0, set § = . Then

(2, () = (v, F()] < 6
= [ -9+ (@) - fw)?] <o

S>r—y<d=c¢

-

Next, we claim that ¢ is continuous. We will use the result that a function is continuous if
the preimages of closed sets are closed. Observe that K compact implies K x K is compact
(general result: a product space is compact iff each component space is compact - does this
need to be proved in the qual?), and if G is closed, then G is compact (closed subsets of
compact sets are compact). Take a closed set V in G;. V is compact, so g~*(V) is compact
(continuous image of a compact set) and hence closed (Heine-Borel). Thus g is continuous,
and by the first result about vector-valued functions, we conclude that f is continuous. []
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Exercise 1. Determine whether the sequence of functions

F(z) = Z(—l)k—lm, n=123,...,

k=1

converges uniformly on the whole real line.

Proof. (K. Nowland) The sums do not converge uniformly on all of R. Note that

’x‘Qn—i—l

|Foi1(z) — Fo(z)| = Gnr 1)l

With n fixed, this tends to infinity as z — 4-co. Therefore

Sup [Py () — F(a)] = o
zeR

for any n € N. Therefore the sequence is not uniformly Cauchy on R whence it is not
uniformly convergent on R. O

Exercise 2. Prove that the sequence

1 1 1
Tp=1+-4+-+---+=—Inn, n=123,...,
2 3 n

converges as n — 0o. (Here Inn means the natural logarithm of n.)

Proof. See 05S1. O

Exercise 3. Let K be a compact subset of R? and let f : K — R be continuous. Prove that
f s uniformly continuous.

Proof. (O. Khalil) Suppose by way of contradiction that f is not uniformly continuous on
K. Then, there exists ¢ > 0 and points z,,y, € K such that |z, —y,| < 1/n for each n € N,
but |f(z,) — f(ya)| > e. But, since R? is Euclidean and K is compact, then K is closed and
bounded (by the Heine-Borel theorem). Hence, in particular, the sequence (z,) is bounded.
But, then, by the Bolzano-Weirstrass theorem,(z,,) has a convergent subsequence (z,;) with
limit . Similarly, (y,,) has a convergent subsequence (y,; ) with limit y. Since K is closed,
then z,y € K. Also, by continuity of f, we have that f(:z:njk) — f(z) and f(ynjk) — f(y).
Moreover, since |f(z,) — f(yn)| > € for all n, then |f(z) — f(y)] > € > 0 and so f(x) # f(y).
But, since |z, — y,| < 1/n for all n, then we have that

1 1
ynjk - n_Jk < -Tnjk < n_jk + yn]‘k

for all k. Thus, taking the limit as k — oo, we get that * = y. Hence, we have that
f(z) = f(y), a contradiction. Therefore, f is uniformly continuous as desired. O
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Exercise 4. Let [ : (a,b) = R be a convex function. (To say that f is convex means that for
all kg, x1 € (a,b) and all t € [0, 1], we have f((1—t)xo+txy) < (1—1t)f(xo)+tf(x1).) Prove
that the right hand derivative of f exists and is finite at every point of (a,b). (Of course the
same 1is true for the left hand derivative, although you are not asked to prove this.)

Proof. (K. Nowland) The key to this proof is drawing pictures to understand the situation.
I have not drawn them as that is difficult in KTEX. Let = € (a,b). To show that the right
hand derivative exists, we must show that the limit

i {0 = )

y—xt r—y

exists. To show this we show the following: That [f(z) — f(y)]/[x — y] is decreasing in y and
bounded below.

First we show that the sequence is bounded below. Let a < w < x < y. Then we claim that

fla) = fw) _ fly) = fl2) _ flx) = fly)

< —
T —w y—x x—y

Since w < x < y, it follows that there exists A € (0,1) such that z = Aw + (1 — A)y. It is an
easy calculation to see that A = (y — x)/(y — w). By convexity, we have

Y72 pwy+ 22

y—w y—-—w

f(z) <

().

Using the fact that 1 = A + (1 — \), we can rewrite this as

y_wf(x) y_wf(:v)éy_wf(w)er_wf(y).
Rearranging, Y a .
@) = fw) < 72 (F(y) = f(2)

clearing the denominator,

(y—2)(f(z) = f(w)) < (@ —w)(f(y) — f(z)).
Dividing by y — x and x — w gives the desired bound from below.
Now we show that the sequence is decreasing. Let z be such that z < y < z. We want to
show that
flx) = fly) _ flz) = f(2)
r—y - Tr—z

As above, there exists A € (0, 1) such that y = Ax + (1 — X)z. A quick calculation shows that
A= (z—y)/(z — z). By convexity,

Fy) < i)+ L=212)

zZ—XT zZ—XT




As, above we rewrite the left hand side and obtain

i)+ L) < = p @)+ L 1(2).

Z—T Z—XT Z—XT Z—XT

Rearranging and clearing the denominator gives

(z=y)(f(y) = f(2) < (y = 2)(f(2) = f(¥).

Dividing through,
fy) = [(=) _ J(z) = [()
y—r T z-y
After multiplying top and bottom of each side by —1, we have the desired inequality. Thus
we have shown that the difference quotient is decreasing in y and bounded below, such tha
the limit exists. This limit is the right hand derivative, O

Exercise 5. Let f : [0,00) — R be uniformly continuous and suppose that the improper
Riemann integral [° f(x)dx converges. Prove that f(x) — 0 as  — co.

Proof. (See 07TA5 and 0656 for 2 different solutions) O

Exercise 6. Let f : R — R be increasing. Prove that f has at most a countable number of
discontinuities.

Proof. (O. Khalil) Let a € R be a point of discontinuity for f. We first show that the one-
sided limits exist at a. Indeed, let (z,,) be any increasing sequence such that x,, — a, then
since f is increasing, we get that the sequence (f(z,)) is increasing and bounded above by
f(a). Thus, it converges. Therefore, f(a~) = lim, .,- f(z) exists in R and f(a™) < f(a).
Similarly, f(a™) = lim, ,,+ f(z) exists and f(at) > f(a). Since f is discontinuous at a, then
f(a™) # f(a™). In particular, f(a™) < f(a™). Let 7, € QN (f(a™), f(a™)) be a rational

number.

Let b be any other point of discontinuity for f and suppose that a < b. Let ¢ € (a,b). Then

we have that f(a™) < f(c) < f(bT). Hence, we get that (f(a™), f(a™))N(f(b7), f(bT)) =
Hence, we have that r, # .

Now, let D = {z : f is discontinuous at =} and define a map ¢ : D — Q by ¢(z) = r,. By
the above argument, we have that ¢ is one-to-one and thus the cardinality of D is at most
that of Q which is countable. O
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Exercise 1. Prove this form of Dini’s theorem: Let (f,) be a sequence of continuous real-
valued functions on the closed bounded interval [a,b]. Suppose that for eacht € [a,b], we have
fn(t) > fus1(t) for all n and lim, o fn(t) = 0. Prove that (f,) converges uniformly to 0 on
[a, b].

Proof. See 08AD5. H
Exercise 2. Let f be a differentiable function from R to R. Suppose that for each x € R,
we have ]

0< < :

Show that there exists ¢ € R such that

—2c

"e) = —— . 62
f (C) (1 + 02)2 ( )
Proof. (K. Nowland) Let g(x) = (1+22)~'— f(x). This is a nonnegative, real-valued function
which is differentiable on all of R. We wish to find ¢ such that ¢'(c) = 0. If g = 0, then the
statement is obvious, as any ¢ will work. In the sequel we assume this is not the case. Now
suppose there exists x; # x5 such that g(z1) = g(zs). Without loss of generality, suppose

x1 < 5. By the mean value theorem, there exists ¢ € (x7, z5) such that
g'(c) (w2 — 1) = g(x2) — g(x1) = 0.
Since x1 # 2, we may divide by xs — 1 to see that ¢'(c) = 0, as desired.

Note that 0 < g(z) < (1 + 2%)7!. Since (1 +2%)™! — 0 as * — 400, g(x) — 0 as x — +o0.
Thus g obtains an absolute maximum M for some y € R. Since we are assuming g # 0, M is
strictly greater than zero. Since 0 < M/2 < M, and g(z) — 0 as x — —o0, the intermediate
value theorem implies that there exists x; < y such that g(z1) = M /2. Similarly, there exists
x9 > y such that g(x9) = M /2. This completes the proof. O

Exercise 3. Define a function f on the interval (0,1) by

flx) = Z sin}il;x)‘

k=1

Prove that f is differentable on (0,1).

Proof. (O. Khalil) We begin by showing the series g(z) = > ° Cosl(c—kx) converges uniformly
on any closed subinterval [a, b] contained in (0, 1). Fix [a,b] C (0,1). Let n € N. Let g,(x)
denote the n'* partial sum of g(x) for some x € [a,b]. Let A, = >} cos(kz) and let b, = 1/n.

Summation by parts gives

n—1

1



Using the trig identity 2sin(a) cos(f) = sin(a + ) + sin(a — ), we get the following

ZSiH(Z ZQsm x/2) cos(kx) Z sin(z(2k + 1)/2) — sin((z(2k — 1)/2))

1

The above sum telescopes giving 2sin(§)Ay(z) = sin(z(2n + 1)/2) — sin(z/2). So, we get
that

sin(z(2n + 1)/2) — sin(z/2) < 1
2sin(a/2) ~ sin(a/2)

where we used the fact that sin(z) is increasing on (0, 1) and that a is strictly greater than
0. So, the partial sums A, (z) are uniformly bounded on [a,b]. Hence, by Abel-Dirichlet’s
test for uniform convergence, since 1/k decreases uniformly to 0, then g converges uniformly
on [a,b]. Moreover, f(z) converges for every = € (0,1) since |f(z)] < >} % for every z and
using the Weirstrass M-test.

|[An(2)| =

sin(z(2n +1)/2) — sin(x/Q)' <
2sin(z/2) N

To show that f is differentiable at z, let [a,b] C (0,1) be a subinterval containing x. Hence,
we have the following:

_ r+h > (x + h) — sin(kx
fl,,li%ﬂ l)z :}Li‘l; hk? =
B f: lim sin(k(x + h) — sin(kx)
— h0 hk?
 x= cos(kx)
— Z p

I
@
/N =

x)

where on the second line, we interchanged the limit and the summation because the se-
ries converges uniformly. This shows that limj,_, w exists for each x and so f is
differentiable as desired. O

Exercise 4. Let f be a continuously differentiable function from the interval [0,1] to R. (Use
one-sided derivatives at the endpoints of the interval.) Suppose that f(1/2) = 0. Show that

/0 @) < / ) P (63)

Proof. (0. Khalil) Using the Fundamental theorem of Calculus, we can write

- / " e

Hence, using Cauchy-Shwarz inequality for integrals (see proof in solution of Ex 5, Spring

05), we get that
2
— </; f’(t)dt) g/% f’(z&)"’dt/é 1%dt = <:z:—%)/é f(t)*dt
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Let G(z) = [y f'(t)*dt. Since f'(t)> > 0 for all ¢, then G(z) is increasing on [0, 1] with
supremum = G(1). Also, we have that ‘x — %‘ < % for all € [0, 1]. Hence, we have that

<x _ 1) (G(z) — G(1/2))| da

as desired. 0

Exercise 5. Let f be a continuous function from the interval [0, 1] to R. Compute

lim n/ol " f(z)dx.

n—o0
Justify your answer.
Proof. See 0956. O]
Exercise 6. Let (x,) be a sequence of real numbers. For each n, let

Cmte At
=

Ap

Suppose x,, — 0o as n — oo. Show that A, — oo as n — oco.

Proof. (O. Khalil) Set C},, = x; + -+ + x,, and b, = n. Now, observe that z,, = %.

The conclusion follows by Cesaro-Stolz theorem (see proof of this instance of the theorem in
solution of Ex 2, Spring 05). O
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amx™ 4+ -+ a1x + ag

by + -+ byw + by
0. Prove that there exists xo € R such that R is strictly monotone on (x¢, 00).

Exercise 1. Let R be a non-constant rational function R(x) = Qs by F

Proof. (K. Nowland) Rewrite R(z) as R(z) = f(x)/g(z) where f and g are polynomials.
The deritivative, defined everwhere g(z) # 0, is

is also a rational functional. As with R(z), it is defined and continuous anywhere g(z) # 0.
Since g(z) is a polynomial with finite degree, it has only finitely many zeros. If x; < x; <
-+ < zy, are the k£ < n distinct real zeros of g(z), then first we make xy > Oxy. For all x > =y,
R(z) is differentiable and continuous and R'(x) is continuous. If R(z) is not monotone on
some interval [a, b] with 2 < a < b, then it has a maximum or minimum in this interval by
continuity. By differentiability, R'(x) = 0 at this point. Since R'(z) = 0 implies its numerator
is zero, the prove the claim it suffices to note that the numerator is a polynomial of finite
degree, and therefore only has a finite number of zeros. If xq is strictly greater than any of
these zeros, then (xg, 00) will be a region on which R is monotone. O

Exercise 2. Find
(1) lim sin(mvn? +1);
n—oo
(i) lim sin®(7vn2 +n).
n—oo
Proof.
(i) (N. DeBoer)

Vn?i+1=vn?+1l-n+n
(Vn2+1—-n)(vn2+1+n)

= +n
vn?+1+n
1
vVn2+1+n
Therefore -
sin(mrvn? + 1) = sin(————— +n7
(V1) = sin( ST )

. By the summation formula for sine the above expression equals

sin( ) cos(nm) + cos( ) sin(n)

s T
vn?i+1+n vnZ+1+n

Which in turn equals

(=" Sin(m)
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Since
lim — =0

n—o00 1/n2 +n

By the continuity of sine

) =0

lim sin(

T
n—o00 1/n2 +n

So lim (— )31n(\/27+
n—o0 n n

(i) (O. Khalil) We wish to show that this sequence converges to 1. Define f(z) : [1,00) = R
by f(z) = sin?(7/x). Then, f is differentiable on (1, 00), with derivative

) =0

f'(z) = 2w sin(my/) cos(w\/_)T

Hence, we get that
1

! < 2 -

F@l <5

In particular, f(z) has a bounded derivative on (1, 00). Hence, it is uniformly continuous
by the mean value theorem.

Now, let ¢ > 0 be fixed. Let 6 > 0 be such that whenever x,y € (0,00) have that
|z —y| < 6, we get that | f(x) — f(y)| < e. Let N € N be such that & < d. Observe that
Vn2+n=./(n+1/2)2—1/4. Let n > 8N. Let m = n + 1/2. Note that the function
x + +/x is differentiable on the interval (m? —1/4, m?). So, by the mean value theorem,
we have that

1 1
Vm? —1/4 — Vm2| = 5
[vm? =1/ 1= |20 4 g,/i SSm_s=WN°<

Therefore, we get that |f(m? —1/4) — f(m?)| < e. Now, observe the following

f(m?) = sin®(z(n +1/2)) = (sin(nw) cos(m/2) 4 cos(nn)sin(r/2))* = cos?(n)

But, we have that cos’(nm) = 1 for all n € N. Let a, = sin*(mv/n2? +n) and let
m =n+1/2. For n > 8N, we get the following

jan — 1| = [f(m* — 1/4) — f(m®)] <e

€ was arbitrary so, a, converges to 1 as desired.
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Exercise 3. Let f be a continuous function on [0, 1]. Prove that

exp < /0 1 f(:z:)dx) < /0 1 exp(f(x))dz. (64)

i—1 i

— ,n] for

Proof. (K. Nowland) Partition [0, 1] into n equally spaced intervals and let &; € |
i =1,...,n be any sample points. Sice % exp(z) = exp(z) > 0 for all z, exp(z) is convex.

By the discrete Jensen’s inequality,

exp (% Z f(&)) < %ZGXP(JC(&))-

Note that this inequality is uniform in n and the &;. It therefore suffices to show that the left
hand side approximates the left hand side of (64) and similarly for the right hand side. Let
e > 0. Since exp and f are continuous, exp o f is continuous, such that for all n large enough
and all samples &; as above,

< e

el - [ explfa))ds

Also, the continuity of f implies that for n large enough and all samples &;,

exp (% g;f(a)) ~exp ( / 1 f(as)da:)

This completes the proof.

<eE.

The proof of the discrete Jensen’s inequality can be done by induction on the number of
terms in the sum. For two terms, Jensen’s inequality holds by the definition of convexity. For
the general case, we have p1z1 + -+ - + p,x, where > p; =1, p; > 0. Write p1xy + poxs = 1z
where r = p; + po and use the inductive assumption. O

= 1 1
Exercise 4. (i) Prove that for every n = 1,2,... the series (— — —) con-
& ! k:;H VEk—n \/E

verges.

(ii) For each n € N, let S, be the sum of the above series. Evaluate lim —=.
n—oo /N

Proof. (K. Nowland)

(i) The first n terms in the series are
1 1 n 1 1 T 1 1
V1o ovn+l V2 Vn+2 Vo220

Note that the terms 1/v/1, 1/4/2, ..., 1/y/n will never be cancelled by subsequent terms
in the series. In other words, the sum from n + 1 to n + k£ where k > n is given by

()~ s)
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Since n is fixed, this is a finite sum of terms which each go to zero such that the series

converges to

11 1
— =t .

ittt m

(ii) Since 1/vk is decreasing in k, the integral test implies that

/”H dz "1 " dx
< — <1+ —
1 — Vk

S
S

7

Integrating,

If we divide by v/n, we see that

%\

Taking the limit as n — oo gives S, /y/n — 2.

O

Exercise 5. vae the theorem on term-by-term dzﬁer’entiation of power series: if r > 0

and f(x Zanx converges for —r < x <r, then g(z Znan:c ~1 also converges for
n=0

—r<z<r,and f' =g.

Proof. (H. Lyu) Let rg, 7, be the radii of convergence of f and g, respectively. Then by the
Cauchy-Hadamard formula, we have

1 1 1

i ( )1/n - 1/n; 1/n - 1/n =Ty
10 SUPy, s 00\ T2ln lim,,_,oo Rt/ lim sup,,_, ., an lim sup,,_, . an

rg =

But since ry < r by hypothesis, we also have r, < r. It remains to show that f'(z) = g(z)
for |z| < r.

Now let fn(z) = >_p_,axx®. For each n, f, is differentiable with derivative f, =
> on_; kagx®1. Note that f) is the n-th partial sum for g. Recall that the partial sums
of a power series converges uniformly on any compact set contained in the domain of conver-
gence. In particular, f,, — f and f/ — g uniformly on any compact set K C (—r,r). Since
each f! is continuous, and since K can be a compact neighborhood of any point in (—r,7),
this implies g is continuous on (—r, 7). So g is integrable on any closed interval contained in
(—r,7). Observe that for any = € (—r,r), we have

[ owae= [ tim o= tm [ o=t (50 - £,0) = ) - £0)
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where by the uniform convergence f/ — g we can switch the limit and integral, and the last
two equalities follow from the fundamental theorem of calculus and the pointwise convergence
fn(z) = f(x). Then the above calculation yields

f<x+h2_f<x> :%/ g(t) dt.

Hence it suffices to show that the right hand side converges to g(z) as h — 0. Let G(z) =
fom g(t) dt. Then G is differentiable with derivative g, so by the mean value theorem, for each
small enough h € R, G(z + h) — G(x) = hg(&,) for some &, between x and z + h. Hence

R ]

Now as h — 0, &, — x, and by the continuity of g, we get g(&,) — g(x). Hence f'(z) = g(x).
This holds for each z € (—r,r). This shows the assertion. ]

Remark. The above result for term-by-term differentiation of power series is a special case
of the following general theorem. Suppose {f,} is a sequence of functions, differentiable on
la,b] and such that {f.(xo)} converges for some point xo on [a,b]. If each f] is continuous
and {f!} converges uniformly on [a,b], then f, converges uniformly on |a,b] to a function f
and f'(x) = lim,, o f(2).

Proof. Let g be the function on R defined by g(z) = lim, . f(z). We first show {f,}
converges uniformly on [a, b]. Since R is complete, it suffices to show that {f,} is uniformly
Cauchy. Fix z € [a,b] and € > 0. Then for any n,m € N, the triangle inequality yields

(@) = [ (@) | < |[fu() = fin(2)] + [fn(0) = fu(zo)]] + [fn(x) = frm(20)] (1)

By the mean value theorem applied to the differentiable function f, — f,., we get

|[fn(@) = fm(@)] + [fa(z0) = falzo)]l = (& = 20) (f2(§) — [ (E))

for some & between x and zg. Since {f/,} converges uniformly, it is uniformly Cauchy, so there
exists Ny € N such that sup |f! — f! | < gy Provided n,m > Ny. On the other hand, since
{fn(z0)} converges, there exists Ny € N such that | f,(xo) — fim(z0)| < €/2 for all n,m > Ns.
Let N = max(Ny, Na). Then by (1), we have |f,(z) — fi(z)| < € for all n,m > N. Hence

{fn} is uniformly Cauchy, as desired. Therefore (f,) converges to a function f uniformly on
la, b].

It remains to show f is differentiable on (a,b) and f'(x) = lim, . f,(z). Since each
f) is continuous on [a,b] and f/ — ¢ uniformly on [a,b], so by uniform convergence and
integration theorem and the fundamental theorem of calculus, we have

[ oteyae= [ tim gigede= tim [ gige)de = lim () ~ fulo) = £(2) S

z0 o n—00 o
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From this we get

f<x+h2_f<x> =%/ g(t) dt.
) =

Hence to show f is differentiable at x and f ( = limn_>C>o fl(z), it suffices to show that
the right hand side converges to g(x). Let G(z) = [; g(t) dt. Then G is differentiable with
derivative g, so by the mean value theorem, for each small enough h € R, G(x+h) —G(z) =
hg (&) for some &, between x and = + h. Hence

1 /th(t) g~ Glet+h) - Go)

= h = g(&n)-

Now g is continuous on [a, b] being the uniform limit of continuous functions {f/}, and as
h — 0, &, — z, so by the continuity of g, we get g(&,) — g(x). Hence f is differentiable at
x and f'(x) = lim,,_, f,(x), which holds for each = € (a,b). This shows the assertion. [

Exercise 6. Let a function f be uniformly continuous on [1,00). Prove that the function

F(zx) = fE:) is bounded on [1,00).

Proof. (O. Khalil) Since f is uniformly continuous, then 3§ > 0 such that Vz,y € [1,00),
whenever |x — y| < 24, we have that |f(z) — f(y)| < 1. Now, let = € [1,00) be arbitrary. Let
n € NU O be the largest integer so that 1 + nd < x. Hence, we have the following

|f(@)] = [fD)] < [f(z) = Q)]

=|flx) = fnd+ 1)+ fnd+1)— f((n=1)5+1)+---+ f(1+0) — f(1)]

<\f(9€) fo+ D[+ [f(nd+1) = f((n—1)0+ )|+ -+ [f(L+0) — f(1)]
n+1

where by the choice of n, we have that x — (nd + 1) < §. Now, observe that

-1
n(5+1<x:>n+1<mT+1

Hence, we get that

flx)] x-1 1+|f(1)] 1
F = < 1
F@) = |22 < o AL 2y )
where we used the fact that x > 1. Hence, F'(z) is bounded. O
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Exercise 1. State and prove Cauchy’s inequality for real sequences (ay)3>, and (by)5,, and
obtain necessary and sufficient conditions for when it is an equality.

Proof. (K. Nowland) The statment is what follows: Suppose >, a7 and Y ;- b} are both
convergent series. Then

0o 00 1/2 00 1/2
k=1 k=1 k=1

Equality holds if and only if a; = Ab; for some constant \. The proof is the same as for the
finite and integral cases. Consider the sequence (ay — A\by)?. We calculate that

0< (ar— Ao ="a} — 20 apby + Y _ b
k k k k

Note that the above holds if we instead take finite sums and replace ag, by, with |ay| and |bg|,
which is what implies that in the limit, the sum ), axb); converges absolultely and therefore
converges generally. Thus the above is a quadratic polynomial in A which is nonnegative.
This implies that the discriminant is nonpositive, i.e.,

2
(22akbk> S 4ZakZbk,
k k k

which is the desired inequality. O]

Exercise 2. How many positive solutions does the equation e* = 4 cosx have? Prove your
answer.

Proof. (K. Nowland) (less-rigorous) We claim that there is only one positive solution to
the equation. Note that ¢ = 1 and 4cos0 = 4. As x — 7/2, €® increases and is always
positive, while 4 cosx decreases down to zero. This monotonicity of the dervative in the
region [0,7/2] implies that there is at most one solution in this interval, but by continuity
and the intermediate valuetheorem, there is at least one solution to the equation. We want
to show that there is no other solution.

Note that 4 cosz < 0 on [0,37/2]. At 37 /2, the derivative of 4 cos z is —4 sin x such that the
value of the derivative of 4 cos x is 4. If €”, which is strictly positive has derivative larger than
4 at this point, 4 cosx will not catch up to e€”, as 4 is the maximum value of the derivative
of . In other words, we would have for x > 0, by the fundamental theorem of calculus,

e/t — / edx + ef>/? > / (4cosx)dx = 4cos(3m/2 + x).
3m/2 3m/2

Note that /2 > 1.5 because m > 3. Thus 37/2 > 4. Since e > z for all z € R, (look at
the power series form or make a geometric argument with derivatives), we have 3™/? > 4,
as required. This comple O
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Exercise 3. If f is a convex function on [0,1], prove that f(x) + f(1 — x) is decreasing on
0, %] (A function f is convex on [a,b] if for any x,y € [a,b] and any 0 <t <1 it satisfies
fltx+ (1 —t)y) <tf(x)+ (1 —1t)f(y). Note that f is not assumed to be differentiable.)

Proof. (R. Garrett) First, we claim for any convex function f : [0,1] — R and triple of points
x1 < X9 < xg in [0, 1] we have

flz) = flan) _ flas) = flzn) _ flas) = f(ao)

Ty — T o T3 — Ty o T3 — T

To show this, first set A = 2= and notice 1 — A = 72=2. By convexity, f(22) = f((1 —

x3—x1 "

ANy + Axg) < B=2 f(xq) + 22 f(x3). Subtracting f(z1) from both sides, we get f(z2) —
f(zy) < 222 f(x3) — f(x1)], which is clearly equivalent to the first inequality we wanted to

— x3—T1
show. By the first string of inequalities we obtained from convexity, we also have —f(z5) >
o (—f(x1)) — o f(z3), and by adding f(x3) to both sides, we get by easy simplification

f(z3)— f(zg) > E=22[f(x3) — f(x1)]. The second inequality we wanted to prove immediately

.
follows. Our claim is proved.

Now, let 2 < y lie in the interval [0, %] First, suppose y # % Then, we have r <y <1—y <
1 — 2z, and we apply our claim to get
fA—y)—fly) _ fA—2)—f1-y)

fly) = flx) _ fA—y) = fl2) _ <
Yy—x - l—y—=x - 1 -2y - Yy—x

Since y — x > 0, we may clear the denominators of the first and last terms to obtain

fy) = f(x) < f(1 —2) — f(1 —y), which implies f(y) + f(1 —y) < f(x) + f(1 — x). Now,
suppose y = %, then by the claim,

fly) = fx) _ [ =)~ [y)
y—x - l—z—y

Notice both denominators are 1/2 —x > 0, so we clear them to obtain f(y) — f(z) =

f(=y) = f(x) < f(1 —x) = f(y), which gets us f(y) + f(1 —y) < f(z) + f(1 - 2). Thus,
in all cases, f(x)+ f(1 — x) is decreasing on [0, 5. O

Exercise 4. Let a > 1. Find lim (a — {/a)".
n—0o0

Proof. (K. Nowland) Note that if a > 2, then for n large enough, a — {/a > 1, since {/a
decreases to 1 as n — o0o. Let N be any such n, then for all n > N, we have

(a - a) > (a— Va)"

Since a — Y/a is a constant greater than 1, as n — oo, this goes to infinity, such that the
limit is 400 (or does not exist).

Now suppose 1 < a < 2. Then a — /a < a — 1, since Ya > 1 for all n € N. But By
assumption we have 0 < a —1 < 1, such that the limit is zero, since (a —1)" — 0 as n — oo.
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The only case that remains to examine is a = 2. In this case we write

(2= V2 =(1+01-V2)"

Note that )
lim (14 (1 — ¥/2))0+% =¢,

n—oo

such that the limit of (2 — {/2)" = 400, as in the a > 2 case. To be precise, there exists
N € N such that for n > N, the typical term is bounded below by 2" which tends to infinity
as n does. ]

Exercise 5. Consider the series

x? x? x?

i s R TR T

2+

(i) Prove that the series converges for every real x.

(ii) Does the series converge uniformly on R? Prove your answer.

Proof. (K. Nowland)

(i) Note that for x = 0, the series is identically zero, such that the series converges there.
Now suppose = # 0 is fixed. We write a partial sum of the series as

" 1 14+ ——r=rr
2 .2 (1422)
:EZ 1 N L 1 — L :

i:O( + ) 1422

As n — oo, the term on top goes to 1, such that the series converges, for x # 0 to

22 rt+a22
= =z° + 1.
——— x?
1+22

(ii) Note that each term in the series is continuous for all x € R. The uniform limit of
continuous functions is again continuous. But the above is not continuous at zero,
since lim,_,o 2% + 1 = 1, while the series converges to 0 at zero. Since the limit is not
continuous but the partial sums are, the limit must not be uniform.

[
Exercise 6. Let f:[0,00) — R be non-negative and let fooo f(t)dt converge.
1. Show that these conditions do not imply that f(x) — 0 as x — oo.

2. Show that under the additional condition that f is uniformly continuous on [0,00),
f(z) =0 as x — oo.

Proof. (K. Nowland)
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1. For each n € N, let f(z) consist of a line from (n,0) to (n + 1/2n% 2n) and then from
(n + 1/2n3 2n) to (0,1/n?). Let f be zero away from the intervals [n,n + 1/n3]. The
itnegral over each interval [n,n + 1] is the area of the isoceles triangle of height 2n and
base n3, such that the area over each interval is n=2. Since the series Y n~2 converges,
the integral [~ f(x)dx converges. Clealry f(z) /4 0 as n — oo, because there is in fact a
sequence of points that tends to infinity.

2. Suppose f(x) does not tend to zero but that f is uniformly continuous. Thus there is
some ¢ > 0 such that there exists a sequence {x,} of strictly increasing points tending to
infinity such that f(x,) > e for each n. Since the points are tending to infinity, we may
suppose that x, 1 — z, > 1 for all n. By uniform continuity there exists § > 0 such that
|z —y| < 0 implies that |f(z) — f(y)| < £/2. We may suppose that 6 < 1/2. In particular,
there is a 0 ball around each x,, such that f(z) > £/2 in each ball. Thus ffn"j; (x)dx > €
for every n € N. Since z,, — 00, the integral failes the Cauchy convergence criterion and
thus cannot converges. The contradiction proves the claim that f(x) — 0 as © — oc.

]
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Exercise 1. Let a,, > 0 for all n > 1. Suppose that there exists

. an+1
q = lim .
n—o0 Ay

1
Prove that lim a;; exists too, and
n—00
1

lim a; = q. (65)

n—oo
Proof. (K. Nowland) See 09A1 and 05A6 for the one sided version of d’Alembert’s ratio test.
For a quick solution, let € > 0 be fixed and let N be so large that

An+1

qg—e< <qg+e

n

for all n > N. Write
Ay, Gp—1 ay +1

Ay = apy.
Ap—1 Ap—2 an
Thus we see that
an(q—¢e)" N <a, <an(qg+e)" .

If we take the nth root, we see that

1 1
limsupa; < q+e¢e, liminfa; >q—e.
n—00 n—oo
Since € was arbitrary, the limsup and lim inf must agree such that the limit exists and is ¢,
as claimed. 0

a ,—NT

Exercise 2. Determine all real numbers o such that the sequence g,(r) = x s uni-

formly convergent on (0,00) as n — oo.

e

Proof. (K. Nowland) The sequence converges uniformly on (0,00) for a > 0. Note that for
any o € R and fixed x € (0,00), z% ™ — 0 as n — oo such that the limit function in
any case will be zero. If @ < 0, then x*e™* goes to infinity as x goes to zero from the
right. If & = 0, then z%e™™* goes to 1 as = tends to zero from the right. Thus for a < 0,
SUD,e(0,00) |9n(2)| = 1. Tt follows that g,, cannot converge to zero uniformly on (0, co).

Now suppose a > 0. In this case, ¢,,(0) = 0 and also lim,_,, g,(0) = 0. Since g, is continuous
for all n, |g,(x)| is bounded for all n. Fixing n,

g (r) = az® te™™ — na%e ™ = e "1 o — nx).

The only critical point for the function is * = a/n. Since g,(x) > 0 for every n and = but
tends to zero at 0 and +o0, it must be that a/n is a global maximum for g, (z). Therefore
a

sup g (2)| = gu(ae/m) = ()" e,

Since a > 0, this tends to zero as n tends to infinity. Since sup,. |gn(x)] = 0 as n — oo, it
follows that the sequence of functions converges uniformly to the zero function on (0, 00). [J
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Exercise 3. Prove that the theta-function

n=—0oo

1s well-defined and infinitely differentiable for x > 0.

Proof. (K. Nowland) To show that the function is well-defined and infinitely differentiable
for = > 0, it suffices to show this for any compact interval [a, b] with 0 < a < b. In particular,
it suffices to show that for any interval, the sequence of partial sums of of f**1)(z) converges
uniformly on [a,b] and f*)(x) converges on the interval for all n € NN {0}, where f*) is the
kth derivative of f and f(©) = f. In other words, it suffices to show that every derivative (and
k = 0) gives a function which convergs uniformly on any fixed interval. We can of course
rewrite 6 as

Olx) =1+2) e ™
n=1

Let Oy (z) be the partial sum:

N
Oy(z) =1+2) e ™"
n=1
The kth derivative of thy is
N
0% (z) = 2(—m)" Y nemme,
n=1

If [a, b] is fixed, then ]9](\];)(37)| < |9§5)(a)|. It therefore suffices to prove that for any integral
k>0, 95\’;) (x) converges for any x > 0. Since the constant out front is unimportant, we just

need to show that -
Z n2k€—7rn2x
n=1

converges. Note that for n large enough, €™’ > p2k+2 for any fixed k and x. IL.e., there exists
N € N such that n > N implies n2*¢=™°% < n~2. Since the series >~ n~? converges, so will
the above series, as desired.

Though correct, I am not sure we need to show that e™* > n%+2 for n large enoguh.
To show this, note that for any x > 0, we have from the power series expansion for the
exponential function (valid on all of R),

. h2
e .
~ (k+2)!
Thus it suffices to find n such that
kL kL, 2kt4 ke
(k+1)! -
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Rewriting,
9 (k+1)!
[ P
Though this may require n to be very large if = is very small, since x > 0 is fixed, this is
possible. O

Exercise 4. Suppose 1 < a < 1+ (. Prove that the function

. 1 .
_Ja¥sin g, ifx #0,
f(x)_{o, it 2 =0

is differentiable on [0,1], but its derivative is unbounded on [0, 1].

Proof. (K. Nowland) I am assuming that 5 > 0 such that the inequalities make sense.

First suppose x > 0. Then f’(z) exists since f is the product of the differentiable z* with
sin(1/27), which is differentiable as the composition of differentiable functions. For z = 0,
we use the definition of the right handed difference quotient:
—f(x) —f(0) = 2% 'sin i
x xh
As z — 0, sin 2 is bounded while %! tends to zero since a > 1 by hypothesis. Thus f/(0)
is zero such that f is differentiable on [0, 1], as claimed.

For > 0, the derivative is given by

1 1
/ o a—1 _: a—pFB—1

x) = ax® " sin— — fr cos —.

e -8 .
For the same reason as above, the first term in the derivative tends to zero as x — 0%.
The other term however, is unbounded as x decreases to zero. This is because o <  + 1
by hypothesis such that z®7#~1 tends to positive infinity, while the cosine keeps oscillating
between —1 and 1. O

Exercise 5. Let f : [0, 1] — [0, 1] be increasing. Using the partition definition of the Riemann
integral, prove that f is Riemann integrable.

Proof. (K. Nowland) We use the Darboux integration criterion, which says that f : [0,1] — R
is Riemann integrable if and only if f is bounded and for all e > 0 there exists a partition
P of [0,1] such that U(f, P) — L(f, P) < &, where

U(f, P) = ZMZ(:Ez — Ii—l); Mz = sup f(.l’),
=1

[ —1,24]

and
n

L(f,P)= Zmz(m, —x;q), m;= sup f(x).

[i—1,24]
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Since it is given that f takes values in [0, 1], we have that f is bounded. Since the function
is increasing, for any given partition, we have that

n

U(f, P) = L(f,p) = > _(f(@:) = flwi) (@ — wipa)-

i=1
If we take P to be the the even partition of [0, 1] into n parts, this is
1 n
U(f, P)—L(f,p) = n Zl[f(%) = flzi-1)].

The sum is therefore telescoping, which gives

<=

v(s.p) - (s, p) = TS0

S|

Taking n to be so large that 1/n < €, we have the desired result. [
Exercise 6. Suppose that f :[0,00) = R is continuous. Prove that if
00 A
/ f(x)dx = lim f(x)dx
0 A—o0 0

exists (in short, [ f(x)dx converges), then [ e " f(x)dx converges for every o> 0 and

lim e f(x)dx :/ f(z)dz. (66)
a—0t 0 0

Proof. (K. Nowland) Since o > 0, e=** < 1 for all x € [0, 00). By comparision, we have that
for all v > 0, the integral [ e " f(x)dx converges. (Split the integral into positive and
negative parts, then use the inequality on each part separately)

Let ¢ > 0. Consider the convergent integral, [[°(1 —e°®)f(x)dz. We want to show that as
a — 07, this integral tends to zero. Since integral converges, there exists y > 0 such that
€

< —.
2

‘éwﬂ—eaﬂf@Mx

Since f(x) is continuous, there exists M > 0 such that f(z) < M for all z on the compact
interval [0,y]. Let « be so small that 1 — e~ < ¢/2yM. We calculate

[ -t

Y €
SM/ 1—e%dz < =.
0 2

By the triangle inequality, we have

/000 f(x)dx — /000 e f(x)dx

where the second inequality comes from the above estimates. O]

< +

Ja-es@a

Lmu_eﬂﬂﬂ@m:<a
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Exercise 1. Determine whether or not the following statement is correct. If it is correct,
prove it. If it is not, provide a counterexample. Let f : [0,00) — R be continuous, and let
lim, o f(z) = 0. Then f is uniformly continuous on [0, 00).

Proof. (O. Khalil) f is uniformly continuous. To show that, let ¢ > 0 be fixed. Since
lim, ., f(z) = 0, then there exists M € (0,00) such that for all x > M, we have that
|f(z)] < e/2. Moreover, we have that since f is continuous on [0, M + 1] which is compact,
then it is uniformly continuous (see proof of this fact in solution to Ex 3, Autumn 02). Hence,
there exists 0 > 0 such that for all z,y € [0, M + 1], if |x — y| < J, then |f(z) — f(y)] < e.
We may assume that § < 1.

Now, let z,y € [0,00) with |z —y| < 0. If z,y > M, then we have that |f(z) — f(y)| <
|f(@)|+|f(y)| <e/2+¢/2 =c¢e.If both 2,y < M, then uniform continuity of f on [0, M + 1]
applies. If y > M and = < M, then since § < 1 and |z — y| < §, then y < M + 1 and again

uniform continuity of f on [0, M + 1] applies. Thus, f is uniformly continuous on all [0, c0)
as desired. O

Exercise 2. Determine all real numbers o for which the improper integral / 2 sin(z?)dx
1

(i) converges absolutely;

(ii) converges.

Proof. (K. Nowland) Before beginning, we change variables:

e 1 oo a—1
/ 2 sin(2?)dr = = / xr 2 sin(x)dz.
1 2./

(a) Note that flt | sin(z)|dz is not bounded in ¢, but that sin(z) is. This is the main difference
between the two cases. Note that in this case, we have |sin(x)| < 1, such that the integral
will certainly converge absolutely for (o« —1)/2 < —1, i.e., for a < —=1. If a = —1, we
claim that the integral does not converge absolutely. Consider an interval [k, (k + 1)7]

with k¥ € N. Then

(k+1)m . 1 ™ 2
T si de > — si dr = —.
/]Wr x| sin(x)|dx ]W/o in(x)dx -
Since the series, > k™! does not converge, the integral cannot converge for o = —1.

Thus the integral converges absolutely for o € (—o0, —1).

(b) The difference in this case, is that || lt sin(z)dzx is bounded in ¢ due to the oscillatory nature
of sin(z). Thus for converge, it is sufficient for 2(®=1/2 to be decreasing as  — oo. For
this to occur, we need (v —1)/2 < 0, i.e., we erquire a < 1. The series does not converge
for av > 1, since then x(*~1/2 is either constant (aw = 1) or increasing, in which case in
any interval of the form 2k, (2k + 1)7] with k € N, the integral will be bounded below
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by the constant foﬂ sin(z)dz > 0, such that the integral will fail the Cauchy convergence
criterion. The integral therefore converges for a € (—o0,1).

]

Exercise 3. Let (a;) be a real sequence and let a be a real number. We say that a; converges
to a in the sense of Cesaro if and only if

n

o1
lim — g a; = a.
n—o0 N, 4

=1

Show that if a; converges to a in the usual sense, then a; also converges to a in the sense of
Cesaro.

Proof. (K. Nowland) Let € > 0 be given. Since a,, — a, there exists N € N such that n > N
implies |a, — a| < e. Let A=Y a;. This is a finite sum. We calculate that for k € N,

N-+k
1

1 K !
LN, < A
N+k;a A S A vy i

Letting k — oo, we see that

1 n
lim sup — a; < a-+e.
n—>oop n ;
Similarly,

N+k
1 k k 1

A _ <
TR i S S L

i=1

Again, letting k — oo we see that

1 n
a—sgliminf—g a;.

n—oo N 4 T

1=

Since € was arbitrary, this completes the proof. n

Exercise 4. Let a > 0 and € > 0 be given. Find a positive constant K, depending on a and
g, such that for all x > K, the inequality log x < ex® holds. Verify that your constant works.
It is not necessary to find the least possible K.

Proof. (R. Garrett) Since the question doesn’t ask for the minimum K, we may impose the
restriction that x > 0 and K > 0. Then, by the archimedean property, there exists N € N
such that an > 1 for all n > N. We notice that In(z) < ex® if and only if 2 < e(@*) =

a\l a\l n..aN . n .aN . .

Yoo (“;!) > >0y (“;!) > S—. So, it suffices to find an x such that <57— > x, which is
n p.aN—1 1 1

the same as “Z— > 1or 2V~ > 5 or z > (57)a%-7. Now, we may set K = (&§)av—1. O
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Exercise 5. For a bounded interval [a,b], let M be the set of all continuous strictly positive
functions on [a,b]. For f in M, let L(f) be defined by

= ([ ) ([ )

For what function(s) f does L(f) attain its minimum value, and what is that minimum
value?

Proof. (0. Khalil) By the Cauchy-Schwarz inequality (see proof in solution of Ex 5, Spring
05), for each f € M, we have that

V(@)

Moreover, the function g(x) = 1 belongs to M and has that L(g) = (b—a)?. So, L(f) attains
its minimum at g which equals (b — a)?. O

L(f)z(/ V() : drﬂ) =(b—a)’

Exercise 6. Prove the following (Arithmetic-Geometric Mean) inequality: If n is a positive

integer, and if x1,...,x, are positive numbers, then
T o+ -+ x,
(2120 -+ )" < 22 T o (67)
n
Proof. See Spring 2006, exercise 5. m
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