A SUPPORT PROBLEM FOR THE INTERMEDIATE
JACOBIANS OF [-ADIC REPRESENTATIONS

G. Banaszak, W. GAJDA, P. KrRASON

ABsTRACT. We consider the support problem of Erdos in the context of [-adic rep-
resentations of the absolute Galois group of a number field. Main applications of
the results of the paper concern Galois cohomology of the Tate module of abelian
varieties with real and complex multiplications, the algebraic K-theory groups of
number fields and the integral homology of the general linear group of rings of in-
tegers. We answer the question of Corrales-Rodrigdnez and Schoof concerning the
support problem for higher dimensional abelian varieties. In the Appendix C of the
paper we verify a special case of the Mumford-Tate conjecture for abelian varieties.

1. Introduction.
The support problem for G,, was first stated by Pal Erdos who in 1988 raised the
following question:

let Supp(m) denote the set of prime divisors of the integer m. Let x and y
be two natural numbers. Are the following two statements equivalent ?

(1)  Supp(x™ —1) = Supp(y™ — 1) for every n €N,

(2) ==y
This question, along with its extension to all number fields, and also its analogue for
elliptic curves, were solved by Corrales-Rodriganez and Schoof in the paper [C-RS].
Other related support problems can be found in [Ba] and [S]. In the present paper
we investigate the support problem in the context of [-adic representations

Pl GF — Gl(Tl)

The precise description of the class of representations which are considered is rather
technical. It is given by Assumptions I, II in section 1.3. This class of representa-
tions contains powers of the cyclotomic character, Tate modules of abelian varieties
of nondegenarate CM type, and also Tate modules of some abelian varieties with
real multiplications (cf. Examples 2-6 in section 1.3).

Typeset by ApS-TEX
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Consider the reduction map
ro: Hp 6, (Gp; T1) — H' (gy; T0),

for all v ¢ S;, which is defined on the subgroup H},sl(Gﬂ T;) of the Galois co-
homology group H!(Gr; Tj) (see Definition A.2, Appendix A). S; denotes here a
finite set containing primes over [ in F. Let B(F') be a finitely generated abelian
group such that for every [ there is an injective homomorphism

wF,l: B(F) ® Z; — H},Sl(GF; Tl)

Let P and Q be two nontorsion elements of B(F). Put P = 4p;(P ® 1) and
Q=1 7i(Q ®1). Our main point of interest is the following support problem.

Support Problem.
Let P* be an infinite set of prime numbers. Assume that for every | € P* the
following condition holds in the group H'(gy; T) :

for every integer m and for almost every v & S

A PN

mr,(P)=0 implies mr,(Q) = 0.

How are the elements P and Q related in the group B(F') ¢

1.1. Main results.
Let P* be the infinite set of prime numbers which we define precisely in section 2
of the paper. We prove the following theorem.

Theorem A. [Th. 1, section 3]
Assume that for every | € P*, for every integer m and for almost every v € S; the
following condition holds in the group H'(g,; T}) :

mry(P) =0 implies mry(Q) = 0.
Then there exist a € Z — {0} and f € Og — {0} such that aP + fQ = 0 in B(F).
Here Og denotes the ring of integers of the number field E associated with the
representation p; (see Definition 1).

In order to prove Theorem A we investigate representations with special properties
formulated in Assumption I and Assumption IT of section 1.2. We introduce the
notion of the Mordell-Weil Og-module for such representations. Proof of Theorem
A is based on a careful study of reduction maps in Galois cohomology associated
with the given [-adic representation which satisfies Assumptions I and II. We man-
aged to extend the method of [C-RS] to the context of such l-adic representations.
The hard part of the work is to control the impact of arithmetical properties of the
images of these representations on the support problem. In section 4 of the paper
we derive the following corollaries of Theorem A.
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Theorem B. [Cor. 1, section 4.1]

Let P, Q be two nontorsion elements of the group O o. Assume that for almost
every prime v of Op and every integer m the follouﬁ'ng condition holds in the
group k) :

mry,(P) =0 implies mr,(Q) =0,

where in this case
. X X
ry: Opg— k.

is the reduction map at the prime v € S. Then there exist a, f € Z — 0 such that
P*=Qf in OF .

Note that Theorem B was already proven in [C-RS], where it is also shown that
one can choose g = 1.

Theorem C. [Cor. 2, section 4.2]

Let P, Q be two nontorsion elements of the algebraic K-theory group Koni1(F),
where n is an even, positive integer. Assume that for almost every prime v of Op
and every integer m the following condition holds in the group Kopy1(ky) :

mr,(P)=0 implies mr,(Q) =0,

where in this case, r, is the map induced on the Quillen K-group by the reduction
at v. Then the elements P and Q of Kopny1(F') are linearly dependent over Z.

Note that Theorem C has already been proven by a different method in [BGK].
Theorem C implies the following result concerning the reduction maps

7";! H2n+1(K(OF); Z) — H2n+1(5l(/€v); Z)
defined on the integral homology of the K-theory spectrum K (Op).
Theorem D. [Cor. 3, section 4.2]
Let n be an even, positive integer. Let P', Q' be two nontorsion elements of the
group Hop1(K(OF); Z). Assume that for almost every prime ideal v of O and
for every integer m the following condition holds in the group Hap1(SU(ky); Z) :
mr. (P") =0 implies — mr,(Q") = 0.

Then the homology classes P' and Q' are linearly dependent in Hopi1(K(OF); Z).

Theorem A has the following corollary concerning the class of abelian varieties
mentioned in the beginning of this Introduction.
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Theorem E. [Cor. 4, section 4.3]
Let A be an abelian variety of dimension g > 1, defined over the number field F
and such that A satisfies one of the following conditions:

(1) A has the nondegenerate CM type with Endp(A) ® Q equal to a CM field
E (cf. example 4, section 1)

(2) A has real multiplication by a totally real field E = Endp(A) @ Q, dim A =
he, where e = [E : Q| and h is odd (cf. example 5, section 1) or A is an
abelian variety such that Endp(A) = Z and dim A is equal to 2 or 6 (cf.
example 6 (b), section 1).

Let P, Q be two nontorsion elements of the group A(F). Assume that for almost
every prime v of O and for every integer m the following condition holds in
Ay (ky)

mry,(P)=0 implies mr,(Q) = 0.

Then there exist a € Z — {0} and f € Og — {0} such that aP + fQ =0 in A(F).

There are two important special cases of abelian varieties satisfying conditions of
(2) of Theorem E: abelian varieties A with Endp(A) = Z such that dim A is an
odd integer [Sel] (cf. example 6 (b), section 1) and abelian varieties with real mul-
tiplication by a totally real number field E = Endp(A) ® Q, such that e = g [R1]
(cf. example 6 (a), section 1). Note that for these abelian varieties the analogues
of the open image theorem of Serre have been proven [R1] and [Sel]. The proof of
Theorem E relies on the analysis of the image of the corresponding Galois represen-
tation. The information concerning the image of Galois representations on [ torsion
points of abelian varieties in (1) and (2) of Theorem E is contained in Theorem Bl
of Appendix B and Theorem C5 of Appendix C. We would like to mention that
Theorem E given above provides an answer to the question of Corrales-Rodriganez
and Schoof about the support problem for higher dimensional abelian varieties [C-
RS], p. 227, where the support problem for an elliptic curve was considered. It is
known that for some families of abelian varieties of Theorem E the Mumford-Tate
group over (Q; is equal to the identity component of the Zariski closure of the image
of the Galois representation on V;(4) = T;(A) ® Q i.e., the Mumford-Tate con-
jecture holds. For the CM abelian varieties of Theorem E (1) the Mumford-Tate
conjecture follows by the results of Pohlman cf. [Se5]. Important special cases of
the Mumford-Tate conjecture have been proven by J.P. Serre [Sel], W. Chi [C],
K. Ribet [R1], R. Pink [P] and S. Tankeev [Ta2]. In Theorem C6, Appendix C
we verify that the Mumford-Tate conjecture is true for some new abelian varieties
belonging to the first class of varieties listed in part (2) of Theorem E.

Organization of the paper: In section 1 we introduce necessary notation and defi-
nition of the class of representations which are considered. The proof of Theorem
A is contained in sections 2 and 3. In order to keep the exposition self-contained
we attached three appendices at the end of the paper. In Appendix A we discuss
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[-adic intermediate jacobians which were defined in a different context by C. Schoen
in [Sch]. Appendix B contains a brief exposition of abelian varieties of the non-
degenerate CM type following [R3], [K] and [Haz|. In the Appendix C we discuss
the image of the Galois representation for abelian varieties with real multiplica-
tions for which the support problem has positive answer. The reader is advised to
use the appendices as the source of explanations for the undefined symbols in the
main body of the paper. In section 4 of the paper we collected the corollaries of
Theorem A.

Acknowledgements: We thank K. Ribet for correspondence concerning the Galois
representaton associated with CM abelian varieties. We also thank J.P. Serre, S.G.
Tankeev and J.P. Wintenberger for conversations and correspondence concerning
the case of the Galois representation of abelian varieties with real multiplications.
The ICTP in Trieste, the MPI in Bonn, the SFB 343 in Bielefeld, CRM in Barcelona,
Mathematics Departments of the Ohio State University and Northwestern Univer-
sity provided financial support during our visits to the institutions, while the work
on this paper continued. The research was partially financed by a KBN grant.

1.2. Notation.

[ is an odd prime number.
F is a number field, OF its ring of integers.
Gr = G(F/F)
v denotes a finite prime of Op.
Orgs is the ring of S—integers in F\ for a finite set S of prime ideals in Op
F, is the completion of F' at v and k, denotes the residue field O /v

G, = G(F,/F,)

I,  is the inertia subgroup of G,

v = G(kv/kv)

T;  denotes a free Z;-module of finite rank d.

Vi = Ti®z,Q

Ay = VT,
pi:  Gp — GI(T)) is a representation unramified outside a fixed finite set S

of primes of Op, containing all primes over [.

o1 denotes the residual representation Gg — GI(T;/1) induced by p;.

F;, = F(A]l]) denotes the number field Fkerer,

G; = G(F/F); observe that G; 2 p;(GF) is isomorphic to a subgroup of
GU(T/l) 2 Gl4(Z/1). Let L/F be a finite extension and w a finite prime in
L. To indicate that w is not over any prime in S; we will write w ¢ Sj,
slightly abusing notation.

[H,H] denotes the commutator subgroup of an abstract group H.
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1.3. Basic Assumptions.

Assumption I. Assume that for each 1, each finite extension L/F and any prime
w of Or, such that w ¢ S;, we have

Fry _
T/ =0,

(or equivalently V}FT“’ = 0), where Fr,, € g, denotes the arithmetic Frobenius at
w.

Ezample 1. Let X be a smooth projective variety defined over a number field F'
with good reduction at primes v ¢ S;. Let X be the regular, proper model of X
over O g, and let &, be its reduction at the prime v of O g,. Put X=XQpF
and X, = X, ®, ky. In the case when H’,(X;Z;(j)) is torsion free for some i, j
such that ¢ # 25 we put

T = Hy (X Za(5).

By the theorem of proper and smooth base change ([Mil] VI, Cor. 4.2) there is a
natural isomorphism of G,-modules

(1.1) Hy (X5 Z4(5)) = Hey (X0 Za(5))

(cf. [Ja] p. 322). Since the inertia subgroup I,, C G, acts trivially on H:, (X ,; Z(5)),
we observe by (1.1) that the representation p;: Gp — GI(T}) is unramified outside
S;. It follows by the theorem of Deligne [D1] (proof of the Weil conjectures, see
also [Har] Appendix C, Th. 4.5) that for an ideal w of Of, such that w ¢ Sj, the
eigenvalues of F'r,, on the vector space

Vi= Hét(Y; Q (J))

are algebraic integers of the absolute value N(w)~*/?%7, where N(w) denotes the
absolute norm of w. It follows that TIF““ = (. In the special case when X = A is
an abelian variety defined over F, we have

Ty = Hey(A; Za(5)) 22 N Hey(A; 20)(5) = A Homz, (Ty(A); Z4) (5),

which is a free Z; module of rank (21.9) by [Mi2] Th. 15.1. In this paper, most of
the time we will consider the representation

of the Galois group Gr on the Tate module Ty(A) = HL(A;Z;)* of the abelian
variety A defined over F', where for a Z;-module M, we put M* = Homg,(M;Z;).
By the above discussion we see that p; satisfies Assumption I.
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In order to formulate the second basic assumption on the representation p let us
introduce some more notation. We fix a finite extension E/Q of degree e = [E : Q)
such that the Hilbert class field E¥ of E is contained in F. We assume that each
prime [ splits completely in F. Let

) =A1... Ae

be the decomposition of the ideal (1) in Og. The ring Og acts on T} in such a way
that 77 is a free Og; = Og ® Z; module of rank h and that the action of O,
commutes with the action of G given by the representation p;. It is clear that e
divides d = dim p; and h = 4. Put E; = Og,; ®7, Q. In addition, we denote by Ejy,
the completion of E at A\; and by O}, the ring of integers in E,. Now, it is obvious
that

e e
OE’,l = H O)\i and El = HE)\Z..
Since T; has the O ;-module structure, we can represent V; and A; as follows:
Vi=T ®o,, ki

A =T ®o,, E1/Op) = &i—1Ti ®0,, Ex, /O, = ®i_1 AN,

where we put Ay, = T} ®o,, Ex,/Ox,.

Note that every prime ideal \; is principal, because by assumption E¥ C F.
Hence, \; = (m;) for some m; € Og. In this case Ey, /Oy, = Q,/Z; for each i, hence
all Ay, are divisible groups of the same corank h. Observe that 4;[\;"] = Ay, [A:¥]
and

(1.2) Alll] = _@Alm,

where dimz/lAl [Ai] = h, for all 1 < ¢ < e. By assumptions and decomposition
(1.2) it is clear that the image p;(Gr) of the representation p; is contained in the
subgroup of Gl4(Z/l) which consists of matrices of the form

ci 0 ... 0
0 Cy ... 0
o 0 ... C.

where C; € Gl (Z/1), for all 1 < i < e. Hence, we can consider the image of p; as a
subgroup of the product [[;_; Gln(Z/1).
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Assumption II. Let P = P(p) be an infinite set of prime numbers [ > 3, which
split completely in F' and such that the [-adic representation p; satisfies the following
conditions.

(1) If b > 1, then for each 1 < i < e, there is a subgroup H; C Gl,(Z/l) =
Gl(A;[\;]) such that:

(¢) the subgroup Hy x --- x H; x --- x H, of the group [[;_, Gl,(Z/1) is
contained in I'mp; = G; and Hy x --- x H; X --- x H, has index prime to [
in G
(ii) H; acts irreducibly on A4;[\;] = (Z/1)",

(131) H;/[H;, H;] has order prime to [,
(iv) there exist matrices o;, #; € H; such that 1 is an eigenvalue of o; with
eigenspace of dimension 1 and 1 is not an eigenvalue of f3;,

(v) The centralizer of H; in Gl (Z/1) is (Z/1)* 1}, i.e. if o € Gl (Z/1) and
oh = ho for all h € H;, then o is a scalar matrix.

(2) If h > 1, then for each 1 < i < e the group H; contains a nontrivial subgroup
DY of the group {alp; a € (Z/1)*} C Gly(Z/1) of scalar matrices.
(3) If h = 1, we require that G; = G(F;/F) satisfies two additional conditions:
(i) for every 1 < i < d, there is a diagonal matrix o; = diag (p1, . - ., ftd)
in the group G; with p; =1 and p; # 1, for all 5 # 1,
(#3) there is an isomorphism of rings Z/I[G)] = Og/l, where Z/1[G/] denotes

a subring of O/l generated by Z/l and the image of G; in Og/l via the
natural imbedding G; — (Og/I)*.

Definition 1. Let {B(L)}r, be a direct system of Og-modules indexed by all finite
field extensions L/F. The structure maps of the system are induced by inclusions
of fields. We assume that for every embedding of fields L — L’ the structure

map B(L) — B(L') is a homomorphism of Og-modules. Let us put B(F) =
lim;  » B(L). Let p and P be as in Assumption II. The system {B(L)} is called

the Mordell-Weil Og-module of the representation p (or more precisely, of the pair
(p, P)) if the following conditions are satisfied:

(1) B(L) is a finitely generated Og-module for all L.
(2) There is a natural homomorphisms of Og-modules

Yri : B(L) — H} g, (Gr; Th)

for the definition of H} o (Gr;T;) see Appendix A), where L is as above
.faSl
and [ € P, is such that either

(i) for every [ € P, the induced map
Yra®Z: B(L)® Z — Hj 6, (GL; Th)
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is an isomorphism, or

(#7) for every [ € P, the map 9 ; ® Z; is an imbedding, the group B(F')
is a discrete Gp-module which is divisible by [ and for every L we have:
B(F)%t = B(L) and H°(G; A;) C B(L).

We end this section with the examples of Mordell-Weil Og-modules related to
[-adic representations which satisfy Assumptions I and II.

Ezxzample 2. Consider the [-adic representation

given by the cyclotomic character. In this case T = Z;(1), V; = Q (1) and A; =
Qi /Z;(1). This representation is given by the action of Gg on the Tate module of
the multiplicative group scheme G, /F. Let S be any finite set of primes in Op.
Denote by S; the set of primes consisting of primes in S and primes in F' over [.
Put B(L) = G, (Or,s) = Of ¢ for any finite extension L/F. The Kummer map
(which is obviously injective)

B(L)®Z; — H'(GL,s,; Z(1)) — H' (Gr; Zy(1))
factors naturally through
wL,l : B(L) X Zl — H},Sl (GF, Zl(l))

In this case we take £ = QQ hence O = Z. We take P to be the set of all prime
numbers [ such that G(F(p;)/F) is nontrivial.

Ezample 3. Let n be a positive integer. Let T; = Z;(n + 1), hence V; = Q;(n + 1)
and A; = Q;/Z;(n + 1). Consider the one dimensional representation

pr o GF — GL(TI) = le

which is given by the (n + 1)-th tensor power of the cyclotomic character. For each
odd prime number [ and for a finite extension L/F consider the Dwyer-Friedlander
map [DF]

Kony1(L) = Kony1(L) ® Zy — HY(Gr; Zi(n + 1)).

Let Cr, be the subgroup of Ka,11(L) which is generated by the [-parts of kernels of
Dwyer-Friedlander maps for all odd primes [. We define the group B(L) by putting

B(L) = Koy4+1(L)/CL.
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Note that the group Cp, is finite by [DF] and it should vanish if the Quillen-
Lichtenbaum conjecture holds. Note that in this case

HI(GF; Zl(n+ 1)) = HI(GF,Sl; Zl(n+ 1)) = H}Sl (GF, Zl(n+ 1))
It follows by the definition of B(L) that

'll)L,l : B(L)®Z1§H1(GL; Zl(n—l—l)).

In the following three examples we discuss representations which come from Tate
modules of abelian varieties. Let A/F be a simple abelian variety of dimension d
over a number field F. As usual, we take T; = T;(A) the Tate module of A. Consider
the [-adic representation

pr - Gp— GIUTi(A)).

Assumption I holds due to the Weil conjectures (cf. [Sil], pp. 132-134). Let S be
the set of prime ideals of F' at which A has bad reduction. By the Kummer pairing
and Serre-Tate theorem ([ST], Th. 1, p. 493 and Corollaries 1 and 2 of Manin’s
Appendix II to the book [M]) we have a natural imbedding

Yy A(L)®Z; — Hj g, (Gr; Ti(A)).

Put B(L) = A(L) for any finite extension L/F.

Ezample 4. Let A/F be a simple abelian variety with complex multiplication by a
CM field E cf. [La] such that EH C F, where E¥ is the Hilbert class field of E. We
assume that CM type of A is nondegenerate (cf. Appendix B Def. B1) and defined
over F' . Condition (i) of Assumption II (3) holds by Theorem Bl of Appendix
B (for CM elliptic curves it also follows by an alternative argument cf. [C-RS],
Lemma 5.1, p. 286). Condition (i7) of Assumption II (3) follows by Proposition, p.
72 of [R2]. We take P to be the set of prime numbers [ which split completely in
F and such that A has a good reduction at [.

Ezample 5. Consider a simple abelian variety A/F such that £ = Endp(A) @ Q =
Endp(A) @ Q (cf. [R1] and [C]) where e = [F : Q| and 2he = 2g with h and
odd integer. In addition, we choose F' to be a number field satisfying conditions
indicated in a discussion which follows Theorem C1 of Appendix C and such that
EH C F. We take P to be the set of prime numbers [ > 0 which split completely
in F, abelian variety A has a good reduction at [ and fulfills all the assumptions of
Appendix C. Hence by Theorem C5 of Appendix C we get

H Span(Fr) =[Gy, Gy).
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Taking H; = Spap (Fy), for all 1 < i < e, we observe that conditions of Assumption
IT (1) are fulfilled since

(4) TI;—, Span(F;) C Gy, and the quotient group GSpap (F;)/Span(F;) has
order prime to [,

(i1) Span(Fr) acts on A;[\;] 22 (Z/1)?", in an irreducible way.
111) Spap () modulo its center is a simple group.

(#11) Span( ple group

(1v) matrix o; € Spap (Fy)

= ("8 i)

has eigenvalue 1 with the eigenspace of dimension 1 where

110 ... 00
011 ... 00
()= o
00 0 11
000 0 1

is the h x h Jordan block matrix with 1 as the eigenvalue and 3; = —Iap, €
Spon(Fy) does not have 1 as an eigenvalue.

(v) The centralizer of Spop(F;) in Glop(IF;) is (Fy)* Iap,.

Observe that condition (2) of Assumption II is satisfied since obviously —Is, €
Span(Fr).

There are two special cases of Example 5 that have been considered extensively in
the past.

Ezample 6. (a) Let A/F be a simple abelian variety with real multiplication by a
totally real field E = Endp(A) ® Q = Endg(A) ® Q such that e = g and h = 1
(cf. [R1]). We choose F to be such a number field that E¥ C F. We take P to be
the set of prime numbers [ which split completely in F' and such that A has a good
reduction at I. Theorem 5.5.2, p. 801, [R1] or Theorem C5 of Appendix C implies
that the image of the representation p; contains the subgroup

Hsz2(m> = HspQ(m

therefore the representation p; satisfies Assumption IT (1) and (2).

(b) Let A/F be a simple abelian variety with the property that Endg(A) = Z
and ¢ = dim A is odd or equal to 2 or 6. In this case F = Q hence e = 1 and
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h = g. By the theorem of Serre ([Sel] Th. 3) the image of the representation p
equals GSp24(F;) (hence contains Spag(F;)) for almost all I. We take P to be the
set of prime numbers such that the image of p; equals GSpo,(F;) and A has good
reduction at [. Hence the image of the representation p; satisfies the conditions (1)
and (2) of Assumption II.

It is rather hard to find further examples of Mordell-Weil Og-modules satifying
condition (2)(i) of Definition 1. Indeed, if we concentrate on finding a Mordell-Weil
Og-module associated to T} coming from étale cohomology of a smooth proper
scheme X over F, then we should first prove Conjecture 5.3 (ii) p. 370 of [BK], for
such an X.

2. Key Propositions.

Definition 2. Let
¢p : GF, —)Al[l]

be the map:

bp(0) = o(1P) -

o~ =

P
where P € B(F) and P is the image of P via the natural map

B(F) — B(F) QR Zy — H}ysl(GF;Tl) C Jf,S,(Tl)

Remark 1. Note that %]3 makes sense in Jr g, (1) since the last group is divisible

due to Proposition Al (see Appendix A). The element %]5 is defined up to an
element of the group A;[l].

Proposition 1. Suppose that the Assumptions I and II are fulfilled. Then we have:
(1) H"(G(F;/F); Aill]) = 0 for v > 0 and all I € P, except the case of trivial
Gi-module Aj[l] when r =0 and d = 1.
(2) the map H},Sl (Gp; T/l — H},Sl (Gr,;Th) /1 is injective for all | € P,
(3) the map B(F)/IB(F) — B(F;)/IB(F}) is injective for all | € P,
(4) Let P € B(F). Ifl € P does not divide § B(F)tor and P ¢ X\;B(F') for all
1 <1 <e, then the map ¢p s surjective.

Proof. (1) First let us consider the case h > 1. The group D° = [[;_, D can be

regarded as a subgroup of G; once we identify G; with its image via p;. D° is a
normal subgroup of G;. Assumption II (2) allows us to consider the Hochschild-Serre
spectral sequence

(2.1) Ey® = H"(G;/D% H*(D°; A[l])) = H"5(Gy; All).
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Observe that HO(D; A[l]) = &%, H°(DY?; Ai[\;]) = 0 because by definition D?
is nontrivial and acts by matrix multiplication (actually scalar multiplication) on
the Z /I vector space A;[\;] = (Z/1)". The groups H?*(D°; A;[l]) vanish for s > 0,
since [ is odd by assumption and the order of D is prime to [. Hence the claim
(1) follows for h > 1.Now let h = 1. Note that G; is isomorphic to a subgroup
of diagonal matrices in GI(A;[l]) = Glq(Z/1). Since G; has order relatively prime
to I, H*(Gy; Ai[l]) = 0 for s > 0. It follows easily by Assumption I (3) (i) that
H°(Gy; Ayll]) = 0, for all [ € P and d > 1. This proves (1) in the case h = 1. If
d = 1, then H°(Gy; A[l]) = 0 (= A[l] resp.) if A;[l] is nontrivial (trivial resp.)
G-module.

(2) By Prop. Al, Appendix A, we have the following short exact sequence:

0 —— Afl] —— Jps,(T)) —— Jp.5(T) — 0.

By the long exact sequence in cohomology associated to this exact sequence and
Proposition A2, we obtain the commutative diagram in which the horizontal maps
are injections.

ker a —— HY(Gy; All])
(2.2)
H} g, (Gp; Ty) [l —— HY(Gr; Al])

o Y

H} 5 (Grs T)/l —— HY(Grs Al])

However, ker o = 0, since it injects into the group H'(Gy; A;[l]) which vanishes by
part (1) of the proposition.
(3) Let us first consider the case (2) (i) of Definition 1. Because the map

B(L) X Zl — H},S’l (GL; Tl),

is an isomorphism, the group B(L)/l is isomorphic to H} g (Gr; Ty)/l. This shows
that the horizontal maps in the commutative diagram

B(F)/l —— Hj g (Gri T/l

(2.3) | B

B(FR)/l —— H}g,(Gr; T/l
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are isomorphisms. Since we have proved in (2) that the map « is an injection,
diagram (2.3) gives the claim (3). Now consider the case (2) (i7) of Definition 1.
We get the exact sequence of G p-modules:

0 —— Al] —— BF) —— B(F) —— 0

This gives the following commutative diagram with injective horizontal arrows:

ker 3 ——— HYGy; Al))
(2.4)
B(F)/l —— H'(Gp; All])

B8 Y
B(F)/l —— HY(Gg; Alll])

Since by (1) the map + is injective for all [ € P, the map £ is also injective for all
leP.

(4) We easily check that the image of the map ¢p is Gp-invariant. If ¢p were not
surjective, then I'm ¢p would be a proper G submodule of A;[l]. It is clear from
the decomposition of A;[l] (1.2) and Assumption II (1) and (3) (i) that every Gp
submodule of A;[l] is of the form A;[A\;, |®- - -®A;[\;, | for some iy, ..., i, € {1,...,e}.
Hence if I'm ¢p were a proper G submodule, we could assume that

Imep C A[M] @ @ A[Xi1] ® Ai[Xig1] @ -+ D Ay[Ae]

for some 1 < ¢ < e. This implies that

1~
(2.5) T e e TG 1TGg ] - - .7Te(0'(7p) —

for every o € G(F'/F;). The equality (2.5) takes place in J¢ g, (T}) under the (2) (i)

part of Definition 1 (resp. in B(F') under the case (2) (ii) of Definition 1) and it
implies that

P)=0

o~ =

1. 1
(2.6) o(my .. T 1Tig1 .- Te=P) =71 . W1 Tig1 .. . Te= P
l [

for every o € G(F/F;). Hence by Proposition A2 (2) (resp. by Def. 1, sec. 1.3, of
the Mordell-Weil Og-module {B(L)}) we get

1~
(2.7) L ee e TG 1741 - .7T67P € H},sl(GF,;Tl) (€ B(F;) resp.).
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SO Ty ... M 1Tit1 ... TeP = 0inthe group H} g, (Gr;Ty) /1 (in the group B(Fy) /I B(Fy)
resp.). By parts (2) and (3) of the Proposition (see also the diagram (2.3)) this
implies 7y ... m_1mM41 ... 7P = 0 in the group B(F')/IB(F) in both cases. Hence

A

there is P; € B(F) such that 7y ...m;_1miq1...7.P = [P;. This gives the equality

A~

(28) 7'['1...7T1;_17T1;+1...7T6(P—7T1;P2):0

where P, = uP; € B(F) for some u € Op. Multiplying equation (2.8) by m; we
obtain the equality I[(P — m;P;) = 0 in the group B(F'). Since, by assumption,
t B(F); =0 we get P = m; P2, hence P € \;B(F) which contradicts the assump-
tions. [J

For a given [ let p; denote the representation:

Similarly to the definition of F; we put F; = F*¢"?i_ In analogy with the definition
2 we introduce a homomorphism

¢,’ : GFl — Al[)\,],

Proposition 2. We have:

(1) H"(G(F;/F); A4i[\i]) =0 forr >0, alll € P, and 1 < i < e except the
case of trivial G(F;/F)-module A;[\;] when r = 0.

(2) the map H},SI(GF;TI)/M — H},s,(GFiQE)/Ai is injective for all | € P
and 1 <i<e.

(3) the map B(F)/\;B(F) — B(F;)/\iB(F;) is injective for all l € P and
1<i<e.

(4) Let P € B(F). Ifl € P does not divide § B(F )¢, and P ¢ \;B(F'), then
the map ¢; is surjective.

Proof. Proofs of (1), (2), and (3) are done in the same way as the corresponding
proofs in Proposition 1. Statement (4) holds because ¢; is obviously G equivariant,
¢; is nontrivial since P ¢ A\, B(F'), and A;[);] is an irreducible Z/I[G r] module due
to Assumption II. [J

Let P, @ be two nontorsion elements of the group B(F'). Let S; be the finite set of
primes which contains primes for which p; is ramified and primes over [. For v € S;
let

Ty - H},SI(GF; Tl) — Hl(gv; Tl)
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denote the reduction map at a prime ideal v of O (see Appendix A). We will
investigate the linear dependence of P and @ over Og in B(F) under some local
conditions for the maps r,, (see statement of Theorem 1 below).

We need some additional notations. Let P* be the set of rational primes [ € P such
that P ¢ \;B(F) and Q ¢ A\;B(F) for all 1 <i < e. The set P\ P* is finite, since
B(F) is finitely generated O module. Let R € J¢ g, (1}) be such that [R = P. The

element R exists by Proposition Al of the Appendix. The Galois group G, acts
on the set A
{R+t: teAll}

which is contained in Jy g, (T;). Let Np C G, be the kernel of this action. Note
that Np is a normal subgroup of G, of finite index. Define the field

—P)=F"r,

Let Fl(%Q) denote the corresponding field defined for (). Observe that Fl(%f’) /F
and Fl(%Q) /F are Galois extensions and we have isomorphisms

Gal(Fl(l P)/F) = Hy x G, Gal(Fl(% O)/F) = Hy x G,
where
= Gal(F(1Q)/F) = Gal(Fy( 1 P)/Fy).

By Proposition 1 (4) the group H; ( Ha, respectively) can be identified with A;[(]
via the map ¢¢g ( ¢p, resp.). Put K = Fl(%P)Fl(%Q).

All fields introduced above are displayed in the diagram below.

%/\
I
\\/

Similarly, let R; € J 7,5, (T1) be such that m;R; = P. The element R; exists by
Proposition Al. The Galois group G'r, acts on the set

{Ri+t: te AN]}

N|>—\

(2.9)
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which is contained in J¢ g, (T7). Let N; C G, be the kernel of this action. Note
that V; is a normal subgroup of G'r, of finite index. Define the field
1 - _
Fi(—P) = F":.
Let Fj(— L Q) denote the corresponding field defined in the same way for (). Observe
that F; ( P)/F and F; ( Q)/F are Galois extensions and there are isomorphisms

Gaz(Fi(%ﬁ)/F) ~ H,,; x G(F,/F) Gal(Fi(— L 0)/F) = Hy, x G(F/F),
where

By Proposition 2 (4) the group Hi; ( Hay, respectlvely) can be identified with
Ai[X;] via the map ¢; for Q (for P resp.) Put K; = Fj(L P)Fi(iQ).

Fields introduced above are displayed in the left diagram below. In the right dia-
gram we depicted the relevant prime ideals that will be used in the proof of Theorem
1 below.

/ \ Fi(Q) ﬁ/w w\ '
NP AN

Remark 2. Observe that

1. 1 1 -~ 1 -
Fz(jp) Fl(ﬂ__lp) '-Fi(ﬂ_ip)"-Fe(W_eP)v
1 4 1 - 1 1 -
Fz(jQ) (W—Q) Fi(w_iQ)"'FE(w_eQ)'

In addition there is an equality
[F(R;) : F] = [F(—P): F,

since by Proposition 2 (4) there are [Fz(ﬂ%P) . F;] different, imbeddings of F(R;)
into F' that fix F. Hence from diagram (2.10) we find out that F(R;) N F; = F.
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3. The support problem for [-adic representations.
Theorem 1. Let P* be the infinite set of prime numbers introduced in section 2.
Assume that for everyl € P* the following condition holds in the group H'(g,; T).

For every integer m and for almost every v ¢ S;

A

mr,(P)=0 implies mr,(Q) = 0.
Then there exist a € Z and f € Og such that aP + fQ = 0 in B(F).

Lemma 1. Let Hy; and Hy; be two h-dimensional ¥y -vector spaces equipped with
the natural action of the group G; = Imp; C Glp(F;). Let us denote by Q; the
semidirect product (Hy; ® Ha ;) x G;. Assume that we are given o; € G; such that
for every hy € Hy; the element (hy, 0, 0;) € (H1,; ® {0}) x G, is conjugate to an
element (0, he, 7;) € ({0} ® Hz;) X G;. Then 1 is not an eigenvalue of the matrix
0;.

Proof. cf. [C-RS], Lemma 4.2. O

Remark 3. Observe, that by Assumption II there exists a matrix o; € G;, such
that 1 is an eigenvalue of o; with an eigenspace of dimension 1, for every [ € P and
every 1 < <e.

Proof of Theorem 1. We want to prove that

1 - 14

(3.1) Fl(?P) = Fl(?Q)-
Hence it is enough to prove that for each 1 <4 < e we have
(3.2 Fi(=P) = F(~0)

. (o P) = B Q).

Suppose this is false for some i. Then we observe that
1 - 1 .

T Uy

since both groups H; ; = G(F,(%Q)/F,) and Hy; = G(Fz(wi]a)/F,) are irreducible
G; = G(F;/F) modules by Assumption IT (1) (ii).
Hence

We need the following:
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Lemma 2. We have the following equality

K,NF =F,.

Proof. By (3.3) the group G(K;/F;) is abelian of order 2"

If h =1, then G(F}/F;) C H?Zl,#i G11(Z /1) has order relatively prime to [ and it
is clear that K; N F; = Fj.

Let h > 1. We observe that

e

H [H;, H;] C ﬁ H; C G(F/F),

j=Lj#i j=1j#i

hence by Assumption IT (i), (ii) the subgroup H;T:L ;i Hj, Hj] has index prime to
[ in G(F}/F;). On the other hand

11 [H;. Hj] C [G(F/F),G(F/F)] C G(F/F),
=L

hence the group G(F;/F;)® = G(F;/F;)/|G(F;/F;),G(F;/F;)] has order prime to
[. Let Ko = K; N F;. Then Ky/F;, as a subextension of K;/F;, is abelian with
order equal to some power of [. On the other hand G(K/F;) is a quotient of the

abelian group G(F;/F;)®, which has order prime to [. This implies that the group
G(Ky/F;) is trivial. Hence Ko = F;. O

Let us now return to the proof of Theorem 1. Consider the following tower of fields.

K;F;
K; F;
F; Fl---Fi—lFi+1---Fe

N

We can regard G; = G(F;/F) as the subgroup of H;Zl Gl (F;). Let us pick 07 € Gy
such that o;|F; = 0; and oy|F; = j3; for all j # 4. Such a o; exists by Assumption II
(1) (iv). Note that o; considered as a linear operator on the F; vector space A;[l] has
an eigenvalue 1 with the eigenspace of dimension 1. Let h; € Hy; be an arbitrary
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element. Let us pick an element of G(K;/F;) = H; ; @ Hs; such that its projection
onto Hy; is hy and its projection onto Hs; is a trivial element. We denote this
element as (h1,0). Taking into account Lemma 2, Remark 2 and the isomorphism
of Galois groups Gal(K;/F) = (Hy; ® H2 ;) X G(F;/F), we can define an element
vy € G(K;F;/F) such that v|K; = (h1,0,0:), y|F(R;) = idp gz, and v|F; = o;. By
Chebotarev density theorem there exists a prime w of K;Fj; such that:

('1,) F?"uj =77 € G(KIFZ/F),

(74) the unique prime v in F' below @ is not in S; and satisfies the assumptions

of Theorem 1.

By the choice of prime v we see that
H(g0; A)l] = &5 H' (gv; Ar)[m;] = H' (g3 Ay)[mi]
and also H(g,; A;)[l] =2 Z/I1. Hence for each k > 1 we have
H° (g3 A)[I*] = HO(gv; Ap)[n]]
which, together with finitness of H%(g,; A4;), shows that there is an m such that
(3.5) H®(gy; A1) = H(go; A)[I™] = H (903 A)[m}"]
and H'(g,; T}) = H%(g,; A;) is a finite, cyclic group.

Let w (u resp.) be the prime of K; (F(R;) resp.) which is over v and below w (cf.
Diagram (2.10). Consider the following commutative diagram.

Hig (Gg;; Ti)  —— H'(gu; Th)

T T

H},s,(GFi(%p); T) —— H'(gp; T))

(3.6) T T

H},Sz (Grr,): T) — H'(gu; T))

w T

H} s (Gr )  —— H'(9s; Ti)

The lowest right vertical arrow in the diagram (3.6) is an isomorphism because,

~

by the choices we have made the prime v splits in F/(R;) (which means that &, &

A

k.. Note that prime ideal v does not need to split completely in F(R;)/F since
this extension is usually not Galois). The left vertical arrows are embeddings by
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Proposition A2. Since v splits in F’ (R,), we have the following equality in the group
H' (gv; Tl)

~

ro(P) = m; o (R;).

Let t, = I™ denote the order of the finite cyclic group H'(g,; T}) = H%(g,; A;).
For some ¢ € O we have

ty ~ ty A _ S — A
(37 Fro(P) = Fmira(R) =1" frira(Ry) = c[[ 7 (w ru(Ri) = 0

in the group H' (gy; 1), since r, () € Hg,; A)[r"] by (3.5).
By the assumption of Theorem 1, equality (3.7) implies that

ty A

(3.8) TTU(Q) =0.

Since H(g,; Tp) is cyclic, the equality (3.8) implies that

ro(Q) € LH (g5 T).

This gives

~

(3.9) o(Q) = m; RY.

for some RY € H'(g,; Ty). By Proposition A1 we can find an element RY € J; s, (T})
such that

(3.10) m R = Q.

Choose a prime " in F(R;’) over v. Let w’ be a prime over v” in K;. Observe that,

by the diagram similar to Diagram 3.6 with P and R; replaced by Q and RY we
obtain by (3.10) that

A

(3.11) ro(Q) = mi run (RY).
in the group H'(g,»; Ti), hence also in H'(g,; T;). By (3.9) and (3.11) we get
TUH(R;/) - R;/ € Al[ﬂ'i] N Hl(guu; Tl).

Because A;[m;] C H}’Sl (Gk,; T1) (cf. proof of Lemma A2 and diagram (A.2)), by

Lemma A3 there exists Py € H} 5, (Gr,; Ti) such that ry (Py) = run (R!) — R We
have the following equality

rur (R — Py) = RY.
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in the group H'(g,; T}).

Let R, = R — P,. Since F(R}) C Fl(%Q) there is a unique prime u’ in F(R}) below
w' and above v. Of course 7, (R}) = R!. Consider the following commutative
diagram.

Hg,(GrisT)  —— HY(gu; Ty)

Hj s (G 7)) —— H'(gp;; T)

(£Q)
(3.12)

H},S,(GF(R;); T) —— H'(gu; T))

H} s (Gr; T)  —— H'(g,; Th)

Let Fry € G(K;/F) be an element of the conjugacy class of the Frobenius element
of w" over v. Observe that ) ) X
FT’wl(R;) = R; + Pé

for some P} € A;[l]. Note that
(3.13) Fro (T (RY)) = 10y (R))
because R X .

ro (R) =1y (R)) = R! € Hl(gv;Tl).
On the other hand

(3.14)  Froy(ru (RL)) = 1oy (Fro (R)) = 1 (R + P) = rupr (RL) + 100t ().
Equations (3.13) and (3.14) show that 7, (P}) = 0. This by lemma A3 implies that
Py=0. So Fr, € G(K;/F(R}) 2 Hy ;% G;. Hence Fr,, = (hy,0,0;) is conjugate
to Fry = (0, he, ;) for some hy € Hy; and 7; € G;. Lemma 1 implies that no
eigenvalue of o; is equal to 1. This contradicts the properties of o; (cf. Assumption
IT). So we proved that the equality (3.2), and consequently the equality (3.1), holds.
Equality (3.1) shows that ker ¢p = ker ¢, which gives the following commutative
diagram

0 — ker(dg) —— G(F/E) —22 All] —— 0

(3.15) :l :l wl

0 — ker(¢pp) — G(F/F) —22 All] — 0
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with 9 a Gj-equivariant map. Hence due to Assumption II (1) (v) and (3) (i)
(observe that (3) (i7) implies that the centralizer of G; in the group Gl (F;) is
contained in the group of diagonal matrices Dy C Gl4(F;)), it is clear, that 1) as a
linear operator is represented by a block matrix of the form

b, 0 ... 0
0  bofp, ... 0
0 0 coo bedy,
for some by, b, ...,b. € Z/I. Since Og/(l) = H§:1 Z/l1, there is a b € Og such that

b modulo the ideal (I)Og corresponds to the element (by,...,b.) € H;:1 Z/1 via
this isomorphism. So Diagram (3.15) implies that ¢p = b, hence ¢pp_pg is a
trivial map. On the other hand the natural map

0: B(F)/IB(F) — H"(Gp; T;/l) = Hom(Gr,; Aill))

0(X) = éx
(where ¢x is the map from Def. 2, sec. 2) is an injection since it can be expressed
as a composition of the injective map from Proposition 1 (3) and the bottom hor-
izontal, injective maps from diagrams (2.2), (2.3) and (2.4). Hence P = b( in
B(F)/IB(F). So the image of P in
By =B(F)/{cQ:c€ Og}
is contained in the group [ By for all primes [ € P*. Since by our assumption B(F)

and therefore By are finitely generated, we conclude that (),cp. [Bo is finite. Hence
aP = bQ for some a € Z—{0} and b € Op. For f = —b we obtain aP+ fQ = 0. O

4. Examples. In this section we give applications of Theorem 1 to the [-adic
representations which were already discussed in Examples 2 - 6 in Section 1.

4.1 The cyclotomic character.
Consider the cyclotomic character

o G(F/F) = GUZi(1)) = Gly (Z)) = L),

(see Example 2, Sect. 1). There is a commutative diagram.

Ok.s ——  lugs, (k)]

(4.1) l =l
H} 5 (Gr; Zi(1)) —— [l,gs, H' (903 Z:(1))
where the left vertical arrow factors as:

This map has finite kernel with order prime to [. Diagram (4.1) and Theorem 1
applied to p; imply the following corollary.



24 G. BANASZAK, W. GAJDA, P. KRASON

Corollary 1. Let P, () be two nontorsion elements of the group (’);’S. Assume that
for almost every v and every integer m the following condition holds

mry,(P)=0 in (k,)™ implies — mr,(Q)=0 in (ky)™.
Then there exist a, f € Z — {0} such that P* = Q¥ in O;,s-

4.2 K-theory of number fields.
Let n be a positive integer. Consider the one dimensional representation

pr - Gr — Gl(Zl(n—F 1)) = le

which is given by the (n + 1)-th tensor power of the cyclotomic character. We use
the notation of Example 3, Sec. 1. We have the following commutative diagram.

Konp1(F)/Cr —— Hug,zs, Kony1(ko )t

(4.2) J{"/’J,l :l

HYGp; Zi(n+ 1)) —— [l,z5, H'(90; Zi(n + 1))
Note that in this case
HY(Gp; Zi(n +1)) = H(GF,s;; Zu(n + 1)) = Hf g, (Gps Zy(n + 1))

and
Kont1(ko)i 2 H' (gy; Zy(n+ 1)) = H(gy; Qi /Zy(n + 1)).

It follows by the definition of B(L) that
'll)L,l : B(L)@Zlgﬂl(GL; Zl(n+1)).

Hence as a consequence of Theorem 1 we get the following corollary (cf. [BGK]):

Corollary 2. Let P, () be two nontorsion elements of the group Kopny1(F). Assume
that for almost every v and every integer m the following condition holds

mry,(P)=0 in Kopi1(ky) implies mr,(Q) =0 in Kopyi(ky).

Then the elements P and Q of Kopy1(F) are linearly dependent over Z.

Theorem 1 and Corollary 2 have the following consequence for the reduction maps
7";! H2n+1(K(OF); Z) — H2n+1(51(k1,); Z)

on the integral homology of the special linear group.
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Corollary 3. Let P', Q' be two nontorsion elements of the group Hap 1 (K (OF); Z).
Assume that for almost every prime ideal v and for every integer m the following
condition holds Hopy1(SU(ky); Z) :

mr, (P') =0 implies mr, (Q") = 0.
Then the elements P and Q" are linearly dependent in the group Hay11(K(OF); Z).

Proof. Consider the following commutative diagram.
K2n+1(OF) — Hv Konti1(ky)

(4.3) hFl I1, hvl
Hap1(K(OF); Z) —— 1, Hant1(Sl(ky); Z).
The horizontal maps in the diagram (4.3) are induced by the reductions at prime

ideals of Op. The vertical maps are the Hurewicz maps from K-theory to the
integral homology of the special linear group. Since the rational Hurewicz map

hr ®Q: Kony1(OF) ® Q = Hap 1 (K(OF); Q)

is an isomorphism cf. [Bo], we can find ¢, d € Z and nontorsion elements P, ) €
Ko,4+1(OF), such that

(4.4) hp(P)=cP'  and  hp(Q) = dQ.

Hence we can check that for every prime ideal v the image of the reduction map r,
is contained in the torsion subgroup of Hay,41(Sl(ky); Z).

It follows by [A] that kernels of the Hurewicz maps hg and h,, for any v, are finite
groups of exponents which are divisible only by primes smaller than the number
”TH. Let P* be the set of all prime numbers [ which are bigger than "TH and
relatively prime to cd {Cp. Let [ € P*. Consider the following diagram obtained
from (4.3).

Kon+1(0OF) ® Z; R [T, Kont1(ko)i
(4.5) hFl I1, hul
Hop1(K(OF); Z) @ Zy — [1, Hant1(SU(ky); Z)s.

To simplify notation we keep denoting the Hurewicz maps and the reduction maps
in (4.5) by the same symbols as in the diagram (4.3). Let P (Q resp.) denote as
before the image of P (@ resp.) via the map

Kont1(OF) = (Kons1(Op)/CF) @72 7 =2 H (Gp; Zi(n + 1)).
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Let S; denote the finite set of primes of O which are over [. Let v ¢ S; and assume
that mr,(P) = 0 in the group Koy, 1(ky); & H'(gy; Zi(n+1)). Since r,(P) = r,(P),
it follows by the diagram (4.5) that

0 = mhy (ry(P)) = mr, hp(P)) = cmr, (P)

in the group Hap41(SU(ky);Z);. Since c is relatively prime to [, the last equality
implies that
mr. (P") = 0.

Since 7, (P') € Hopy1(SU(ky); Z)tor, there is a natural number mg which is prime
to [ and such that
momr, (P") =0

in the group Ha,+1(SI(ky); Z). Hence, by assumption
momr,(Q") =0
in the group Hay,+1(SI(ky); Z). Since my is prime to [ we get,
el (@) =0

in the group Hay,11(S1(ky); Z);. We multiply the last equality by d. The commuta-
tivity of diagram (4.5) gives then the following equality in the group Hay,11(SU(ky); Z);.

0 = mr, (dQ") = mr(hr(Q)) = hy(mry(Q))

Since by the choice of [ the map h, in the diagram (4.5) is injective, for v € S,
from the last equality we obtain the following:

A

mry,(Q) = mr,(Q) = 0.

Thus we have checked that the elements P and Q satisfy the assumption of Theorem
1. Hence by Theorem 1, there are a, b € Z such that

(4.6) aP = bQ.

in the group Koy, 11(OF).
Applying hr to equality (4.6) and using (4.4) we get

acP' =bdQ’. O
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4.3 Abelian varieties.
Let A/F be a simple abelian variety of dimension g defined over the number field
F. As usual T} = T;(A) denotes the Tate module of A. Consider the [-adic repre-
sentation

In this subsection we follow the notation introduced in Examples 4 - 6 of Section
1.3. For any abelian variety A/F there is the following commutative diagram

A(F) — Ilogs, Av(Fo)i

(4.7) sz,,l l

H},Sl(GFQ Tl(A)) - Hv Hl(gv§ Tl(A))'

A, denotes the reduction of A mod v. Observe that the right vertical arrow is an
injection. Theorem 1, Examples 4, 5 and 6 of Section 1.3, and the diagram (4.7)
imply the following corollary.

Corollary 4.
Let A be an abelian variety of dimension g > 1, defined over the number field F
and such that A satisfies one of the following conditions:

(1) A has the nondegenerate CM type with Endp(A) ® Q equal to a CM field
E (cf. example 4, section 1)
(2) A has real multiplication by a totally real field E = Endp(A) @ Q and
dim A = he, where e = [E : Q| and h is odd (cf. example 5, section 1) or
A is an abelian variety such that Endp(A) = Z and dim A is equal to 2 or
6 (cf. example 6 (b), section 1).
Let P, Q be two nontorsion elements of the group A(F). Assume that for almost
every prime v of O and for every integer m the following condition holds in
Ay (ky)
mry,(P) =0 implies mr,(Q) = 0.

Then there exist a € Z — {0} and f € Og — {0} such that aP + fQ = 0 in A(F).
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Appendix A. [-adic Intermediate Jacobians.
Definition A1l. Define

Hi(Gp;Th), (resp. Hi(Gp; Vi)
to be the kernel of the natural map:

HYGp;Th) — [ [ HY(Goi T))/H} (G Th)
(resp. H(Gp; V) — HHI(Gu;W)/H}(GvQVI))

where H}(Gv; T)) = i;lH}(GU; Vi) via the natural map
Uy : Hl(Gv; Tl) — Hl(Gv; ‘/l)
The group H}(Gv; Vi) is defined in [BK] p. 353 (see also [F] p. 115) as follows:

Ker (H'(Gy; Vi) — H'(I,; V1)) ifvtl
Hi(Gy V) =
Ker (H'(Gy; Vi) = HY(Gw; Vi ®q Berys)) ifv |1,
where Beyys is the ring defined by Fontaine (cf. [BK] p. 339).

We have the natural maps

Hy(Gp;Ty) = [ [ HH(Go; T,
H}(Gr; Vi) = [ [ HF (Gus V).

Definition A2. We also define
H},s, (Gr:Ty)  (resp. H},s, (Gr; V1))
as the kernel of the natural map:
HYGp;Th) — || HNGwi T)/H(Gy; Th)
vgS;
(resp. H'(Gp; Vi) = [ H'(Go; T))/H}(Gow3 V2) ).
’U%Sl
Here Sy denotes a fized finite set of primes of O containing primes overl and such
that the representation p; is unramified outside of Sj.
Obviously
H{(Gp;Ty) C Hi 5, (GpsTy) and  H(Gp; Vi) C Hj g, (Gr3 V).

Below we define various intermediate Jacobians associated with the representation
p1, (cf. [Sc], chapter 2).
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Definition A3. We put

(1)
J(Ty) = ligp H(G; Ty), J(Vi) = lig H'(GL; Vi)
L/F L/F
(2)
Ji(Ty) = lig H¢ (G, Th), Jp(Vi) = lig Hf(Gr; Vi)
L/F L/F
(3)

Tp.5(Ty) = limg Hp 5, (GLiTh),  Jp,s,(Vi) = lim Hy 5,(G; Vi)
L/F L/F

where the direct limits are taken over all finite extensions L/F of the number field
F, which are contained in some fized algebraic closure F'.

Remark A1. Observe that the groups J(V;), J¢(Vi) and J¢ g, (V) are vector spaces
over Q.

Remark A2. Note that we also could have defined the intermediate Jacobians of the
module 7; for the cohomology groups of G x for any ¥ containing S;. However, if
H°(gy; A;(—1)) is finite for all v ¢ S, (as it often happens for interesting examples
of Tj), then

HY(Gpx;T)) = H'(Gp; Ty).

Lemma A1l. For every prime w of Op which is not over primes in S;, we have:
(1) the natural map Hl(Gw;Tl)/H} — HY (G y; Vl)/H} is an imbedding,
(2) H}(Gw; Tl)tor = Hl(Gw; Tl)tor = HO(Gw; Al) = Ho(gw; Al)
(3) H G Th) = H (g0 ).

Proof. First part of the lemma is obvious from the definition of H }(Gw; T;). The
second part follows immediately from the first part and the diagram (Al). Note
that H'(G ; Vl)/H} (Gw; V1) is a Q-vector space. To prove the third part consider
the following commutative diagram.

Ho(gw; Al) —_— Hl(gw; Tl) —_— H}(Gw; ‘/l)

- l J

(A.1) H(Guw; A) —— HYGw; Ti) —— H'(Guw; Vi)

l l l

H(Iy; A) —2— HY (I T}) — H'(I,; V)
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The horizontal rows are exact. The middle and the right vertical columns are also
exact. The left bottom horizontal arrow is zero because I, acts on Tj, V; and
Ay trivially by assumption. This gives the exactness of the following short exact
sequence.

0 — H(1y; T1) = H(Lu3 Vi) = H"(Io3 A1) = 0
In addition because of Assumption I we have

H%(gw; Vi) = H* (G Vi) = 0.

Therefore the left upper and middle horizontal arrows are imbeddings The right,
upper horizontal arrow is defined because of the commutativity of the lower, right
square in the diagram. The middle vertical column is the inflation restriction se-
quence. It is actually inverse limit on coefficients of the inflation-restriction sequence
but it remains exact with infinite coefficients because we deal with H'. Now the
claim follows by diagram chasing. [J

Remark A3. Observe that the Assumption I implies, that H%(g,,; A;) and H'(g.; T})
are finite for all w ¢ 5.

Lemma A2. For any finite extension L/F the following equalities hold.

H},Sl(GL;T’l)tor = HI(GL;T’l)tor = HO(GL;AZ)

Proof. The first equality follows from Lemma A1l and the exact sequence.

0— H},SI(GLQTI) — HY(G;Th) — H Hl(Gw;Tl)/H}(Gw;ﬂ),
U}%S[

Consider the exact sequence (see [T], p. 261):

HYGr; V) —— HYGr: A) —2%2— HY(Gp:Th).
By Assumption I we get H°(Gr;V;) = 0. Hence by [T], Prop. 2.3, p. 261

H°(Gr; A) = HY(GL; T}) tor-

So the second equality in the statement of lemma A2 also holds . [J

For w ¢ S; consider the following commutative diagram

H; s, (GL;Ti) —— H'(guw; T1)

(A.2) ] ]

H°(Gr; A)) —— H%guw; A1).
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The bottom horizontal arrow is obviously an injection. Hence, by Lemmas A1l and
A2, we obtain the following:

Lemma A3. For any finite extension L/F and any prime w ¢ Sy in Oy, the natural
map
Tw - H},Sl (GL;Tl)tOT‘ —_— Hl(gw; ﬂ)

1s an 1mbedding.

Proposition Al. We have the following exact sequences

0— A —J(T) —JV)—0
0— Al — Jf,Sl(Tl) — Jf,Sl(W) —0

In particular
J(T’l)tor — Jf,Sl (T’l)tor — Al

and the groups
J(Tl) and Jf,S, (Tl)

are divisible.

Proof. Consider the following long exact sequence (see [T] p. 261)

HO(GL; Al) — Hl(GL; Tl) — Hl(GL; ‘/1) — Hl(GL; Al)

Taking direct limits with respect to finite extensions L/F' gives the following short
exact sequence.

0— A —J(T) —JV) =0

This short exact sequence fits into the following commutative diagram

(A.3)
0 0 ling; /o [Towgs, H' (Guws Ti)/Hy ——— lim p [Tygs, A (Gw; Vi)/Hj
[ [ [
0 A J(Ty) — J(V1)
y | |
0 Ay J¢,s,(T1) —_— Jg.s, (V1)
[ [ [
0 0 0

The rows and columns of the diagram are exact. The exactness on the right of
the bottom horizontal sequence follows from the injectivity of the top, nontrivial,
horizontal arrow by Lemma Al. [
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Proposition A2. Let L be a finite extension of F. Then we have isomorphisms:
(1) HY(Gr;Th) = J(T1)%*,
(2) H} s (Gr;Th) = Jp.s, (T

Proof. Under condition of Assumption I the proof of claim (1) is done in the same
way as the proof of (4.1.1) of [BE]. To prove (2) take an arbitrary finite Galois
extension L'/L and consider the following commutative diagram.

0 0
Hjs (GuiT) —— H} g, (Groi O/

(A.4)
H' (Gr;Ti) ——— HY(Gp; T;)GE' /D)

- N G(L'/L)
ngsl Hl(Iwa Tl) Hw%Sl (Hu}’|u} Hl(le; Tl))

The columns of this diagram are exact. The upper horizontal arrow is trivially an
imbedding. The middle horizontal arrow is an isomorphism. This follows directly
from claim (1). Since the representation p; is unramified outside S; then using
Th. 8.1 and Cor. 8.3 Chap. I of [CF] and Kummer pairing we get the following
commutative diagram

HY(I,; Tp) —_— HY(I,; Tp)

- -

(A5) Homcts ([w; Tl) — Homcts(lw’; Tl)

E |=

Homeys(Zi(1); T;)) ——— Homes( Zy(1); Tp)

Since Ly /L, is a finite extension, the bottom horizontal arrow is induced by a
nontrivial (hence injective) homomorphism of Z;-modules Z;(1) — Z;(1). Because
T, is a free Z;-module, every nontrivial homomorphism of Z;-modules Z;(1) — T; is
injective. Hence the bottom horizontal arrow in the diagram (A.5) is injective. So
the bottom horizontal arrow in diagram (A.4) is also an imbedding. Now claim (2)
follows by taking direct limits over L’ in diagram (A.4) and chasing the resulting
diagram. [J
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At the end of this appendix we give some additional information about the
reduction map
ro: Hf 5 (Gp; Ty) — H' (9o T7).
Proposition A3. Let P H},S, (Gr; T1) be a nontorsion element. Given M; =

A

[™ a fized power of I, there exist infinitely many primes v ¢ S; such that r,(P) €
H'(g,; T}) is an element of order at least M;.

Proof. Let M be a power of [ which we will specify below. Let Fjs denote the
extension F'(A[M]). Consider the following commutative diagram.

Hig (Gp; i)/ M ——  H'(gy; T1)/M

) |

H} g, (Gr; AIM]) —"—  H'(g,; A[M])

| !

(A.6) H} s, (Gry; AIM]) —*—  H'(gw; A[M])

) |

Hom(Gp,,; AIM]) —— Hom(G; A[M])

h4J/E l:
Hom(G% ; A[M)) —" 5 Hom(gw; A[M])
The horizontal arrows in the diagram (A.6) are induced by the reduction maps. We
describe the vertical maps. By Proposition 1 (1) the map hy is an injection. The

map hg is the injection which comes from the long exact sequence in cohomology
associated to the following exact sequence of G f,,-modules:

(A.7) 0 » All] y Js (T) — Jss,(T}) — 0.
The vertical maps on the right hand side of the diagram (A.6) are defined in the
similar way. Consider the nontorsion element P € H} g (Gr; Tp). Let I° be the

largest power of [ such that P = [*R for an R H},S, (Gp; Ty). Such an [® exists
since H},sl (Gp; Tp) is a finitely generated Z;-module. We put M = M;l°. Let
P’ be the image of P in Hom(G% ; A[M]) under the composition of the maps
hi, ha, hs and h4. Since the maps hi, ho, hy and hy are injective, the element
P’ is of order M;. By the Chebotarev density theorem there exist infinitely many
primes w ¢ S; such that the map r,, preserves the order of P’. Hence, for those w
the element P is mapped by the composition of left vertical and lower horizontal
arrows onto an element whose order is M;. The commutativity of (A.6) implies
that r,(P) € H'(gy; Ty) is of order at least M for the primes v = w N Opg,. O
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Corollary Al.
Let P € H},Sl (Gr; T;) be an element which maps onto a generator of the free Z;
- module H},S,(GF; Ty)/tor. There exist infinitely many primes v ¢ S; such that

ry(P) is a generator of a cyclic summand in the l-primary decomposition of the
group H(g,; T).

Appendix B. Nondegenarate CM abelian varieties.

Let A/F be a simple abelian variety of dimension g with complex multiplication
by a CM field E cf. [La]. We assume that the CM data is defined over F' and in
addition that the Hilbert class field E¥ of FE is contained in F. In ths appendix,
following [R3], we discuss CM abelian varieties of nodegenerate type. Let (E,S)
be the CM-type of A and let (E’, R) be its reflex type. Let L/Q be a finite Galois
extension containing E. Put G = G(L/Q), H = G(L/FE) and H = G(L/E'). We
identify S with a subset of right cosets in H\G. Let T' be an algebraic torus defined
over a number field. The character group of T is by definition

X(T) = Homgz(T, Gp,).
For a number field K we put Tk = Resg /(G ). Observe that
X(Tg)={ > mnelol n, €2}.
o € Hom (K;C)
K. Ribet in [R3] p. 85 defines a homomorphism of tori
¢ T — Tk
by giving the following homomorphism on character groups
QS* : X(TE) — X(TEI)
o] = Y ol
YER
The image of ¢ is an algebraic torus which is equal to the Mumford-Tate group of
A cf. [D2, Ex. 3.7] and [W, p. 128-129]. The dimension of I'm ¢ is by definition
the rank of the CM-type (F,S) and the rank of the abelian variety A. It is easy to
see that the rank of (E, S) equals the rank of the matrix
(i(r, U))TEH'\G, cEH\G
where the entries are defined by the formula
) { 1, ifortes
2(7—7 0) = . o
0, ifor=t¢gs

and S={geG: HgeS}.
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Definition B1. We say that the CM-type (E,S) is nondegenerate if the rank of
(E,S) equals g+1. We say that the CM abelian variety A is nondegenerate if its type
is nodegenerate. This means that the Mumford-Tate group of A (for the definition
see [D2]) is of mazimal possible dimension.

Ezample B1. In [R3], Example 3.7 it is shown that all CM abelian varieties of
dimension smaller than 4 are nondegenerate. Kubota in [K] Th. 2, p. 121 showed
that the Jacobian variety of the curve y?> = 1—2P, where p is an odd prime is of
nondegenerate CM-type. For examples of CM varieties A with rank smaller than
dim A+1 (which are called degenerate), we refer the reader to papers [R3], sec. 3,
p. 89 and [Haz], sec. 5, p. 747.

Let p; : Gp — GI(T;(A)) = Glag(Z;) be the l-adic representation of the Galois
group Gr on the Tate module of A. According to Corollary 2, p. 502 of [ST],
the image of this representation is an abelian group contained in the subgroup
(O ®z Z;)* of Glag(Ti(A)). We have the following commutative diagram

Gr —2—  Glyy(Z))

(B.1) | |

ab
H’U”O;‘,?} L> G%’b L) (OE@ZI)X?

where the map ¢; is the restriction to Hv| ; Op, of the composition of natural maps:

[[05, = F*[[0F)/F* = Ir/F* — G¥.

The map on the right side in the above sequence of maps is the global norm residue
symbol of global class field theory, ([N], p. 94). Let [ be a prime of good reduction
for A relatively prime to the class number of F. The natural isomorphism

Cl(Op) = Ir/(F* [] OF,)

[N], Prop. 2.3, p. 77 and Artin global reciprocity law, [N], Th. 6.5, p. 94, show
that the image of p; is equal to the image of the composition p;’b o ¢;. According to
[ST], p. 511 there is a homomorphism of algebraic tori

over QQ, such that after base change to (y we obtain a map of tori

(B3) wl: TF[ — TE[
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over i, where T, = [[,, Resr, g, (Gm) and Ty, = [y, Resg, /g, (Gm). For any
torus T'/Q; put

T(Z) ={t e T(Q); x(t) ez, forall xe (X(T))q},

where (X (T'))q, is the group of characters of T' defined over @ cf. [O], p. 115,
[R3], p. 77 and [V], p. 134-139. Short computation shows that

TF, (Z:) = H O;‘,v and  Tfg, (Z:) = H O]é‘,)\
oll All

The map (B.3) gives a group homomorphism
(B.4) Vi(Z1): T (Z1) — Tg, (Z1)

which by Theorem 11, p. 512 and Corollary 2, p. 513 of [ST] can be identified with
the map p?® o ¢;.

Theorem B1. Let A/F be a simple abelian variety of nodegenerate CM-type. Then
for all primes | of good reduction for A that are split in F, the image of the reduced

representation

pi: Gr — Gl2g(Fl)

consists of all diagonal matrices of the form
{diag(x1,y1,...,74,yg) € Glog(Fy):  T1y1 = -+ = T4y,}-

Proof. By [R3], Prop. 3.8 we have the following commutative triangle:

T 4 Ty
(B.2)
Ng, g ¢
TE’

Since [ splits completely in F' and F by assumption, we have

[F: Q] 29
Tp, = [[ Gn  Te =]]Gm-
=1 =1

Since A is nondegenerate, the image of ¢ has dimension g+1 (cf. [R3], Cor. 3.9).
Thus the image of the map v; : T, — T, is a torus of dimension g+1. Denote by
E* the maximal totally real subfield of E and put

EfL:E+®Qz = O+ Q.
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We fix an isomorphism of (Q;-vector spaces
E, 2 E"® Ef.
This isomorphism and the representation p; ® (Q; defines a representation
p @Q : Gp — Gl(E).

such that
detElJr ° (P;I— ® Q) = Xe

(cf. [R1], Lemma 4.5.1), where x. denotes the composition of the cyclotomic char-
acter Gp — Q and the obvious imbedding @Q; — El‘" . Since [ splits completely in
E, the representation p; ® Q; : Gp — Glag(Q;) is diagonalizable and there exists
a basis of Ej over ( such that

Imp C {diag(z1,y1,...,24,yg) € Glag(Q) : z1y1 =+ = x4y4}.

Let T},4 denote the following torus:

{diag(z1,y1,...,24,yy) € Glag 1 T1y1 =+ = T4Y,}

over (. One can easily check that there is a natural isomorphism (over () of group
schemes
Tnd = (Gm X Gm) XGm """ XGpm (Gm X G’m)}g Gg—i-l,

m
N

~
g—times

where the structure map for xg,, product is the group structure map Gy, xq, G, —
Gy, of the group scheme Gy, . The torus T},4 is contained in T'g, This shows that the
image of the map ¢; = ¢ ®  is a subtorus of T},4, which is split and of dimension
g+1, hence I'm; = T},4. It follows that ; can be written as the composition of
homomorphisms of tori

(B5) ";bl : TF[ e Tnd _— TE'l-

Taking corresponding Z;-models of maps of tori in (B.5) (cf. [V], Prop. 6.13, p.
138), we get a map of schemes

(BG) ;. TFI — 7;“1 —_— TE’,-
Taking fibers in (B.6) over specF; we get maps of split tori
(B?) IEl . TF, —_— Tnd —_— TE!

On the other hand by [O], Th. 2.3.1, [R3], p. 93 and [V], Prop. 6.14, p. 139, we
have the commutative diagram
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o | 1 1

where the compositions of horizontal maps are 1;(Z;), ¢;(F;) and the vertical maps
are reductions mod [. Hence, by (B.1), (B.2), (B.4), (B.7) and (B.8) we see that

Imp =The(F;). O

Appendix C. Abelian varieties with real multiplication.

Let F be a totally real extension of Q of degree [E; Q] = e. Let A/F be a
polarized simple abelian variety of dimension g of type E, which means that E C
Endi(A) @z Q and the polarization is over F' cf. [R1] chap. II.1 or [C] Chap. 1.1.
We assume that £ = Endp(A)®zQ = Endp(A)®7zQ and in addition that E¥ C F.
Since Endr(A)NE = Rg is an order in O we observe that Ry ®z Z; = O ®y 7
for [ that does not divide the index [Og; Rg]. In this appendix we consider such
primes [ that additionally split completely in E. The polarisation of A gives Q-
bilinear, nondegenerate alternating pairing

(C.1) () Vi(A) x Vi(4) — Qi (1)

which is Galois equivariant and such that for every z,y € Vj(A) and ¢ € Endp(A)Qz

Q we have
(o(2), y) = (z, ¢'(y)),

where ¢’ denotes the effect of Rosati involution of the ring Endz(A) @z Q on the
element ¢. Theorem 2, Type I, p. 201 of [M] implies that the Rosati involution
acts trivially on E. Let us restrict the pairing (C.1) to T;(A) x T;(A). The vertical
arrows in the diagram (C.2)

Ty(A) x Ti(A) —2 7,(1)

(C.2) J J

Vi(4) x i(4) = @)

are injective. Under our assumption on [ and E the pairing (C.1) splits into non-
degenerate, ( bilinear, alternating pairings (cf. [C]|, Lemma 1.2.1, p. 319 )

(C.3) (,): Va(A) x VA (4) - Qi (1)
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Reducing modulo / and splitting into A components the top horizontal arrow in
diagram (C.2), it follows again by [C], Lemma 1.2.1, p. 319 that for each prime A
of O that divides [ there is a nondegenerate bilinear, alternating pairing

(C.4) (, 0t AN X AN = Z/1(1)
such that for every a € [y

(az, y)r = (x, ay)y = a{x, Yy)x.

We are going to investigate the image of the residual representation

7 Gr — GU(A[l) 2 Glay (Fy)

of the representation
P Gr — Gl(Tl(A)) = Glgg(Zl)

for abelian varieties A/F and prime [ satisfying all the above assumptions. As usual
we let G} to denote the image of p;. Because of the pairings (C.3) and (C.4) for an
appropriate choice of bases in the F; vector spaces A[)\] we get

G, C H GSpA[)\](E) = H G Span(F;) C GlZg(Fl)
Al Al

where 2he = 2g and G'Sp denote the respective groups of symplectic similitudes.

Let us introduce some notation. For an algebraic group scheme G/S over the base
scheme S we denote by G’ the derived group scheme of G, as defined in [SGA3]
XXII, 6.2. If G is an algebraic group over a field, then G’ is the commutator
subgroup of G. We put G to be the universal cover of G and G(S),, to be the image
of the natural map G(S) — G(S). Observe that if G is simply connected, i.e., if
G = G, then we get G(S), = G(S). Let G be the algebraic envelope of the image
of pp ® @ in the group Gly,/Q i.e. the Zariski closure of the image. Enlarging

F| if necessary we can assume that G;’lg is connected for any /. This is justified by

the results of Serre, [Sed] (see also [LP2]). Let G* be the Zariski closure of the
image of p; in the algebraic group Glsy/Z;, endowed with the unique structure of
reduced closed subscheme. It follows by [LP1], Prop.1.3 (see also [Wi], Th.1) that

for I > 0 the scheme Qlalg is smooth over Z;. Let G(I)®9 be the algebraic envelope

of the image of 7y in Glag/F;. Observe that G;’lg is the general fiber of Qlalg over
specZy; cf. [Wi] 2.1. On the other hand, by [Wi] Lemme 5 and by [Se3], pp. 43-46,

G(1)®"9 is the special fiber of Qlalg over specZ;. By definition, we have

(C.5) G c [ GSpviay 2 [ GSpan/Q C Glay/Q
Al A
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(C.6) G [ GSpapy =[] GSpan/Fi C Glag /T
A A

J. P. Serre used the results of Nori [No| on subgroups of Gly,(F;) to ivestigate the
group G(1)®9. We collect the results of Serre on G(I)®9 proven in [Se2] and [Se3]
in the following theorem.

Theorem C1. ([Se2], [Se3]) The group G(1)*9 is reductive and in addition:

(1) the index [G(1)¥9(Fy) : Gy N G(1)™I(F;)] is bounded independently of I,
(2) there is a finite extension K/F such that pj(Gx) C G(I)™9(F;).

Following [Se2] p. 22, we write:
G)™ =TO)(GM)™)

where (G(1)9)" is the derived subgroup of G(I)*9 and T'(I) is a torus which is
the connected component of the center of G(1)%9. The groups (G(I)*9)" and T(I)
commute elementwise. It is worth pointing out that the group (G(1)%9)" is denoted
by N(I) in [Wi] and by G in [No]. Enlarging F if necessary, we can assume that
7(Gr) C G(I)™(F;) so from now on we assume that the abelian variety A is
defined over such a field F. This is justified by Theorem C1 (2). Observe that by
(C.6) we have:

(C.7) (GW™9) < [] Spen-
I

Lemma C2. Let A/F be an abelian variety with with real multiplication by a
totally real field E = Endp(A) ®7 Q of degree e = [E : Q| such that g = eh with h
odd. We have equalities of ranks of group schemes over Q;:

(C.8) rank (G;Zlg)' = rank H Span/Qi
All

Proof. Let g = Lie(GJ"). Then g = ¢** ® Q;, where ¢** = Lie((G"9)"). Note that
by (C.5) we have

(C.9) g C P span(Va),
N

where V\ = Vi(A) ®g Ex. Put V) = V), ® Q;. In order to prove (C.8) it is enough
to show that

(C.10) ¥ Q, = @ span (V).

Al
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Projecting onto the A\ component we see that the image of ¢°* ® Q; in spap(Vy)
is semisimple. Hence, using the structure of the universal enveloping algebra of a
semisimple lie algebra [H] pp. 89-94 and the properties of the irreducible standard
cyclic modules [H] pp. 107-110, we get a decomposition

V)\ = E(wl) ®@l e ®@l E(wT),

where F(w;), for all 1 < i < r, are the irreducible (orthogonal or symplectic) Lie
algebra modules of the highest weight w; corresponding to simple Lie algebras g;
which are factors of the image

Im(gss ®@z — Sp2h(7/\)) = g1D---Dg,.

By Corollary 5.11 [P] all simple factors of g°* ® Q; are of classical type A, B, C
and D and the weights wy, ..., w, are minimal (= miniscule = microweight). The
reader can find the table of all minimal weights for corresponding type in [H] exer.
13.13 p. 72 or [Bour| Chap. VIII, 7.3. Since dim@l Vs = 2h, where h odd by

assumption, we observe by computing the dimensions of E(w;)’s for types A, B, C
and D (use [Tal] section 4.8.1 and [Bour] Chap. VIII, Tables 1, 2 pp. 213-214, cf.
[C] p. 332), that the tensor product F(w) ®g, " g, E(w,) can consist of only

one space E(wq) and g7 has the type C symplectic representation on F(w). Hence

Im (g*° ®Q — span(Va)) = span(Va).

By the result of Faltings [Fa] cf. [Sel] 2.5.4 the representations

g @Q, = span (V)

are pairwise not isomorphic, for any two of the ideals A|l. Hence, by the structure
theorem of semisimple Lie algebras, [H] Th. 5.2, we deduce that the natural map

9 ®Q, = span(Va,) ®span(Va,)
is surjective for any pair of ideals Ay, Ay dividing [. By [R1], Lemma, p. 790, this
implies (C.10). O

Lemma C3. Let A be an abelian variety with with real multiplication by a totally
real field E = Endp(A) ®7 Q of degree e = [E : Q| such that g = eh with h odd.
There are equalities of ranks of group schemes over Fy:

(C.11) rank (G(1)™9) = rank (][ Span/F)
I
for all I > 0.

Proof. By [LP1] Prop.1.3 and by [Wi], Th.1 and 2.1, for [ > 0 the group scheme
g, 9" over specZ; is smooth and reductive. For such an [ the structure mor-
phism (G9) — specZ; is the base change of the smooth morphism G9 —
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Dz,(Dz,(G9)) via the unit section of Dz, (Dz,(G*9)), see [SGA3] XXII, Th. 6.2.1,
p. 256. Hence, the group scheme (G9) is also smooth over Z;. By [SGA3] Ioc.

cit, the group scheme (Qalg) is semisimple. By [SGA3] XIX, Th. 2.5, p. 12,
applied to the special fiber of the base scheme specZ;, there exists an étale neigh-
borhood S — specZ; of the geometric point over the special point such that
Qlafgg, = Qlalg Xspecz, S' has a maximal torus Tg:. By [SGA3] XXII, Th. 6.2.8 p.

260, (Qlafgg,)’ N Ts: is a maximal torus of (Qlafgg,)’. By definition of the maximal torus

and by [SGA3] XIX, Th. 2.5, p. 12 applied to the special point of specZ;, we

obtain that the special and the generic fibers of (Qla fgg,)’ have the same rank. On the

other hand, it is clear that the generic (resp. special) fibers of (G}’ '9)" and (GM9)’

have the same rank. Hence, for [ > 0 :

(C.12) rank (G9) = rank (G(1)*9)".
Observe that

(C.13) rank Spap/Q = rank Spop /F; = h.

Equalities (C.12), (C.13) and Lemma C.2 show that the ranks of the group schemes
at both ends of the bottom horizontal arrow in the diagram

(G;ﬂg)/ — H>\|l Span/Q

l l

(014) (Qalg) — H)\” szh/Zl
(G(l)alg)/ ” H,\|lSp2h/]Fl
are the same. This concludes the proof. [

Lemma C4. Under assumptions of Lemmas C2 and C3 we have equalities of group
schemes:

(C.15) (G H Span/Q;
Al

(C.16) (G(1)™9) H Span/Fy
All

for all Il > 0.

Proof. We prove the equality (C.16). The proof of the equality (C.15) is very
similar and we leave it for the reader. Let

p, : G)™ — Gl
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denote the inclusion representation induced by G(I)*9 C Gla,. By the result of
Faltings [Fa] the representation p, is semisimple and the commutant of p (G (1)219)
in the matrix ring Mag 24(F;) is Endp(A) ®z F;. Projecting onto the A component
we obtain the representation

Pyt G(l)alg — GSpA[)\] = GSpap.
The commutant of Py is F; because Endp(A) ®7 Q = F and [ splits completely
in E, by assumption. This implies that p, is absolutely irreducible. Since T'(l) is
abelian and it commutes elementwise with (G(1)%9)’, the restriction of py to the
derived subgroup:

Py (G)™) — Span

is also absolutely irreducible. By Schur’s lemma the image B}\(Z((G(l)“lg)’) of the
center of (G(1)9)" is contained in the scalars of Spay. This implies that

(C.17) Z(GW)™9))y c Z([] Span)-
I

To simplify notation, we put G; = (G(1)*9)" and G5 = [T, Spon. Note that G4
and G2 are reductive groups. Let T' be a maximal torus in GG;. Since by Lemma
C3 the ranks of G; and G5 are equal, T is also the maximal torus of G,. Let
h € Z(G2). By [H], Chap. 26.2, Cor. A (b) we see that h € T. Let C denote the
commutant of G in the ring My, 24(F;). Since G1 C G, we have h € C'*, hence
he C*NT = Z(G1). Thus we have Z(G3) C Z(Gy). Together with (C.17) this
implies that

(C.18) Z((G(1)™9)’ Z(I [ Span)-
I

To finish the proof we use the same argument as in the proof of [Wi], Lemme 7 (see
also [LP1], Lemma 4.4, p. 577). Let Ry (R, respectively) be the roots of G| ( G5,
resp.) with respect to the torus 7. The roots R; form a symmetric subset of Ro
which is closed by [SGA3] XXIII, Cor 6.6. By [Bour|] Chap. VI, 1.7, Prop. 23 we
obtain equality Ry = Ry. Hence G| = G, s0 Gy =TG|, =TG, =G,. O

Theorem C5. Let A be an abelian variety with with real multiplication by a totally
real field E = Endp(A) ®7 Q of degree e = [E : Q| such that g = eh with h odd.
Consider the residual representation p;: Gg — Glag(F;) induced by the action on
the l-torsion points of A. We have equality:

(C.19) (p1(GF)) H Span(F),
Al
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for all Il > 0.

Proof. Since Spay, is simply connected, it follows by (C.16) that (G(1)*9)" is simply
connected. So (G(1)™9)(F,) = (G(1)*9)'(IF;),. Hence, by a theorem of Serre (cf.
[Wi], Th.4) we get

(GO ([F) < ((Gr)).

On the other hand, by (C.6) and Th. C1 (2) it is clear that

(Pi(Gr)) € (GO)™)(F). O

We finish this section with verification of the Mumford-Tate conjecture for the
abelian varieties A/F considered in this appendix. This has been expected by the
experts (cf. [P, p. 190]). We refer the reader to [P] and also to [G] for an up-to-date
discussion concerning the current status of the Mumford-Tate conjecture. Let us
fix some notation first. We choose an embedding of F' into the field of complex
numbers C. Let W = H'(A(C),Q) denote the singular cohomology group with
rational coefficients and let

%% ®@ C = WI,O D WO,I,
where W10 = W91 be its associated Hodge decomposition. Define the cocharacter
Poo : G = GUW ®¢ C) = Glay(C)

such that, for any z € C*, the automorphism pi(z) of the space W ®g C is the
multiplication by z on W9 and the identity on W%!. Recall that the Mumford-Tate
group of the abelian variety A/C is the smallest algebraic subgroup MT C Glz,4(Q),
defined over QQ, such that MT ®g C contains the image of p,. Note that MT is a
reductive subgroup of the group of symplectic similitudes G Spa4. According to the
Mumford-Tate conjecture (cf. [Se5], C.3.1), for the abelian variety A defined over
the number field F, for any rational prime [ we should have:

(C.20) G = MT;.

where MT; = MT®Q;. Recall that due to our assumptions on A and F, the
group G?lg is connected. It was proved by Deligne [D2], I, Prop. 6.2 that

(C.21) G MT,

for any [.
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Theorem C6. Let A be an abelian variety with with real multiplication by a totally
real field E = Endp(A) ®@z Q of degree e = [E : Q| such that g = eh with h odd.
Then the Mumford-Tate conjecture holds for A.

Proof. By [LP1], Th. 4.3. to verify the Mumford-Tate conjecture for all primes [
it is enough to show it for at least one prime number [. Let H denote the Hodge
group of A, see [D2], Section 3 or [G], p. 312. By definition, the Mumford-Tate
group and the Hodge group of A are related by equality

MT = G, H,

where Gy, is in the center of MT. Hence, (MT)" = (H)'. The group H is semisiple
(cf. [G] Prop. B.63), hence H = (H)' (cf. [H], Th. 27.5). Put H; = H®qQ;. By
(C.15) and (C.21) for [ > 0 and such that [ is splitting completely in E, we get:

I Span = (G7") c (1))

Al

On the other hand,

H c[] Span
All

(see Lemma B.60 and Lemma B.62 of [G]). Hence, we have

(C.22) = (G =T[ Span-
A

Using the theorem of Bogomolov we get from this
(C.23) MT; = G,, H; = G,, (G*9) c G,

The inclusions (C.21) and (C.23) imply the equality (C.20) for A. O
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