ANALYTICITY AND NONEXISTENCE OF CLASSICAL STEADY
HELE-SHAW FINGERS
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ABSTRACT. This paper concerns analyticity of a classical steadily translating finger
in a Hele-Shaw cell and nonexistence of solutions when relative finger width A is
smaller than % It is proved that any classical solution to the finger problem, if it
exists for sufficiently small but nonzero surface tension and is close to some Saffman-
Taylor zero-surface-tension solution and satisfies some algebraic decay conditions

at oo, must belong to the analytic function space chosen in a previous study [1] of

existence of finger solutions. Further, it is proved that for any fixed A € (0, %),

there can be no classical steady finger solution when surface tension is sufficiently

small, in disagreement with a previous conclusion based on numerical simulation.

1. INTRODUCTION

The problem of a less viscous fluid displacing a more viscous fluid in a Hele-Shaw
cell has been the subject of numerous investigations since 1950’s. Reviews of the sub-
ject from a number of perspectives can be found in [2]-[7]. In a seminal paper, Saffman
& Taylor [8] found experimentally that an unstable planar interface evolves through
finger competition to a steady translating finger, with relative finger width A close to a
half at large displacement rates. Theoretical calculations [9], [8] ignoring surface ten-
sion revealed a one-parameter family of exact steady solutions, parametrized by width
A. When the experimentally determined A is used, the theoretical shape (usually re-

ferred to in the literature as the Saffman-Taylor finger) agreed well with experiment
1
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for relatively large displacement rates, or equivalently for small surface tension. How-
ever, in the zero-surface-tension steady-state theory, A remained undetermined in (0,
1) interval. The selection of A\ remained unresolved until the mid 1980’s. Numerical
calculations [10], [11], [12], supported by formal asymptotic calculations in the the
steady finger [13], [14], [15], [16], [17], [18], [19] and closely-related steady Hele-Shaw
bubble problem [16], [21], suggests that a discrete family of solutions exist for which
the the limiting shape, as surface tension tends to zero, approached the Saffman-
Taylor with A = %. Subsequent numerical [22] and formal asymptotic calculations
[23] suggest that only branch is stable. However, the conclusion about existence of
steady states is not universally accepted. Based on numerical simulation of a time-

evolving interface for small but nonzero surface tension, and with the same model

equations used in [10]-[18], it was suggested [24] that the limiting steady shape was a

L
2

Saffman-Taylor solution with A < =. In this paper, we conclude otherwise through
rigorous mathematical analysis. It is to be noted that selection of Saffman-Taylor
finger with A < % is possible for a more mathematically complicated model, which
incorporates thin-film effects [25]-[26], as shown in [27]-[28]. The same is true when
anisotropy [17] in surface tension or other perturbations near the tip are introduced.

There has been a rigorous study [29] for a problem mathematically similar, though
not identical, to the steady viscous fingering problem considered here. In that case,
it has been proved that at least one finger solution exists for fixed surface tension,
though the relative finger width and shape remains unknown. On the other hand,
our primary focus is the selection of finger width as surface tension tends to zero.
A mathematically rigorous study of selection is difficult in this limit since exponen-

tially small terms in surface tension play a critical role. While a rigorous theory of

exponential asymptotics for nonlinear ordinary differential equations is by now well
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developed ([30], for instance), this is not the case for integro-differential equations,
even though such problems have arisen in a number of other physical contexts like
dendritic crystal growth and water waves (See, for instance, [31]). Formal calcula-
tions rely on the assumption that integral terms do not contribute to exponentially
small terms, at least to the leading order. With this assumption, integro-differential
equations are simplified to essentially nonlinear ordinary differential equation, where
variants of the procedure due to Kruskal & Segur [32]-[33] have been used. Recently
([34], [1]), we have shown how integral terms can be controlled and a rigorous theory
was developed for the integro-differential equation presented here.

Following [7], a steady symmetric finger is equivalent to finding function F analytic
in the upper-half ¢ plane (Z*) and twice differentiable in its closure, i.e. in C%(Z%),
such that the following conditions are satisfied:

Condition (i): On the real £ axis, F satisfies

62 F”—i—HI
1.1 F = I ;
(L) fie |F'+H|m{F'+H]’
where
E+iy A 9 T A\B
(1.2) (&) LA wey S Tr e ViR

where A is the relative finger width and B is a non-dimensional surface tension pa-
rameter.

Condition (ii):
(1.3) F(&), €F'(§) = 0 as £ — +o0;
Condition (iii)(symmetry condition,):

(1.4) Re F(—=&) =Re F(¢) , Im F(=&) = —Im F(&) for real &.
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Definition 1.1. Let R be the open connected set between Im £ = 0 and ¢+ U £~
where
(r={¢:&=—ib+re ™0 <r <o00,b> O,g > pp > 0 fixed}
" ={£:6=—ib—re¥,0<r <o0,}

Also, we define R~ =RN{{:Reé < 0} and RT=RN{£:Re & > 0}

Definition 1.2. For fixed 7 € (0,1),
A;={F: F(§) is analyticin {Im{>0}UR

with || F||; = sup|(§ — 20)"*TF(§)] < 00},5 =0,1,2,
EER

Ays={F:FeA|F|< 5},A1731 ={F:FeAy|F|; <},

Our previous result on the existence of solution [1] satisfying conditions (i)-(iii)
involved F' € A5, F' € A ;, where 5, o, are assumed a priort to be small but

independent of e. In this function space, for A € [3, A,), with A, — 2

5 small enough

(though independent of €), it was shown that solution existed if and only if 23_—’)\1 =
'3 B,(e*/?), where {3,}2°, is a sequence of functions, analytic at the origin.
However, there are two limitations of this result. The first is the choice of the
function space. Non-existence in this function space need not mean non-existence of
a classical solution F, analytic in Z* and C? in its closure Z*. The second limitation
is the restriction on A. In this paper, we prove two theorems (Theorems 1.3 & 1.8)

to relax these restrictions to a great degree.

Theorem 1.3. For small enough €, any analytic function F' in the upper half E-plane
Z", which is C? on its closure and satisfies conditions (i)-(iii) belongs to function
space Ay, with F' € A, ;. where 5 = O(€*) and o = O(e), provided Assumptions

(i) and (ii) as stated below are also satisfied:
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Assumption (i): There exists 7 independent of €, 0 < 7 < 1 so that

(1.5) sup |€ —2i|"|F(§)| =0 < o0

56(700700)

Assumption (ii): We assume that each of 6; and eln X &, are sufficiently small, where

(1.6) sup € — 20T = b1, sup €= 2iTT|F(€)] = b,

£€(—00,00) £€(—00,00)
Remark 1.4. Assumption (i), though stronger than condition (ii), is consistent with
the results from Mclean-Saffman’s formal procedure [10] near the tail of a finger that
in our formulation implies F ~ aq e7/? €7 as € — +o00, where 7 is a positive root
of the transcendental equation cot(57) = €*7? and qg is real. The symmetry condition
(iii) implies similar behavior as ¢ — —oo. This asymptotic relation was also found to
be consistent with numerical calculations [10]. While 7 depends on €, we can clearly
choose 7 < 7 independent of € for small € (7 = § would suffice for instance). The
following lemma shows that we need not assume a priori that 6; and d, in assumption
(i) exists and are finite; only that d; and eln &, are small. These assumptions are
mild since the slope deviation from some Saffman-Taylor solution (which scales as
1 in the above theory) is observed to be small in experiment for large displacement

rates and in all numerical calculations for small ¢; we are not making any a priori

assumption on how this deviation scales with €. Also, the curvature deviation (which

1
eln

scales as F", and hence dy) a prioriis allowed to be large, though not as large as —.

Lemma 1.5. If F' satisfies assumption (i) in addition to being analytic in Z7, C* in

Z* and satisfying condition (i)-(iii), then

(1.7) (a) sup €+ 2i["[F(§)] = & < oo,
E€Z+
(1.8) (b) sup € + 2 T F'(€)| = 01 < oo,

E€Z+
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(1.9) (c)sup €+ 2i*TT|F"| = 6, < oo,
E€EZT

Proof of Lemma 1.5 relies on some straight forward properties of Hilbert transform

and use of Phragmen-Lindelof methods and is relegated to appendix Al.

Remark 1.6. From examining (1.1), sup | — 2i|"|Re F(§)] = O(€%d;). From
56(700700)

Hilbert transform of Re F', (which gives I'm F' on the real axis), and using Lemma

A.1 with g = Re F and k = ¢, it follows from assumption (ii) and lemma 1.5 that

§ = o(e).

Definition 1.7. F will be called a classical solution if F' is analytic in the upper-half
&-plane (Z*1), C? in its closure Z*, satisfies Conditions (i)-(iii) and assumptions (i)

and (ii).
In section 4, we are going to prove

Theorem 1.8. For any fized A € (0, %), there exists € > 0 small so that there can

be no classical solution F' for any € in the interval (0, €.

2. ANALYTIC CONTINUATION TO THE LOWER HALF PLANE

Definition 2.1. Let F be analytic in the upper half é&-plane, F is an analytic function

in the lower half £&-plane defined by

(2.1) (&) = [F(E

(2.2) H=
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We define operator G so that

1

(2.3) G(f,9)t] == (F'(6) + H®)2(g'(t) + H{))' 2

X

f"(t) + H'(t)  g"() + H'(1)

fre)+H(t)  g(t)+H(t)

Lemma 2.2. If F' is a classical solution as in definition 1.7, then
(2.4) G(F, F)[§] =0(7), as & — £o0;

Proof. Since the right hand side of (1.1) can be written as ‘;—ZZ.Q(F, F)(€), the lemma

follows from (1.5). O

Definition 2.3. we define operator Z so that

(2.5) I(f)EI(F)[g]:—% h g(%_)gmdt for Im € < 0.

Lemma 2.4. For I(§) in the lower half plane Z= = {£ : Im £ < 0}, we have

(2.6) sup [§ — 2i["*|1(§)] = sup |- 2i["|F(§)] =9

E€Z~ £€(—00,00)
Proof. From (1.1), (2.3) and (2.5) . lgim . 21(§) = —F(¢) for £ real. Since I(€)
m & — 0-
is analytic in the lower half plane, the above lemma follows from Lemma A.5 in

Appendix 1. O

Lemma 2.5. Let F be a classical solution to the finger problem. If F(&) can be

analytically continued at least to a part of Z—, then F satisfies :
(2.7) e F"(&) + LE)F(§) = N(F, I, F)[¢], for {¢ € Z7};

where

28) 0 = i = N S g = (re
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and the operator N is defined as

(2.9) N(F,I,F)=

H'H -
e < 5~ H’) — i€ (F' + H)**(F' + H)Y?I

o _ _ F'+H HH
F [(F'+ H)*F +H)"? - HPH?] + & |(F"+ H
+iF [(F'+ H)**(F' + H) ]+ ( |

Proof. Since F' is analytic in upper half £-plane and satisfies equation (1.1), using

Poission formula, we have in the upper half plane:
S dt 1 F"(t)+ H'(t
i )IF’()+H()| F'(t) + H(t)

g(F, F)[t]dt .
= 27r/ , Im & > 0;

Using Plemelj Formula [35], analytic continuation to the lower half {-plane leads to

(2.10)

2

(2.11) F(&) = €1(€) + —G(F. F)(©), for Im ¢ < 0;
Multiplying the above by i(F' + H)3/?(F' + H)Y? results in (2.7) O

Definition 2.6.

(2.12) 06) = L exp - Ty,
213 w6 = 17 exp T8y,
where
(2.14) PE) =i /_ ; LY2(t)ydt = i /_ ; (7_“)(31/:(;; it)mdt;

We will use in this paper the following properties of P(&) that are shown in Appendix
2. Some of these properties were shown in the appendix of Xie & Tanveer [1] for the

restricted case A € [3, An).
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Property 1: Re P(§) decreases along negative Re £ axis (—o00,0) with Re
P(—o0) = co. Re P(&) decreases monotonically on imaginary £ axis from
—ib to 0 where 0 < b < min{1,~v}.

Property 2: There exists a constant R independent of € so that for |£| > R,
Re P(t) increases with increasing s along any ray r = {t : t = £ — se™,0 <
s < 00,0 <<y < Z}in R from € to £+ ooe” and Cyft — 2|1 <
|4 Re P(t(s)| < Ca|t — 2i|™", where C; and C are constants, independent of

e, with C; > 0.

Property 3: There exists sufficiently small » > 0 independent of ¢ so that
4 [ReP(t(s))] > C > 0 on the parametrized straight line {t(s) = —v +
se”'7,0 < s < +/2v}, C is some constant independent of ¢ and v.

Property 4: There exists b, g, with v < b < min{l,7},0 < ¢y < 7, each

independent of €, so that L Re P(t(s)) > ‘t(s)c_%‘ on t(s) = —bi + sellm+vo),

where C' > 0 is independent of e.

91(£), g2(€) are the two WKB solutions of the homogenueous equation corresponding

to (2.7); they satisfy the following equation exactly:

(2.15) €'g" (&) + (L(§) + € L1(£))g(&) = 0;

where

e 5P
(216) 1O = 16 T e

Remark 2.7. By (2.8) and (2.16),L,(£) ~ O(£7%), as |€] — oo.

The Wronskian of g; and g5 is

(2.17) W(E) = 91(8)92(8) — 92(8) g1 (§) = —,
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Definition 2.8. We define operator V so that
(2.18) VF(§) = €F"(€) + (L(§) + €'L1(§)) F(€)
Remark 2.9. Equation (2.7) implies

(2.19) VF(§) = Ni(§) = N(F, I, F)[] + € Li(§F(€),

Definition 2.10. Let D be an open connected (see Figure 1) domain in the lower

left complex £ plane bounded by lines

Ri={{:Im&=0,—00 < Re £ < —v},

Ry={f:6=—v+se ™} 0<s<Vw)
Ry={(:Re&=0,-b<Imé<—V2w}
Ry={£:&=—bi+sel™%) 0<s < o0}

where v, ¢y and b are chosen so that Properties 3 and 4 are satisfied.

In addition to Properties 1-4 above, we show in Appendix 2 two other properties.:

Property 5: For any £ € D, there is a path P(—v, &) = {t : t = t(s)},
parametrized by arclength s, going from —v to &, entirely contained in D,
so that L ReP(t(s)) > C > 0 for a constant C' independent of e.

Property 6: For any £ € D, there is a path P({,—o00) = {t : t = t(s)}
parametrized by arclength s going from ¢ to —oo contained entirely in D

so that & [ReP(t(s))] > FC;M > 0, where C' > 0 is independent of e.

We introduce spaces of functions:
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Im &

= Re ¢
\ -V i

FiGURE 1. Region D in complex & plane.
Definition 2.11.
B; = {F(¢) : F(&) is analytic in D and continuous in D,

with sup|(¢§ — 2i)TTF(€)| < oo}, 5 = 0,1,2,
€D

|F|l; = supl(§ — 20)" " F (&)
£eD

Remark 2.12. B; are Banach spaces and By D By D Bs.

Definition 2.13. Let Q be any connected set in complex £-plane,we introduce norms:

1E )0 = 229(5 —20PTTF(€)],5=0,1,2.
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Definition 2.14. Let 6 > 0,4; > 0 be two constants, define spaces:
By;={f:f€Bylflo=< 0}; B,s ={9:9€By|gli < 01}

Remark 2.15. A remark is in order about use of symbol C' for constants that occur
through out the paper. In order to avoid proliferation of constants, we have used C
(and sometimes C; and Cy) as generic constant, whose value is allowed to differ from
Lemma to Lemma, and sometimes even from step to step within a Lemma. However,
C does not depend on e. For more specific constants, we have reserved constant K,

Kl, KQ, etc.

Lemma 2.16. Let N € By,then

_ 1 U N@)
fi(§) = 6292(5) ; W (1)

g1(t)dt € By, and || f1]lo < Ky || N||2;

where Ky is a constant independent of €.

Proof. Case 1: || > R,where R is large enough for Property 2 to hold, but inde-
pendent of €. On path P(§,—o0) ={t :t =& — 5,0 < s < oo}, Re (P(t) — P(§))

increases monotonically from 0 to oo as s increases.

1/4 6
e

< INJILIZ7H4 (€]

220) A9 =| L NOL o) exp L (P(E) - POt

(1) — 20NN [
o [ e O [exp e~ mep ()|

Since |€ — 2i| < |t(s) — 2i| for any s, we have |L~'/*(&)| < O¢ — 2i|'/? and

d% Re P(t(s)) = Re (P'(t)t'(s)) 2 C|LY(t)] = Ct(s) — 2i !

— 2i) > |[L7 VA (#(s))]
%ReP(t(s))

|L*1/4(§)| |(t(s) <ClE—=2i ™
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So || fillo < K;||N||2 and the lemma follows.
Case 2: For £ € DN {|¢| < R}, by Property 6, there exists a path P(£, —c0), so

that Re (P'(t(s)t'(s)) > then in (2.20)

(1) = 20) " IL7 1))

‘%ReP(t(s))‘ -

(2.21) ().

and therefore lemma follows since £ is bounded in this region. ([l

Lemma 2.17. Let N € By, then for sufficiently small ¢¢ > 0, we have for all
e € (0, €],

3
f2(§) == i291(5) ~ I]/IV/((tt))

€

g2(t)dt € Ag, and || f2llo < Kz [Nz

where Ky is independent of €.

Proof. Case 1:For the case |£| < 4R? by Property 5, there is path P(—v, £) entirely

in D so that £ ReP(t(s)) > C > 0 for {(s) going from —v to £. So

[£2(6)] < CIIN 2| L7H4(8))]

|dlexp{—L(ReP(€) — ReP(1))}]]
d%Re P(t(s))

x / (£ — 20)2 7 L)

Since (2.21) holds here too, the result follows since | — 2i|™ is bounded in this case

as well.

Case 2: For the case where ¢ € D, €] > 4R

we choose path P(—v,&) = Py + Py + P3, where
Pr={t:t=pe'™ [¢] > p > VIg]}
Py = {t:t=pe'™8 \/|¢| > p> 2R},

P?’ = P(_Va 50),Where 60 =2R ei arg 5,
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We break up integral fp = f7>3 + fp2 + fPl and accordingly write fo = fo1+ fao+ fos.

Now from (2.14), from the asymptotics for large |¢| and |¢|, it follows that

It]
(2.22)  Re(P(t) — P(§)) < C’l/ %dr <O ln(%),where C is independent of €
I£]
@) = | 2L | NOL 1) exp{=(P(6) = Plo)
14 C
(2.23) C’g NI, |1 ~1/4 37 exnd L In(P- g
< CEINIL e [ ot (G
< OVl
Also, (2.22),(2.23) are still valid on P», hence
al€) = 21746 [ ML e L (Pl - PO)ar

P2

2 Vi, C
CE|N o)1 5T exp{—In(2)}d
e G e

C

< O||N|lo| L4 (e g2 1%

< CIN|llé] " for e < €,

On Pgi

(224) |fo3(6)] < [IN[LIL74(€)]

X/exp[:(Re P(&§)—Re P(£&))] |(t(s) — 20) "2 7|| L Y4 (¢(s))]
0 4 ReP(t(s))

@ exp{~ (ReP(€) ~ ReP(t(s))}

1
< CIINJo|L4(€)  expl——

(Re P(6)~Re P(&)] < CIINTBle= < CINoJe] ", when e < 1

Combining bounds for fs:, fo2 and fo 3, the proof of the Lemma follows. O

Definition 2.18. Define operator U: By — Bg; U;: By — B so that

3 3
025)  UNE) = 50 [ &(’ggxwdweéga(s) [ éﬁ—((?)glu)dt;
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226) UN(© =~ 5@ [ S gyt Sha©te) [ o
where

R2) O =g~ POkl = g P

Lemma 2.19.

(2.28) supl(€ — 20)hy(€)] < =27 = 1,2

where K3 is a constant independent of €.

Proof. The lemma follows from that P'(¢) = iL'/2(¢) and equations (2.8),(2.14) and
(2.27). O

Definition 2.20. Let R~ ={{:Im { =0,Re £ < —v}.
Lemma 2.21. ||Ni|sr- < 00.

Proof. From (1.2), (2.2), (2.16), Lemmas 1.5 and 2.4, it follows that as £ — —oo,

HI;[H = 0(673), (F'—|—H)3/2(F'—|—f{')1/2 7 — 0(67277),

F[(F/ +H)3/2(F1/ +H/)1/2 _ H3/2H1/2] — 0(5—2—27)7

and
F//+H/
F+H

Using these relations in (2.9) and (2.19) in expression for Ny, the lemma follows. [

(k4 1)~ T =07, 1 =067

Lemma 2.22. Let F(£) is a classical solution as in definition 1.7. If F' can be

analytically extended to D, then F satisfies the following equation for & € D:

(2.29) F(&) = Bg1(§) +UN(8);
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where 3 is given by

230 s=g ) (Fen - St [ o)

Proof. First we consider £ € R~ on the boundary of D. From continuity, (2.29) holds,

where I(£) occurring in N; () is understood as , ligm I1(¢). Using the method of
m §—=0~

variation of parameter for £ € R™, we have
(2.31) F(§) = Cig1 + Cago + UN(§)

Since ||Ni]jo,r- < 00, it follows on using Lemmas 2.16 and 2.17, restricted to R~
instead of D, that ||/ N1]|or- < co. Since g1(—o0) = 0 and go(—00) = +o00, it follows
from sup | — 2i|"|F| < oo that Cy, = 0. Using Cy = 0 in (2.31) and evaluating it at
€= —glf,Rwe obtain F(—v) = Cyg,(—v) +UN,(—v). Hence C, = 3 as given by (2.30).
So (2.29) holds for £ € R™. By analytic continuation of each side of the equation, it

follows that it must be valid in D as well. O

Definition 2.23.
m (&) = N(f, I, F)[g] + ¢ Li(&)f(€);

We consider the following integral equation:
(2.32) f(&) = Bg1(&) +Uni(8);
where [ is still given as before by (2.30).
Lemma 2.24. [’ € By, F" € By, with ||F'||; < 6, and ||[F"||; < &,
Proof. The lemma follows from Definition 2.1 and Lemma 1.5. U

Definition 2.25.

Hy, = inf {l€ = 20[|H()], € = 20| H ()1}
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Lemma 2.26. Define operator G; so that
Gi(f)[t] = (f'(t) + H(®)*(F'(t) + H(t)"*;
Let f' € By 5 and 0,01 < Lo where &, is as defined in (1.8). Then, for { € D,
(2.33) G ()]l < Ol¢ — 24|
where C' is independent of € .

Proof. From (1.2) and (2.2),

(2.34) H, | = 2i P < [H| < Gyl€ — 2]

(2.35) Hylé - 207" < |H| < Colé — 2]

where C', H,, are independent of independent of e.

f 3/2 | 1/2
N — 3/271/2) |/ 1 - 1
G(F)] = [H22) | 1) | =
< Ol —2i[7%
O
Lemma 2.27. Let G, be an operator so that
! U ry! f’ + H HIH
2. = [(F'+ H')= — — — :
(2.36) Go (1€ = |(F" + ) = 2| ()
If ' € By, ,and 01,01 < o then for £ € D,
(2.37) Go(f)EN < Cl€ = 2 7>77[61 + b1 + 6]

where C' is independent of € and 81, d5 are as defined in (1.6).
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Proof. Note from (2.2),

(2.38) H' = &= 7;;?22:1(;22 —b = O(& —2i) 2, for large |£];

HH _ [-i)’+ (= DIE+in) _ | o
(2.39) F = 1) (e = i) = O((¢ —2i)™*), for large ||

o HH_F L +H

N Y .
CN=mm m Fra Fea

< Cl€ = 2i|727[01 + 61 + 69

Lemma 2.28. We define operator Gz so that

(2.40) Go(f') = (f' + H)**(F' + H)'? — H**H'V?,
Assume that f" € B, 5 with 41, 0y < Hy,/2. Then for € € D
(241) Ga(FIE)] < C 16 = 2|77 (61 + 1)
where C' s independent of e.

Proof. Using(2.40):
f/ 3/2 yad 1/2
(ﬁﬂ) (EH) 1
e (R
< ClE—2i 2{( +1 —+1 —1
=2 7]

< C)E = 2i|7277(6, + 61)

Gs(F)] < |H*2H'?)

O
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Lemma 2.29. Let f € By;, f' € By ;,,then ny € By for 01,01 < Hp/2, and
||n1||2 S K4(62(]. + (52) + (5 + 5(62 + 51 + (51))
where Ky is independent of €.

Proof. Note that

(2.42) )

= NEIE) F) = & (T = ) =16 (V) +ifGa( )+ G ) + L
H'H AV 2y _3.

o) | (T - 1) | = ey < ol -

from Lemmas 2.4 and 2.26,

(2.44) G (f)(EZ(F)[E]] < Col¢ — 2>

Applying Lemma 2.26-Lemma 2.28 to get

IF11Gs(f))] < C|€ — 2i|2775(81 + by)

€2|Go(f')| < C€*|€ — 2i| 7277 (01 + 01 + Jo)

From the expression of L;(§),we have:
(2.45) |21 L1(€)] < Ce?|€ — 2i|2775;

On using the expression for n; in (2.42), we have the proof by combining the above
inequalities. It is to be noted that terms like 623, €26, etc. do not appear because
they are smaller than terms explicitly appearing on the right hand side of the Lemma

statement. Clearly, for suitable choice of Ky, such terms can be estimated away. [
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Lemma 2.30. Let G, be as defined in Lemma 2.26. Let f; € B, ;.7 =1,2, then for
(51, 51 < Hm/2;

(2.46) G (fD(E) = Gi(f)(O] < Ol =277 f1 = falls
Where C' 1s independent of € .

Proof. By straightforward algebra:

Gi(f1) = Gi(fy) =

(1 = B)F' + H)'2[(fi + H)* + (fi + H)(f5 + H) + (fy + H)?]
(fi + H)? + (f5+ H)*?

Lemma follows from above equation, on using upper and lower estimates for | f/ + H |

and |F" + H| as in preceding lemmas. O

Lemma 2.31. Let f; € B ;,7=1,2. Let Go(f') be defined as in Lemma 2.27, then
for 6y < Hp/2,

(2.47) 1G2(f1) = G2(f2)ll2 < C (02 + DI = fallis
Proof. We note

(F" + H'))|

0. (e
< fe—zip * e <Ok -E 0

Also,
(4 F) Y < o2
= .
By straightforward algebra,

(£ + H')

Go(f1) — Ga(f3) = m(f{ — f2);

Using inequalities as above, we obtain the proof of the lemma. 0
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Lemma 2.32. Let f; € B;, fi € By, j = 1,2, then for 61,61 < Hp/2,

( ) ||N(f1,[,F)—N(fz,[,F+62L1(f2—f1)||2
2.48
<K (@404 0 = follo + (46 + 5+ ER)1f — fill)

where Ky is independent of €.
Proof. From (2.42),

(249) N(flvja F) _N(f27[7 F) = _iGQI(F) (gl(f{) - gl(fé))
+i(fi = f2)Gs(f) +if2 (Gi(f1) = Gi () + € (Ga(f1) — Go(f3)) 5

On using Lemmas 2.4, 2.28, 2.30, 2.31 and expression for L;(£), we obtain

1€ (Gi(f1) = Gu(f2D)l2 < COllfL = falla

1(f1 = £2)G3(fD)l2 < C(61 + 611 = fallo
1£2 (G () = Gr(fa)l2 < GOl f1 = falla
€2 (G2 (f1) = Ga(f3))ll2 < CE+ ) f1 = filla

€Ly (f1 = f2)ll2 < CE fr — fallo

Combining all the above inequalities, we get the proof. O

Lemma 2.33. For sufficiently small €, we have
(2.50) 1Bg1llo < Ko(€* + 6 + €26,);

where Kg is independent of €
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Proof. For || < R, from (2.30),
1B91(E)] < 1891 (=v)| <[E(=v)[ + [UN (=) < 0 + [lUN [|2.r-;

but from(2.9) and (2.19) and using Lemma 2.29 with domain D replaced by R~, and
f replaced by F' (and hence d by & and 8; by 1), we get

[N ]lor- < C(2 + 0 + €25,),

So ||[UNy]|o < C(K1+K5) (€246 +€20,) from Lemma 2.16 and Lemma 2.17. Therefore
1Bg1(—v)| < Kg(€2 + 5 + €255) for some Kg independent of €. For |¢| > R, on using
equations (2.12) and (2.22), which holds, |g:(€)g7 ! (—v)| < C (|§|%—%), where C, 0

C1

sk, above < C'|¢ — 2i|™7 and the lemma follows.

are independent of €. For ¢ <

O

Remark 2.34. The estimates in each of the Lemmas 2.16-2.33 generally depend on v
and therefore \, as quantities such as H,, and upper bounds for (é —2i)H or (§ —2i)H
have dependences on 7. If we consider A in any fixed compact subset of the interval
(0, 1), i.e. for v = ﬁ in a compact subset of (0,00), such dependences can be

removed since H and H are continuous functions of v in this interval.
We define spaces:

Definition 2.35.
E.=Ba& B,

For (&) = (u(£),v(£)) € E,
lefle := [lu(©)llo + ellv(€)lx

It is easy to see that E is Banach space.We replace (f, f') by (u,v). Also we denote

operator n so that n(u,v)(§) = ny(§).
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Definition 2.36. Let

where
(2.51) O, (e) = Bg: +Un(u,v);
(2.52) O(e) = Bhigi + Uin(u, v);

Definition 2.37. Let

(2.53) A =8K(5+€(1+0,))
where
(254) K= maX{KG, (Kl + KZ)K4, K3K6, K3K4(K1 + KZ)};

We define space Ex = {e € E: |le||g < A}.

Lemma 2.38. If e = (u(&),v(§)) € En, then fore, 6, and ﬁln% 0y each sufficiently

small (the latter two are part of Assumption (ii)), O(e) € Ex.

Proof. If e € Ep, it follows from the expression for A, that

A )
(2.55) ?§8Kk+z+dﬁ

and this is small by assumption and remark 1.6. Thus, both ||v||; (and therefore 0;)

Hyp

2+ s0 as to apply Lemmas 2.29 and Lemma 2.33

and d; can be taken smaller than
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which, together with Lemmas 2.16 and 2.17, gives:

101(e)llo < [|Bg1llo + |[Un(u,v)lo
< Ko(€® 46 + €26y) + (K 4+ Ko)Ky[e*(1 4 65) + 0 + ||ul|o(€® + 61 + ||v]|1)]
< 2K[€%(1+ 0y) + 0] + K||ullo(e2 + 61 + [|v][1))
Using ||ullo < A, €¢||v|li < A and (2.55), we get
2 2 A
Kllullo(e* + 61 + [Jv][1)) < A[K(€” + 1) + K;]
So
1 , A
101(€)llo < Al + K(¢+61) + K]

From Lemma 2.19

e[|O2(e)[1 < K3[[|Bg1llo + [[Un(u, v)]lo]
1 A
< A[Z + K (e + 6,) +K?]
then, for sufficiently small €, ; and ﬁln% g,
10(e)|| = [|O1(e)llo + €]|O2(e)
1 5 A
< A[§ +2K(e"+01)+2K—]| < A
€

O

Lemma 2.39. If e; = (u(§),v(€)) € Ea,j = 1,2, then for e, 6y and eln< 6, small

enough,

[O(e1) — O(ez)|| < Ailler — eyf|.
where
(256) AI = k [26 + (51 + 6(52 + A/G]

where K = 2max{K5(K, + K,), KsK5(K, + K5)}.
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Proof. Since (uq,v1), (ug,ve) € Epa, it follows that each of ||ui|o, [|uz2]|o, €||v1||1 and
e||lva||1 are bounded by A and that we can assume each of [|v1[|; and [Jvo|[; < = so

as to apply Lemmas 2.32, 2.16 and 2.17, which, on using 6 < Aandd < %, gives:

|01 (e1) — O1(ez)llo

A o A
S (K1 + KQ)K5{(€2 + (51 + ?)Hul — UQ“() + (€—|— 6(52 + Z + ?)6“7)1 — Ug”l}

Ay
< == —
=75 ler —es|

€|Oz(er — Oy (ey) ||y

A AN
< K3(Ky + KZ)K},{(EZ + 0 + ?)||u1 — ugllo + (€ + €dg + . + ?)6”1}1 — UQ||1}

A
< — —
=7 el — es|

So, proof of Lemma follows by combining the above. ([l

Theorem 2.40. For sufficiently small o1, eln% 09 and €, the operator O is a contrac-
tion mapping from Ea to Ex. Therefore, there exists unique solution (u(§),v(£)) €

EA toe = Of(e) and hence to the integral equation (2.32), where f =u and f' = v.

Proof. From assumptions and remark 1.6, we know that A; < 1. The theorem follows

from Lemmas 2.38 and 2.39. O

Lemma 2.41. If f is the solution in Theorem 2.40 and F is a classical solution as
defined earlier. Then f(§) = F(§) for & € (—oo, —v| for small enough €, 6; and

€ln % 62.

Proof. Let u = f — F,u = f' — F'. From (2.29), (2.32), u and v satisfy the following

equations :

u=Un, — Ny),v=U(n — Nyp);
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By Lemma 2.32 restricted to domain R™, with f; = f and f; = F and using

€ Liullor- < Ce*||ullor-
2 A 2 2
|n1 — Ni|lar- < C | (e® + 61 + ?)||u||0,R- + (e 4+ €02+ 0 + A)||v||1r-
So, from using Lemmas 2.16 and 2.17, restricted to domain R,

A o A
||U||0’R— S O |:(€2 + 51 + ?)HUHO,R_ + (6 + 652 + E + ?)GHU“LR_]
]

A o
[ullor-+ ellollr- < Cle+ 01 + — + €dy + =) ([|ullor- + €[]l r-)

A RVAN
€||U||1,R— < C |:(€2 + (51 + ?)“’LL“O’Rf + (6 + 6(52 + E + ?)GHU

where C'is a constant independent of €. So, combining the above,

Since the constant C'is independent of € in the estimate on the right side of the above
equation. It follows that for small e, ﬁln% d2 and 0; (and hence small % because of

Remark 1.6), (u,v) = 0. Hence, the Lemma follows. O

Theorem 2.42. If F is a classical solution satisfying assumptions (i) and (ii), then

for small enough €, then F' € Boa and F' € B, a

Proof. The theorem follows from Theorem 2.40 and Lemma 2.41. U

3. ANALYTICITY IN THE TRIANGULAR REGION

Let S = {{: Re & = —a,—v+a < Im & <0} where 0 < a < v be a vertical
straight line segment in the triangular region 7 bounded by negative real axis,negative
imaginary axis and line segment {£ : £ = —v + se™™/* 0 < s < v/2v}. This is the
triangular region (See Fig. 1), which is the complement of the region D in the third-
quadrant. It is to be noted that in the triangular region T, P(§) = P(0)+iy&+O(1?)
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and so on & when & = —a — is, Re P increases monotonically with s such that
4 Re P(¢&(s)) > C > 0, where C is independent of e and v for sufficiently small v.

We consider the following boundary value problem on the line segment S

1"+ (L&) + € Li(€)) f = N(f, I(F), F)[E] + €L f(§) = m(6);
f(=a) = F(—a), f(—a1) = F(~a)

(3.1)

where a; = a +i(v — a).

Lemma 3.1. f € C?(S) is a solution of boundary value problem (3.1) if only if f is

a solution of the following integral equation.:

(3.2) [ = a1g1 + asgs + Usny
where
3 ny 3 ny

(33) Z/[3TL1 = —égl /a W—((?)gg(t)dt + 6%92 o W—((i;gl(t)dt

. Y192(—a1) — Y2g2(—a)
84 N G Ca)ga(—a) — g1 (—an)gs(—a)

. Y191(—a1) — Y201(—a)
(35) = g —m) — g1 (—an)ga(—a)
where
(36) 0= Flo) = =) [ Gt o
(3.7) Yo = F(—a;) + ;291(—%) a‘“ ;;Eg ga(t)dt
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Proof. If f € C*(8S) is a solution of boundary problem (3.1), then by variation of

parameters, we have
(3.8) [ = a1g1 + asgs + Usny

for some oy and «as. Plugging the boundary conditions in (3.1), and solving for a4
and a9, we have (3.4) and (3.5). By straight forward computation, we get that a

solution of (3.2) is a solution of the boundary problem (3.1). O

Remark 3.2. ~; and v, depend on f, f’ through ny, v; and v, are functionals of f, f',
so are oy and ay.We use notation «;(f, f') to indicate the dependence on f, f'. The

norm ||-|| mean maximum norm ||-||» in this section.

Lemma 3.3. If i € C(S), let fi(§) = $g2(€) f_gal LE;))g1(t)alt,then fi € C(S) and

/1]l < Ky||f3)| for constant Ky independent of €.

Proof. Using monotonicity of Re P on § with s, as noted before,

1

- £ 1
RO1= |5 [ 1HOT anexnt-H(P0 - Pl

) C/l |L=YY (&) LA () ()] d [exp{_%(P(t) — P(S))}}

xp{—L(P(—a1)—P())} LRe P(t(s))

< Ki||n]]

O

Lemma 3.4. If i € C(S), let f» = Lg1(¢) ffa I;l,(g)gg(t)dt,then fo € C(S) and
I1f2]l < Kol £l

Proof. The proof is very similar to Lemma 3.3. OJ
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Lemma 3.5. Let f; € C(S), f; € C(S),j = 1,2,then

||N(f17]7F) _N(f27[7F)+62L1(f1 _f2)||
(3.9)

< Ks (€ + 00+ iDL = foll + (€ + 0+ | ol + €0) 1 f1 = f3]])

Proof. The proof parallels that of lemma 2.32, except that the domain is S instead

of D and the norm is the max norm. OJ
Lemma 3.6. If f' € C(S) then ajg; € C(S) for j =1,2 and

(3.10)  |leygjl| < ki (|F(=a)| + |F(—a1)| + [|n1]]) , where ky is independent of €
Proof. Let

(3.11) D = gi(—a)ga(—a1) — ga(—a)gi(—a1)

Using (2.12), we have:
(3.12)

D:=L]*%—@L”%—anemﬂé(Pc—m>—f%—a»}[1—emﬂ§<Pc—@——Pcﬂh»{

Since Re P(—a;) > Re P(—a), D! is exponentially small in €, Re P(£) > Re P(—a)
for £ € S. We also have

92(—a)91(§)‘ _ ‘ L4

(3.13) D L7 (—a)

<C

exp{z (2P(=a) — P(§) — P(—ali))}‘
1 —exp{?(P(—a) — P(~a1))}

with C' independent of €. Also,

92(—01)91(5)‘ _ ‘ L7(¢)

(3.14) - L)

‘ exp{~L(P(6) -
I~ exp(Z (P(~a)

P(~a)))
—P@mnﬂgc

Similarly, we get constant upper bounds for gl(_ag”@) and gl(_‘}g”(g). Using lemmas

3.3 and 3.4 in (3.6) and (3.7), we have

(3.15) Il < (IF(=a)| + Kilnall)
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(3.16) 72| < ([F(=a1)[ + Kafln])

Using (3.13), (3.14) and similar bounds, in (3.4) and (3.5), we get the lemma. O
Lemma 3.7. If f; € C(S),j = 1,2, then (a;(f1, f1) — a;(fa, f3)) g5 € C(S) and
3.17) Il 1) — 05 19) 0]

< C(E+ 0+ [IAIDIf = foll + (€ + 1 ol + 0+ €0) £ = fll-

Proof.

(3.18)  [(ea(f1, f1) — au(fo, f3)) 91

92(—a)gi(§)

§|’71(f17f{)_71(f27fé)| D

\ el £) = o Fos £

92(—a1)g1 (§) ‘
D

Using (3.6),(3.7), Lemmas 3.3 and 3.4:

(3.19)  In(fi, f1) = n(fas ) S CIN(f1, I, F) = N(fo. I, F) + €Ly (f1 — fo)l,

(3.20)  |e(fi, f1) = 2(fo, [3)| S CIN(fi, I, F) = N(fo, I, F) + €L (f1 — f2)|l,

The lemma follows from (3.13), (3.14),(3.18) and Lemma 3.5. Similar proof for j =
2. U

We consider the following integral equations:

(3-21) f(ﬁ) = 03(f, f,) =g (f) + 04292(5) +Z/13n1(§);

(3.22) f1(€) = 0u(f, f) = arhi(£)91(€) + a2ha(§) 92(&) + Uana (£);

where

§n1 3 ny
(323) Uy = —éhl(f)gl /_ ng; gh(t)czt+6l2h2(§)g2 /_ ng; o (t)dt
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We define spaces:

Definition 3.8.

For e(&) = (u(§),v(£)) € E(S),
lellecs) == [[u(€)lloo + €llv(€)]oo
It is easy to see that E(S) is Banach space.
Definition 3.9. We define k3 independent of € so that
ks > Sup {elha(E)], eha ()]}

Definition 3.10.

(3.24)  Eas:={e=(u(f),v(£)) € E(S) : [[u(§)]] < 8kA, [[u(&)]l < 8k1k3%}-

where k; and k3 are O(1) constants, as defined in Lemma 3.6 and definition 3.9 and

A is as defined in (2.53).
Definition 3.11. Let
O(S) : E(S) — E(S)
e(£) = (u(§), v(§)) — O(S)(e) = (Os(e), Ou(e))
Theorem 3.12. For sufficiently small 6, ﬁln% 9y and €, the operator O(S) is

a contraction mapping from Ean s to Eans. Therefore there exists unique solution

(u(€),v(§)) € Eas to the equations (3.21), (3.22).

Proof. Replacing space B; with C'(S), the proof is parallel to that of Theorem 2.40.
[
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Theorem 3.13. Let F' be the classical solution in Theorem 2.40, then F' is analytic

inside the triangular region T .

Proof. Let f be the solution in Theorem 3.12, then f satisfies the boundary value
problem (3.1). Since all the coefficients in equation (3.1) are analytic in a neighbor-
hood of §, it follows from the classical local theory of ordinary differential equations
that f must be analytic in a neighborhood of S. Since a is arbitrary in interval (0, v),
f is analytic in 7 and continuous on the closure of 7. From boundary conditons in
(3.1), f equals analytic function F on (—v,0) U {€: €& = —v +se ™4 0 < s < V2u}.
From properties of analytic continuation, f must be analytic continuation of F' across

(—v,0) U{€: & = —v+se ™/} in the region 7. Therefore, the theorem follows. [

Lemma 3.14. Let F be the classical solution in Theorem 2.40, then F is analytic on

the line segment on imaginary azis Sy = {£: Re £ =0,—-b < Im £ < 0}.

Proof. Considering the boundary problem for £ € Sy:

e f" + (L(§) + €Li())f = N(f, I(F), F)(€) + € L1 f(§) = m(&);
f(=a) = F(=a), f(=bi) = F(=bi)

(3.25)

It follows from a variation of the proof of Theorem 3.12 that there exists an unique
solution f in Ex s, to the above boundary problem. Since the coefficients of (3.25)
are all analytic in a neighborhood of &, the solution must be analytic on Sy from
classical theory of differential equations. On the other hand, from Theorem 3.13, F'
satisfies equation (3.25) in DU T, since F and F’ are continuous upto the closure of
DUT. From continuity, F restricted on Sy satisfies the boundary problem (3.25) and

F € Ea,s,. By uniqueness, ' = f, therefore theorem follows. 0
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Definition 3.15.

(3.26) ks = sup {|€ — 2|7, |€ — 2i|"""}
ceT

Remark 3.16. It is to be noted that

sup|§ — 2i[7[F(§)] < ks sup|F(£))|
&eT &eT

suplé — 2i["HF'(€)] < ky sup|F'(€)]
ecT ecT

Definition 3.17.

~

(327) A = max {A, 8]€1]€2A, 8]€1]€2]€3A}

Theorem 3.18. If F' is a classical solution as in definition 1.7, then F is analytic

in RUZY and F € Aja P e A A

Proof. Combining Theorems 2.42, 3.12 and 3.13 F' is analytic in the domain R~ as
defined in definition 1.1, with
sup [¢ — 2i["|F(¢)] < A

EeR~

and
A

sup [¢ — 20| /()] < 2

EER™ €

Since F' is analytic in Z' and from Lemma 3.14, analytic on the line segment Sy
on the imaginary axis, from condition (iii) and successive Taylor expansions of F' on
the imaginary £-axis, starting at & = 0, implies Im F' = 0 on §y. From Schwartz
reflection principle for £ € RT, F(§) = [F(—&*)]* provides the analytic extension to
Re £ > 0. Thus F' is analytic in 'R and continuous upto its boundary, including the
real axis. Thus, F' must be analytic in R U Z". Since from reflection, ||F|oz =

1E o=~ [ F

LR = ||

1.®-, the proof of theorem is complete. O
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Lemma 3.19. If F is a classical solution as in definition 1.7, then d, 61,02, as de-
fined in (1.5),(1.6), equals O(€*). Therefore, in the domain R, ||Fllo = O(€*),
1F"]li = Ofe).

Proof. Since F' is analytic in R U Z" and decays algebraically at oo in this region, it

follows from Cauchy’s formula that for real £ € (—o0,00),

P = [ e POy,

27 — §)itt

Using Lemma 2.11 in [1], it follows that

o= sup €= 2i*|FI] < C[Flle = O(4)

56(700700)

Therefore, using (1.1), on the real axis, sup | — 2i]" |Re F(§)|] = O(e?).

6 € (—O0,00)

~

Further, on taking derviative of (1.1) with respect to £, and using O(A) a priori

bounds on F’, F” and F" on the real axis as above, it follows that  sup 1€ —
5 € (—O0,00)
2i|™"! |Re F'(§)] = O(e?). Using Hilbert Transform property as in Appendix A

(Lemma A.1 for k = 1), with ¢(§) = Re F(§) and using Im F(§) = H(Re F)[¢],
it follows that  sup  [€ — 2i|" [Im F(£)] = O(€?). Therefore, sup  [|€ —
267 |F(&)| = é(eﬁgiwﬁoz)rlce § = O(e?). By taking upto third derivatigvg (()}051001)) and
using a priori bounds on all derivatives of F for real £ occurring on the right of (1.1),
we get O(¢?) upper bounds for |¢ —2i|™g' ()], 1€ —2i[""*|g"(€)] and [€ —2i[7**|g" ()]
where g(&) = Re F(£), as before. Using properties of Hilbert transform (Lemmas A.2
and A.3 in the appendix), it follows that |£ — 2|™" Y Im F'()], |€ — 2i|""|Im F"(§)|
also have O(¢e?) upper bounds. Hence 6,0, = O(e?). Therefore, A = O(e?),

where A is as defined in definition 3.17. From previous theorem, in the domain R,

IFllo = O(e*) and [|F"[}y = O(e). m

Proof of Theorem 1.3 follows from Theorem 3.18, after using the Lemma 3.19.
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4. NONEXISTENCE OF SOLUTION FOR A\ < %

Rewriting (2.11), we have

62 F"(f) —|—H’ F”(f) _|_ﬁ/

W) FO) =IO+ rma T mem @t e | FO+H - e+

On multiplying (4.1) by (F' + H)*?(F' + H)'/? and introducing change of variable:

(4.2) €+ iy = ik Ty, where ki = (1 — ) [iF'(—iy) + iH(—iv)] /7
_ BTG
(4.3) FEOD) ===y

(4.1) becomes:

G’ G’
;)3/26« 4/7XA ( 4/7 )[1 . +€4/7XA ( 4/7 )]

3/2 ,
[ N R

G’
—|—64/7XA ( 4/7 )[1 . +€4/7XA ( 4/7 )]3/2 |:GX3/2 + (64/7 )3/2A ( 4/7 ):|

(4.4) G"—1—x**(1 -

~ el B 3/2 ~
+ (64/7X)3/2A4(64/7X) |:1 . ; + 64/7XA2(54/7X)] + 54/7XA5(64/7X)

where A;(¢*/7y) are analytic functions in ¢*/7y.

A further change of variable

7
(4.5) x= ("7 XG0 = —ne(n)
leads to
26 5 do 45 1 33
16) Lo=—+ 222 (1 S
(46) Lo = dn? * n dn (1+ 196772)(]5 n 196772¢
)4/7

4 4
+ofl1+ -0 7012 = 1+ B o6 ),
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Remark 4.1. Tt is to be noted that E has a convergent series in ¢, ¢':

(4.7) E =355 0B (e, )™ (¢')

1
"7
where we can choose p, C independent of € and 7 so that

|Ej1,j2| < Cp_jl_jz

in the domain - > |n| > R, for R sufficiently large and e small for some ¢, indepen-

dent of e.

Theorem 4.2. Let F(§) be the solution to (4.1) as ensured by Theorem 1.3. After

change of variable (4.2),(4.3) and (4.5), ¢(n,€,a) satisfies (4.6) for qoe™" < |n| <
qe !, at least for 0 < argn < %” (where qo, q = O(y — b)"/* but independent
of € ). In that domain, ¢p(n,€),d' (n,e) = O(€) as € — 0. Further, in this domain
Ing| = O((vy — b)*?), [ng'| = O((y — b)*/*, & o71) Also, on the positive real n azis

in the interval goe ™' < n < qie !, Im ¢ = 0.

Proof. Notice from transformation (4.2),(4.5), if n = O(e ),£ + iy = O(1) and if
0 < argn < 22 then 0 < arg(y + i€) < 2% and for suitable ¢o,¢1 = O(y — b)7/*,
this corresponds to & € R~ close to & = —ib, where F is known to satisfy (4.1)
with ||F|lo = O(e?),||F'||y = O(¢). Hence ¢(n,€) must satisfy transformed equation
(4.6).Also from (4.2),(4.3), (4.5), it is clear that as € — 0%, ¢(n, €), ¢'(n, €) = O(e) and
that no = O(y —0)*? and n¢' = O((y — b)**,e(y — b)~'/*). Since F(&) is real at
least on the imaginary ¢ axis segment [—ib, 0], it follows from (4.2) that for suitable

0, q1, Im ¢ = 0 for 5 real and positive, at least when © <n < 4. O

Definition 4.3. R,z = {: R < Im n+ Re n < koe™", argn € [0, M), —Imn+R <

Re n < Imn+ ke " argn e (—%,0]}, where gy < ko < q1.
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I mn
N1

FIGURE 2. Region Ry p.

Definition 4.4. We define ¢ (7)) (suppressing the € dependence) as the solution ¢(7, €)

in Theorem 4.1

Definition 4.5.

(4.8) d1(n) = n " Me ™, go(n) = 7 Me,

b1(n), P2(n) satisfy the following equation exactly:
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The Wronskian of ¢; and ¢9

(4.9) W1, ¢2)(n) =20 "

Equation (4.6) can be rewritten as

(4.10) Lo=Ni(o, ¢, €)

where the operator N is defined by
(4.11)

4/7
Na(6. 81l = == o o1+ oo+ 20 -1+ B0,

Definition 4.6.

(4.12) Mo = koe ', m = koe ! Ta N = iifoﬁfl;

Lemma 4.7. The solution ¢~)(77) as defined earlier satisfies the following integral equa-

tion:
(4.13)
¢ =—¢1(n) / ' i“’_(f/)?fvl(é, 7Ot + oo(m) [ ?&)YM(«S ¢, e)[t]dt
(620m)8(m) = dm)é(m) ) (qsl(no)qﬁ (1) — #400) B(m0))
- (151 (77) 277,5/7 + (152(77) 277,5/7 )

Proof. By using variation of parameters on (4.6)(with ¢(n, €) replaced by <;~5(77), we get

(4.14)

50)=-0r(t) [ LI N6. . lsliston(t) [ 2N (6,8, lshls A1)+ Aasa(0);

2 72
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Evaluating (4.14) and its derivative at ¢ = 1, and solve for A;, Ay, we have

D(12)Ph(n2) — ¢'(772)¢2(772)_

A = —5/7 )
(4.15) i G
o — P(12) B (12) — ¢'(12) b1 (ma)
2 — 2 75/7 )
Up)

However,on using integration by parts twice:

m ¢ t - 70 (Z) t -
—onle) [ oo+ ont) [ 90 ey

W _ (620m) (77;37 —5/@:2(771>¢<m>) ot (10m)6 (77;37 —5/«:1 (1)6(m))

— A191(t) — Azga(2);

Using Lo = Ni(¢, ', €) in (4.16) and using this expression in (4.14), we get (4.13)

and hence the lemma follows. O

Definition 4.8.

(4.17) W = {¢: ¢(n) is analytic in R, r and continuous in its closure, with

|9l := sup[ne(n)| < oo; }

Ro,R
Lemma 4.9. Let N € W, define

n n

i) = nl) [ Y N @t va(n) = an) [ 2O Nt
m 10
n n

wnin) =i [ 2 NGt van) = i) [ O N
m 1o

Then |||l < KIN@)]; 2]l < KIN@)[]; vs]l < KAN@I], lvhall < KN (@) where

K is some constant independent of R, €.
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Proof. It is clear from the nature of the domain R, r that any point n € Ry g can be
connected to 7y by a straight line entirely within R g so on line #(s), parametrized by
arclength s, Re (t(s)—n) increases from 7 to 1 so that on the segment £ Re (t(s)—n) >
C7 > 0, where (' is a constant independent of e. Further, on this straight line

0 < Cy < [t/n| where Cy is independent of €. Then
0
al)] = | [ e ()
0

< A

_ —9/14 _
< C7rey ™M YN

So [|4s|| < K||N||. Similarly for 4, since }ﬁ} <C.

Also, it is clear that any point 7 can be connected to 7; by a straight line entirely

4 Re(n — t(s)) > C; > 0,where C| is

within Ry r and on such a particular path t(s), 3

independent of €. Further on this straight line |t/n| > Cy > 0, C3 independent of e.
So

n
(] = | [ e N e
m
—9/14 ~— — _
< Gy MO I INY < Kol IV
Similarly for ||t5]| since |%| <C. O

Definition 4.10. We define ¢3 and ¢4 so that

(620m)8'(m) = Shm)é(m))

—5/7

(4.18) ¢3(n) = —p1(n)
2m

(6110)' () = 91 (m)d(m0))
(4.19) ¢1(n) = b2(n) - ;
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Lemma 4.11.

651 lsll < Ca [mm)| + 18 Gn)m ]

1640 gl < Co [Imodm)l + 16 Gro) ol

where C1 is independent of €.

Proof. Since || > |n|, it follows that

b1(n)P2(m)

—5/7)

= exp[Re ni — Re n)|m |~ ||~ < Ci[n|™
771(771

Also, since || < C' |, for constant C' independent of e,

b2(1)P1(M0)

—5/7)

= exp[Re 1 — Re o] |no| =M |n| 7>/ < Coln| ™"
770(770

Since ¢4(n) = ¢a(n)[l — li—n] and ¢} (n) = ¢1(n)[—1 — %], the same arguments as

above show that Mﬁ%%m < Cy|n|~" and Mﬁ)%m < Cy|n|~". Hence, the lemma
n(m ") oo ")
follows from definition of ¢3 and ¢, in definition 4.10. U
Definition 4.12.
W, ={peW,|¢| <o}
Definition 4.13.
4 ¢

4 i j j
+=o) =1 = Y0 A (n) ¢ (6",

Jitj2 >2

1
D ¢7¢Ia_ E¢ I+ —-
(0.6 ) = o{(1+ 3¢
We define constant p, independent of 1 and € in the domain Ry r so that

|Aj17j2(77)| < Claijlijz
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Lemma 4.14. If ¢,¢' € W,,, then N1(¢, ¢, €) € W, and

NG (6,9', )| < 1+ Cloo + R + 77

for R large enough so that ~R, <

pR < =, where p and p are as in remark 4.1 and

N[

definition 4.13.

Proof. In (4.11),|| 5ozl < s llll, I11/nl] < 1.

The norm of the first nonlinear term in (4.11) can be estimated by noting

InD(#, ¢>”%>| =1 2 A 667

j1+j2>2
1
< J1 J2
- le+§2>2|77|91+32 1 p71+]2 |77¢| |77¢ |
2
C_
Rp?

The norm of the second nonlinear term in (4.11) can be estimated by using (4.7) and

noting

[(en)B| < (en0)"" {557 4,50 B o (en) 7, )@5”(«5)

R R VA s
< Ceny )4/7 <231,32>0 Riih i gt ) < Cko/ = O(y—b)

where p is as defined in remark 4.1. The lemma follows on combining above results.

O

Lemma 4.15. If ¢ € W, € W,,¢' € W,, 9’ € Wy, then for R > {22, 2

prop

1
INi(6.6',) = Ni(w, 0, 0)| < Cligg + m + R/ (0 — ]+ 16 = v

where p, p are as in remark 4.1 and definition 4.13 and C' is independent of ¢, 1 and

€.
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Proof. ||19 (0 — )] S ||(¢ —¢)||, Note that

(4.20)
(6707 — )| = Ing? (7 = 45) + (7 — )|

. 1 . 2 .
< NI g 161+ P = &1+ Ay s + D" — o

< (Pl = o+ Gillé — ]

So in (4.11),

InD(¢, ¢', - )— nD(, ¢, )| S A )| In(¢7 @' — yit'i))

J1+7g2>2

1
Z \jitje—1y, r__ y _
Cj1+%)2>25j1+j2 (R) {g2ll¢" = &'l + dulle — @[}

< SHI = 1+ o = ol tor B>

IN

From (4.7) and (4.20)

wﬁ”hmﬁﬂg¢w—Eme%wwﬂ

1 O i 1. .
< C|6770|4/72j1,j220pj1+]’2 (E)JIJFJ2 I{JZle - ¢,|| +]1||w - ¢||}

7. ' / 20
SCWWW—¢WW¢—MMHR>?

Consider the integral equation in the domain Ro g:

(6:00)8'(n1) = d(m)d(m))

~5/7

o(n) = L1o(n) — ¢1(n)

2m
(61(10)'(m) = 94 (m) (1) )

7 ;

(4.21)

+ ¢2(n) o
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Where
n n
(42) o =outn) [ SEINi (6.0t + 0ntn) [ SN 0.0l
Definition 4.16.
(1.23) B'=Wo W, (6,6)ls = l6] + ]

This is clearly a Banach space. Similarly, EL = {(¢, ¢') € E! with [|(¢,¢")|| < o}.

Define
M El — El? M(¢7 ¢,) = (M1(¢7 ¢,)7 MQ(d)a d)l))

where

(4.24) Mi(¢,¢") = L1o(n) + bs(n) + da(n)

(4.25) Mo (¢, 9') = Lad(n) + b3(n) + ¢4(n)

where

n n
126 Lo =00 [ N 6.0+ 6500) [ SN0, 0

Theorem 4.17. For firted o > 4K, where K is as defined in Lemma /.9, there
exists ko small enough but independent of € (i.e. b chosen so that v — b is small
but independent of €), and R large enough so that for any € small enough, M is a

contraction mapping from EL to EL.

Proof. Using Lemmas 4.9,4.11,4.14 in (4.24) and (4.25), it follows that
Mo, &)l = [M1(8, &) + [ Ma2(e, 6]

2
o T4)7 o
(4.27) <2K [1+C’<ﬁ+k0 +R—ﬁ2>]

+ Ci[nod(mo) | + &' (mo)mo] + |mid(m)| + | (m) ]
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From Theorem 4.2, né(n), né/(n) = O((v — b)*/*,

(7_2)1/4) for n = ny or n;. But since
(7 —b)"* = O(ky) it follows that k can be chosen small enough (but independent of
¢) and R can be chosen large enough so that the the right hand side of (4.27) is less
than 4K for small enough e.

Further from Lemma 4.9 and Lemma 4.15

[ M 2(h1, d2) — Mi (@2, 95)|| < K|N (1, ¢, €) — N (o, ¢, €]

1 -
< KClér = dall + 164 = 64 ][5 + =7 + B

PR
So
' ' 1 o 74/7 ’ ’
M1, 61) ~ M2, )| < 2K Cligg + =5 + K (61 = 02,6, — 90|
which is a contraction for ky small and R large. UJ

Remark 4.18. Note that R can be chosen large enough and k, small enough once for
all and Theorem holds for all small €. In otherwords, choice of R, ko can be made
independent of €, though the Theorem also holds if R = O(%) for sufficiently small

€ and I~co.

Corollary 4.19. The integral equation(4.21) has the unique analytic solution ¢(n)

and ¢(n) = ¢(n) in the domain R, .

Proof. Unique solution ¢ follows from Thm 4.17 using contraction mapping theorem.
If we choose R = O(+) suitably, then Theorem 4.2 applies to domain Ry g and from
Lemma 4.7, ¢ = ¢. From analytic continuation, ¢ — ¢ = 0 everywhere on Ro,r even

when R is independent of € but large. 0

Lemma 4.20. The solution ¢(n) satisfies Im () =0 for R < n < L for sufficiently

large R and small enough €, for R independent of €.
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Proof. From Corollary 4.19, it follows that ¢(n) is analytic in particular on the real
axis for R < n < ’%0 However, from Theorem 4.2, Im ¢ = 0 for L <p< L Since

ko > qo, the lemma follows. O

Lemma 4.21. For any fized n in the domain {n : Re n+Imn > R, % > argn > —g},
lime_,0 4(1, €) = ¢o(n), where do(n) satisfies

T Ni(éo, ¢, 0)[t
1(2015_5?7 )[]dt+¢1(77)/

o0

K NI(¢)07 ¢67 0)[t]
2t—5/7

(428) o) = —du(n) / dt

coedim/8

Proof. Follows from (4.13) by taking limit € — 0 and using Theorem 4.2,

d(m), &' (m), d(ne) and ¢’ (1) all tend to 0 while 7@;?_4552/(7"1) — 0 and 7@;2)?51/(7"0) — 0 as
1 0

e — 0 since 1,179 — ©o0. 0

Corollary 4.22. ¢,(n) satisfies differential equation

—33 1 4 ¢y

4
:W—;+¢O{(1+——+?¢6)3/2—1}

(429)  Ligo = Ni(¢o, ¢, 0) 49 7

with 7¢o(n) finite as n — oo, at least for argn € (=%, 5).

Proof. Li¢o = Ni(do, ¢}, 0) follows simply from applying £; to (4.28). Since |no(n)|
was bounded independent of € in the domain Ry g, it follows that as € — 0,|n¢p| is

also bounded at least for argn € (—%, 3F). O

Remark 4.23. Tt is known from general theory worked out by Costin [30] that (4.29)

has unique solution with asymptotic expansion
a, T
Po ~ 2;’11—?, valid for — - <argn <
n’ 2
and that on the positive real axis

(4.30) Im ¢g ~ Sy~ e



ANALYTICITY AND NONEXISTENCE OF CLASSICAL STEADY HELE-SHAW FINGERS 47

for some Stokes constant S (which is a pure number) that can be computed.

However, applying transformation (4.2),(4.3),(4.5) and going back to variable y
and G it is clear that lin&G(X(n)) = Gy(x(n)) and that G(x) satisfies
€—

(4.31) Gi =1+ (x — GH)**Gy
If we use transformation

(4.32) Volx) = (x = Gy)~/?
then it follows from (4.31) that V;() satisfies

(4.33) 2V () = x =V,

with Vo(x) — x~"/% as x — oo, at least for 2X > arg y > 0.
Combescot et al [18] considered (4.33) and by computing many terms in the asymp-
totic expansion for large y, was able to use a Borel summation procedure to compute

the constant S in the asymptotic expression
(4.34) Im Vi(x) ~ Sy 387X

for large positive y. The number S was found to be nonzero. Using the transforma-

tion from x to 7, it follows that S in (4.31) must also be nonzero.

Lemma 4.24. For all sufficiently small €
(4.35) Im $(n. ) # 0 for any n € (R, )

Proof. Since lir%gzz(n) = ¢o(n), lir% Im ¢(n,€) = Im ¢o(n) # 0 from (4.30), since S is
e— e—

nonzero. O
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Corollary 4.25. Im F # 0 on some imaginary £ axis segment [—ib, —ib'] for some

b <b.

Proof. On using transformation (4.2), (4.3) and (4.5), the interval (R, %) in n cor-
responds to an I'm & axis interval that includes [—ib, —ib'] for some suitably chosen

b < b. So, at least on this segment, Im F(§) = Im ¢(n(§)) # 0. O

Proof of Theorem 1.8 : We have shown any classical solution F'(£), if it exists, is
analytic in R U Z* and belongs to Ag. It is also analytic in the Im ¢ axis segment
[—ib,i00). From successive Taylor expansions on the imaginary £ axis, starting at
¢ = 0, if follows that the symmetry condition (iii) implies Im F' = 0 for { € [—ib, i00).
But this contradicts the previous corollary for all sufficiently small . Hence proof of
Theorem 1.8 follows.

Acknowledgements: The authors acknowlege very helpful discussions with Ovidiu
Costin of Rutgers University. The research was supported in part by National Science
Foundation and NASA. XX also acknowleges support from the Ohio State University

Math Research Institute.

APPENDIX A. PROOF OF SOME LEMMAS

Lemma A.1l. Let g € C'(—o00,00) such that ||(£ — 2i)7g|| < 00 for some 0 <7 < 1

and let ||| — 2i|™'¢'||c < 00 as well. Then, for any k € (0, 1],
N 1 N N
(A1) 1€ = 20" H(g)lloo < C1 I+ 1€ = 20)7glloo + Cok| (€ = 20) 9|0

where Cy and Cy are independent of k and H is the Hilbert transform operater defined

as

(A2) Hold = r) [~ L2 g
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Proof. We first take £ > 1. Denote k' = 2 — k, clearly % < k" < 2. We break up the

integral in (A.2) into four parts,

(A.3) /_(::/_Z}/_; /Ic§ /wlg“fdf,

Consider the first term:
! ]' kg e
< \— [ gc+o
i 7]66

k¢ N _
L [ e ot
kg
ke
< ClE=20" e [ 1€+~ 2] g
—k¢

s &

where £ € (—k&, k).
But

k&
/ €+ & —2i] e < |E(1 — k) — 20| FT2kE < Cokl|€ — 26T
—k&

where C can be made independent of k& € (0,1]. Hence

/ g(€+¢&) —g(§)
k& 3

Consider the second term: on change of variable &' + & = " and let L = (1 — k)&, we

< kCal€ — 27716 — 2) gl

get

11t g€
w/L e —o*

We write this integral as

l v 9(6”) no_ l g g(gﬂ) g(gﬂ) //_i g " "
(A-4) w/L(s"—g)d§ - w/L[(e'—s>+ ¢ ]d ng | 9

and estimate each term separately. The second term on the right hand side above

can be estimated as

Wg/ €€~ 20)I¢' -

1-71
ISCL

1€ = 20)7gllo0 < CET (€ = 20)9llc0
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where C' can be made independent of k. Now consider the first term in (A.4):

LB el 2

. g
< Cf(€ ~ 22)79”00/ o™
. (6_ 6//)&
(A.6) AT
< CINE = 20)7gllet 7 [/<> (1-¢) g]

1 s -
< Cilng [€ =207 |6~ 207 gl

where (] is independent of k£, and In % term accounts for the behavior of the estimate

on the right hand side as & — 07. We now estimate the third term in (A.3):
_/ (£’+£)d6 1 /°° g(=&' +¢)
T J - 5 63 5/
N Y T Jrall e
<l - 207glr [ S ag < e - 20l

e '3
where C' above can be chosen independent of k. Consider the 4th term in (A.3):

g +¢ & +¢
/kg o ldg| <€ - 2079 /kf L8 e

. (1 T 1
<Ie-20als ™ [T it <00 teralet

where (] is chosen independent of k£ and ln% accounts for the asymptotic behavior of
the integral on the right hand side, as K — 0. Combinining all the terms above, we

obtain the proof of the Lemma for & > 1. Now for 0 < & < 1, we split the integral

n (A.2) into :
1 [* g€ +8 -9 9(€' +¢) RIGRSIP
Tr/k ¢ d§+ /]; ¢ d§+71'/oo iz d&
First term:

L ("€ +8 -9,
%[k ¢

<2 [ @rie < comle - 20l
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where C) is independent of €. Second term:

9(&'+¢) . € +&—2i] "
C [ e <o il [T e

o 00 é—lZ +4 T/2 1 ~

<cle-2iygle [ EET de < 0w e 20gl
k

where C' is independent of k£ and In % accounts for the asymptotic behavior of the

divergence on the righthand side estimate as & — 07. Consider the third term:

1 g€ +¢ *g(=¢+§ ; & — & -2
w/_w . W/k g < (e - >||ooﬂ/k ae’

$
1 nr
<G g (€= 2i) gl
where C] is made independent of k£ by accounting for the asymptotic behavior of the

divergence of the right hand side estimate, as k — 07.

For £ < 0, we note that

ol =+ oo, = -1 [T 2

which is negative of the Hilbert transform of the function g(—g), evaluated at the

point —¢ > 0. Since g(—¢) satisfies the same conditions as those given for g(£) in

this Lemma, it follows all bounds also hold for £ < 0. O

Lemma A.2. Let g € C*(—00,00) such that ||(§ —21)7g|s0, and ||(§ —2i)2¢"|| are

each bounded for some T € (0,1). Then,
(A.7) 16 =20) " H(d)loo < Coll(€ = 20)9"loo + Co [I(§ = 20)7gllo

Proof. First, we consider the case & > 1. Then, we decompose

Hi = [ Z e g'“)] ie - 2 (4G +a)

(L)t 0

(A.8)
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Using arguments similar to Lemma A.1 for k£ = %, it is clear that the first term on

the right of (A.8) is bounded by

1 [ g'(£+£'>—g'(£>] : P 2 p
2 P e < ot i e -2l

The second term of (A.8) is easily seen to be bounded by

2 (sGo+aH)1 < cle-2 e 2ol

Using arguments similar to Lemma A.1, with ¥ = 3, the third term in (A.8) is also

(= [\ ge+8)
'W(/w*/_oo) e

4T - (e
] = d
/1/2 &2 S /3/2 &2 ¢

Now, on change of variable £’ + & = £”, the last term on the right of (A.8) can be
bounded by

£/2 (£") L _ 1/2 |é|*’f A
A g de"l = e LT —20) gl _d
a0 If el = ot eyl [ LS

bounded:

< CEMTI(E - 20) gl

Therefore, combining bounds on each term, we get

(A10)  [H(EN < 16— 2777 (Call(€ = 20) 79" loe + Coll(€ = 20)7glloc)

We now consider 0 < ¢ < 1. In this case, it is convenient to write

(A.11)
e = [ LEEI=IO s pyie ey ge— ([T [ ) LD

Consider first term in (A.11):

1 r/er o
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Consider second term in (A.11):
(A.13) g€+ 1) +g(€—=1)] < CI(€~2i)gllo

Consider the third term in (A.11):
(A.14)

</ /) M) < el - ')TgHooUloof'QTd€’+/1w(g§#ds'}

Combining the above inequalities it follows that (A.10) holds for 0 < & < 1 as well.
Also, it is to be noted that as in Lemma A.1, for ¢ < 0, H(g)[{] can be related
to the Hilbert transform of g(—¢) evaluated at —&. Thus, the same inequalities as
above hold for ¢ < 0. Therefore, (A.10) holds for all £ € (—o0,00) and the lemma
follows. OJ

Lemma A.3. Let g € C3(—o00,00) such that ||(€ — 21)7¢||cos [|(€ = 20) ¢ ||e, ||(€ —
20)"3¢" || are each bounded for some T € (0,1). Then,

(A.15)

1€ =20)"*H(g")loo < Csll(€—20)""g" oo+ Ci 1(6—20)"" g'lloc +Co 1€ —2i)glloc

Proof. For & > 1, we decompose

(A.16)

nie— [ 9E+O—g"©)
= [ S

6\ o€+, [ 200
(/ Rk ) S Wl

For ¢ > 1, we then get using estimates for each term in the above using the same

i+ 2 |-aG0 +9)| -2 |9 Go+ o)

procedure as in previous lemma A.2, to get
(A.17)
IH(g")IE]l < 1€=23 27 [Cs[|(€ = 20)* 79" lo + Cull(€ = 20)" 7 [lo + Coll(€ = 20)7glloc]
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For 0 < ¢ <1, we decompose

g [ P e ([ )0

+ g€ =1) =g +1)=g(E+1) —g' (€ —1)]

As before in previous Lemma A.2, each term can be estimated and one gets (A.17)
valid again. Again, for & < 0, H(g)[¢] can be related to the Hilbert transform
of g(—¢') evaluated at —¢; hence the inequality (A.17) is valid in that case as well.
Therefore, the Lemma follows. OJ
Lemma A.4. If F satisfies conditions (i)-(iii) and assumption (i), then sup [£+

66(—00,00)
21|17 F'| < o0

Proof. Define g(§) = ¢ Im In [1 + %] on the real ¢ axis. From condition (i),

H'/
q ) = —Im F({) +|F'+ HRe F =07 ") as £ = +o0
Hence, on integration, g(§) = O({™7) as & — =£oo. We note that In (1 + F'/H)
is analytic in Z™ and so on the real £ axis, €2Re In (1 + F'/H) = H(g)[£]. Since

conditions of previous Lemma A.1 are met by g(§), it follows that
H(9)[{] = O((™7) as § — +o0

and therefore ¢2In(1 + 22) = O(£77) as £ — +oo, which implies F' = O((7177). The

lemma follows since F' is continuously differentiable in (—o0, 00). 0]

Lemma A.5. If f is analytic in the upper half plane Zt and continuous on Z%, the

closure of Z*, and  sup |£ — 2| |f(§)| =0 < oo for some 7, > 0, then
§€(—oo,oo)

(A.19) sup € + 2i["[f(§)] =

E€Z+
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On the otherhand, if f were analytic in the lower half-plane Z~ and continuous on

Z- with sup [£—2i|"|f(€)|=6 < oo, then
)

£e(—o00,00

(A.20) sup [€ — 2™ [f(§)] < 0
E€eZ-

Proof. Since f is analytic in the upper half plane, sup |f(£)| < M.
&€zt

Let us define integer n = Int [3] 4 2. Consider that h () = =, we have

1
(1—ier)

1

() = e e T e e S

Consider g(&) = f(&)(€ + 2i)™"he, (€), and domain D := {Im £ > 0,]¢] < 271/23%4—3}.

Mo

We will assume that €; is small enough so that 2m1/2 2s > L On circular part of
1

[
oD,

Mo[(Re ) + (Im £+ 2)*]"/2 _ 2% My[(Re £)* + (Im £)*]"/
O e ot (Re € = @((Re 0P s Im o2 =

On straight part of 0D,|g| < 6. So |g| < § inside D, from maximum principle. Also
outside D, but for I'm £ > 0, it is clear that |g| < J. So for Im & > 0,]|g| < J. So for
any fixed £, as e, — 0, g(&) — F()(E+20)™. So |f()||€+ 2i|™ < § for all € € ZT.

The proof of the second part is very similar. O

Proof of Lemma 1.5
(a) and (b) follow from Lemma A.5 on using Lemma A.4.

Since g(§) = €2 Im In(1 + F'/H) satisfies
Hl
g =—Im 7 1 |F" + H|Re F,

It is clear that ¢' = O(£717) as £ — 4oo0.
Also

Hl F//+H/
_ 2
g"——e[m(ﬁ)'+|F'+H|R6F'—|—|F'—|—H|Re |:F1’7—|—[{

]Re F,
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Since H(g')[£] is a priori O(E™') as € — o0, it follows that

d H'
Re|e— In (F'+ H)—e—| = H(J)[] = O(¢7") at least
dé H
Therefore, Re FF'iig' = O(&!) for large |€]. Also, using large |£| behavior: Im (%)I = 0(£7?),

|H + F'| = O(&™!), and using Re ' = O(£77) and part (b) result: Re F' =
O(¢7177), it follows that ¢" = O(£7%7). From using Lemma A.2, it follows that
H(g)[E] = O(E™'7). So,

F" + H' o o B s
T+ H Y +iH(9)lE] = O )

Therefore, F” = O(£7277) as £ — oo and hence

sup )If— 2i["|F"(€)| = 02 < o0

£€(—00,00

Using previous Lemma, A.5, with f replaced F", the proof of Lemma 1.5 is complete.

APPENDIX B. PROPERTIES OF FUNCTION P(§)

In this section,we discuss properties of the following function:

P(&) = /_ 5 iLY2(t)dt

13 — it 3/4 it 1/4
:7;/ (v —it) (72+Z) gt
iy (1412)
we choose branch cut {& : & = pi,p > v}, —7m < arg(y + i€) < 7 for the function

(B.1)

(y+i&)"/* and branch cut {£ : &€ = —pi, p > v}, =7 < arg(y—i€) < 7 for the function
(y —i&)**.

Proof of Property 1:

(1.) First consider, £ € (—o0,0),

0 (~2 4 42)1/2
Re P(¢) :/ O +1) sin{%arg(*y—it)}dt—l—Re P(0);

¢ (1+12)
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Clearly,Re P(—00) = oo since arg(y —it) — § as t — —oo, and Re P(&) decreases
as & increases since arg (y —it) € (0,%).

(2.) For —=b< p <0,

P 3/4(n _ $\1/4
P(pi) = —/0 (7+t()1 —(32) ‘) dt + P(0),

SO

ReP(pi) = — /0 ks t()i/i(;)_ D" gt 4 ReP(0),

On inspection as p increases in the interval (—b,0), Re P(ip) decreases.

Proof of Property 2:

eTi(t +iy)*t(t — i) /!

Pt = t+ i)t — i)

It is to be noted that |t — 2i||P'(¢)| is nonzero upper and lower bounds in the domain
R. Further, on a ray t(s) = £ — se™,0 < s < oo where 0 < p < m/2, as s — 00, it is

clear from the behavior of P'(t) for large ¢ that since arg P'(t(s)) ~ —2F — ¢,

d / iptin] _ | pf ! ¢
- Re P(i(s)) = Re [P'(t(s))e" "] = |P'(t(s))] cos [arg P'(t(s) +7 + )] > (s = 21|

satisfies property 2.
Proof of Property 3:
P' ~iyas & — 0. So P(&) = P(0) +iv& + O(v?).

So, on £ = —v 4+ se”"* 0 < s < 2w,
P(&) ~ P(0) 4+ iy(—v + se’i”/‘l) + O(l/2) ~ P(0) —iyv + 756”/4 + 0(1/2),

d%Re P(&(s)) ~ycosm/4+0(v)>C >0

with C' independent of v and ¢ for sufficiently small v.
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Proof of Property 4:
(1) For0 < v < 1

() = ity +i8) (= i gy
On [~ = {{: &= —ib—e™*s}, it suffices to consider arg(—e™/*P’) and ensure it is
in (—%,%), modulo an additive multiple of 27r. This will ensure property 4, since
|P'||§ — 2i| has a lower bound in the region D

Consider

E41=1-0+is + 23 bs = (1 — b? — /2bs) +i(V/2bs + 57),

V/2bs + 52
V2bs — (1 — b2)

arg(£2 4+ 1) = 7 — arctan(

).
put s = /2bp to get

20%(p* + p)

20%(p — L)

_ {pZ + p]
= m — arctan

arg(€? +1) = 7 — arctan
p—q

where g = 12*17’;2. In the range p > ¢, the minimum of function ’i%qp is (vI+q+.4)>

. _p2 —~2 _
Since ¢ = 125 > 1271 ‘= Gin, define 0,5, = tan™' (/T + Gmin + \/Gmin)? > 5, then

(B.2) T A Oy < —arg(€24+1) <0
Consider

NP Y 1, 3 7
(B.3) argi(y +i6)* = arg ["/e™/S(e —in) Y] = T+ L (=T 3] = (1 3

Let €5 = %(Hmm — 7). Near & = —iry:

i(2y)""
(1 =92

(B.4) P'¢) = (v — i) {1+ O(y — i)}
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Clearly, there exists Ry large enough (depending on b) so that for £ € [,

9

[ T m) for [+ iy| > Ry

(B.5) Sarg (v—i€) € a

— €2,

and

3 9
1979 (v —1i€) € [0, 67 €) for |E+1iy| < Ry

From geometric consideration, it is clear that Ry(b) — 0asb — ~~. We choose b

so close to 7 so that the approximation in (B.4) is good enough to ensure that on [,

omr 1w

arg (P'(€)e™"1) € (-2, %

— ), for |€ +iy| < Ro(b)

On the otherhand, on [~ for |£ +iy| > Ry(b), using (B.5), along with (B.2) and
(B.3), it follows that

3 0w ™ 5 ™

(B.6) arg(e’ 1" P'(¢)) € (=5 5+ Omin = ) — 2. 70) C (5,

m
)

(2) Now consider v > 1 (i.e. A > 1 but restrict to v — 1 small enough so that we
can choose b so that 10(y — 1) < |b — 1|. We want to show that on ray [~ = {{ =
—bi — se/3,0 < 5 < o0}.

4 e s)) = Re{P'(¢)e~2"/3 _¢
BI)  ARePEl) = RefPO T > s 0

We note that since | — 2i||P’ is bounded above and below by nonzero constants, it

suffices to show that

arg (P'(&(s))e™™ /%) € (—g,g) modulo 27

—i e\

") \y—ue 1+if)
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Let B(s) be the positive angle between £(s) + vi and &(s) + i,then by geometry:

arg (e‘i2”/3P'(§)) € (—B—-—,0);

12
we can see that B < {5 implies (B.7).
Let d; = |b— 1| + |y — 1|, by geometry:

(s> —2s|b—1]sinf +|b—1*) + (s> — 2sdy sin § + d7) — |y — 17

cos B =
2\/(52—25|b—1|sin§+|b—1|2)\/(52—25dlsin§+d%)
_ _y—1P%s _ =1
Let t = \bjl\sm’” = \Z 1>

(t—1-=92+ (1+d)cot® T — 1d?

\/(t— 1)2+cot2§\/(t— 1—d)?+ (1+d)?cot*Z

The min of the above function over 0 < ¢ < oo,d < 0.1 is .9688749307,but cos {5 =

0.9330127,s0 B < 5.

Proof of Property 5 and 6:
Recall that in showing Property 4. we showed that there exists ¢y and b with 7 <

$p < 5,0 < b < min{l,v} so that on § = —ib — eifos
arg [P'e ") € (=0,,0,) C (—7/2,7/2), where 0 < 0,0, < 7/2,

without loss of generality, it will be assumed that 7/4 < 6,6, < m/2. Then it is clear
that on & = —ib — e'%0s,

argP' S (7T - d)o - 91,(71' - d)o) +92)
Note [Z,38) C (7 — ¢o — 01, (T — ¢o) + 02). On the real axis, arg P’ = argi+ £ arg(y —

27 4

i€) € Z+(0,m/4) = (£,2F). On the imaginary axis between O and b, arg P’ = Z. In

all cases, on the boundary of the domain R ™, bounded by negative real axis, imaginary
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axis between 0 and ib and line £ = —bi—e? s, we have arg P’ € (m—dy—01, T—po+05).

On & = —bi — se' for ¢ < ¢y, as s — 0o, we have

arg(E+i7) = (T+6) , arg(E—i7) = (=7+6) , arg(E+i) — (m+) , arg(E—i) — (=7+0).

So, as s — 0o, arg P’ — 23X — ¢ € (3 — ¢, 28). Soas £ » oo and { € R, arg P’ €
(30 — ¢, 2%) C (%, 20). Using Maximum Principle , arg P' € (7 — ¢o — 01,7 — ¢g + 0)
everywhere inside the domain R™.

Now if we choose P(£, —00) = {t : t = £ —€i?5,0 < s < 00}, it is clear on P, we have

C
€ — 2il

where C' can be made independent of v for v in a compact subset of (0, co). Hence

%(Re P) = |P'| cos [arg(P'e™ )] >

> 0,

property 6 follows.
Now to find P(£, —v) so that Re P decreases monotonically from £ to —v, we use

line Py = {t = £+ €%s,s > 0} where L Re P = |P'|cos[arg P' + ¢] < —ﬁ < 0.

This line intersects dD at some point & € ID. Now, clearly & can be connected
to & = —v by Pi1(&, —v) on a path coinciding with 0D so that Re P decreases

monotonically from & to —v such that —&(Re P) > ﬁ > 0. Then P&, —v) =

Po(&, &) +P1(&1, —v). Reversing this path, leads to the desired path P(—v, £) having

property 5.
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