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ABSTRACT. A module M is called (strongly) Fl-extending if every fully invariant sub-
module of M is essential in a (fully invariant) direct summand of M. A ring R with unity
is called quasi-Baer if the right annihilator of every ideal is generated, as a right ideal, by an
idempotent. For semiprime rings the FI-extending condition, strongly FI-extending condi-
tion, and quasi-Baer condition are equivalent. In this paper, we fully characterize the 2-by-2
generalized (or formal) triangular matrix rings which are either (right) FI-extending, (right)
strongly Fl-extending, or quasi-Baer. Examples are provided to illustrate and delimit our

results.

0. INTRODUCTION

All rings are associative with unity and all modules are unital. Throughout this paper
T will denote a 2-by-2 generalized (or formal) triangular matrix ring

S M
(5 %)
where R and S are rings and M is an (S, R)-bimodule.

Generalized triangular matrix rings have proven to be extremely useful in ring theory.
They provide a good source of examples and counterexamples (e.g., see [11, pp 46-48
and 79-80] and [10]) as well as providing a framework to explore the connections between
End(Mg), M and R when S = End(Mg).

Recently, several aspects of injectivity and projectivity in the context of generalized
triangular matrix rings have been investigated by Haghany-Varadarajan [8, 9] and Tercan
[13]. Tercan was able to obtain a characterization of the right nonsingular right extending
(or CS) condition on T when gM is faithful (recall a module is extending (or CS) if every
submodule is essential in a direct summand).

In [1], [4], and [5] the FI-extending property was introduced and investigated. A module
is said to be (strongly) FIl-extending if every fully invariant submodule is essential in a (fully
invariant) direct summand. Observe that many distinguished submodules of a module are
fully invariant (e.g., Jacobson radical, singular submodule, socle, torsion submodule, etc.).
Thus, in an Fl-extending module, these submodules can be “essentially split-off.” From
[4, Theorem 4.7] and [5, Proposition 1.5, for nonsingular modules and semiprime rings
the Fl-extending and strongly Fl-extending properties are equivalent. A description of the
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strongly Fl-extending Abelian groups was obtained in [1]. The classes of (strongly) FI-
extending rings and modules, in general, exhibit better behavior with respect to various
algebraic constructions than the class of extending modules. For example, the class of
Fl-extending modules is closed under direct sums; and the class of right strongly FI-
extending rings is Morita invariant. Thus these results show, at a minimum, how much
of the extending property is preserved by these constructions. For further details and
examples see [4] and [5].

In the first two sections of this paper we fully characterize the generalized triangular
matrix rings which are right FI-extending and right strongly FI-extending. In [13, Theorem
2.4] Tercan determines four conditions which are satisfied by a right extending generalized
triangular matrix ring. However in [13, Example 3.5] he shows that these conditions are
not sufficient to ensure that a generalized triangular matrix ring is right extending. Our
Theorem 1.4 shows that these conditions do ensure that the generalized triangular matrix
ring is right Fl-extending.

Chatters and Khuri [6, Theorem 2.1] showed that a right nonsingular right extending
ring is a Baer ring. In [4, Proposition 4.4 and Theorem 4.7|, it was shown that a right
Fl-extending ring which is either semiprime or right nonsingular is quasi-Baer. Recall
that a ring R is (quasi-) Baer if the right annihilator of every (ideal) nonempty subset is
generated, as a right ideal, by an idempotent. In Section 3, we characterize the quasi-Baer
generalized triangular matrix rings. Some examples to illustrate and delimit our results
are presented in the last section.

We use s M or M to denote that M is a left S-module or a right R-module, respectively.
The symbols NR S MR, NR Sess MR, SN S SM, and SNR S SMR are used for N is
a right R-submodule, N is an essential right R-submodule, N is a left S-submodule, and
N is a sub-bimodule of M, respectively. Some subscripts may be omitted if the context
is clear. A submodule Np < Mg is called fully invariant in Mg, denoted N <p M
(or simply, N < M), if f(N) C N for all f € End(Mg). Observe that the fully invariant
submodules of Ry are the ideals of R. An idempotent e € R is called left (right) semicentral
if Re = eRe (eR = eRe). The set of all left (right) semicentral idempotents is denoted
by S¢(R) (S,(R)). Equivalently, e = e € R is left (right) semicentral if eR < R (Re <
R). An idempotent e is called semicentral reduced if Sy(eRe) = {0,e}. If 1 € R is
semicentral reduced, then R is said to be semicentral reduced. (See [2] or [3] for further
details on semicentral idempotents). The Jacobson radical and the right singular ideal of
R are denoted by J(R) and Z(Rpg), respectively. If Np < Mp (resp. sN < gM), then
Amnp(N) ={r € R| Nr = 0} (resp. Anng(N)={s € S|sN =0}). If ) # B C S and
M is a left S-module, then rp(B) ={m € M | Bm = 0} and rg(B) = {a € S | Ba = 0}.
The ring of n-by-n upper triangular matrices over R is denoted by T, (R).

1. THE FI-EXTENDING PROPERTY

In this section we completely characterize the Fl-extending property for a generalized
triangular matrix ring 7'. This characterization is refined under the assumptions that ¢M
is faithful or S = End(Mp). We include the following two lemmas for completeness since
they are used repeatedly in the sequel.

Lemma 1.1. [4, Theorem 1.3] Direct sums of modules with the Fl-extending property



have again the Fl-extending property.

Lemma 1.2. [1, Lemma 1.2] If the module A = B @ C has the Fl-extending property and
B is a fully invariant summand, then both B and C have the Fl-extending property.

Corollary 1.3. For a ring R, let e be a left semicentral idempotent of R. Then Rp is
FI-extending if and only if eRg and (1 — e)Rg are Fl-extending.

Proof. 1t follows immediately from Lemmas 1.1 and 1.2. O
Theorem 1.4. For rings S and R, assume that sMp is an (S, R)-bimodule. Let T =

('g Ag) be a generalized triangular matrix ring. Then the following are equivalent:
(1) Tr is Fl-extending.
(2) (i) For any sNg < sMp and any ideal I of S with IM C N, thereis f = f2€ S
such that I C fS, Ng <®% fMp, and (I N Anng(M))s <** (fS N Anng(M))s; and
(ii) Rp is Fl-extending.

Proof. Let E11 = (1 O) eT.

0 0
(1)=-(2) Since Anng (M) 8 < T, there exists an idempotent ¢ € T such that
Anng(M) 0 <SS I = cE1 T = e ! T = es eM , for some e =e? € S.
0 0/, 0 0 0

If eM # 0, then choose 0 # em € eM with m € M. So we have 0 # (8 em)Tﬂ

0
(Anng(M) 8) But 8 e(r)n TN AnnS(M) 8 = 0, a contradiction. Therefore

eM =0 and hence e € Anng(M). Thus eS C Anng(M) and so Anng(M) = eS.
For (i), let sNgp < sMpg and I be an ideal of S with IM C N. Then (é ](\)[> is a
fully invariant T-submodule of E11T. As above, there exists f = f2 € S such that

I N ess (0 _(fS M
(0 O)TS (0 o) FnTr={"% "o )
If fM =0, then N =0 and so Ng <% fMpg. Suppose fM # 0. For 0 # fm € fM,
we have (8 f?)Tﬂ(é ](\)[)#OandsomeﬂN#Q Thus N <®* fMpg.

Next, if fSNeS =0, then INeS =0. Thus (I N Anng(M))s <®% (fSN Anng(M))s.
Assume fSNeS #0. Then for 0 # fs € fSNeS with s € S, we have that

fs O T_ fsS fsMY (fsS O
0 0 - 0 0 - 0 0)/°
So it follows that

fs 0 I N\ _ [fsS 0 I N
07&(0 O)Tﬂ(o 0)‘(0 0)“(0 0)‘
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Thus we have 0 # fsSNI = fsSN(INeS). Therefore (INeS)s <*% (fSNeS)s. Since
E;; is left semicentral, (ii) follows immediately from Corollary 1.3.

(2)=-(1) Suppose (i) and (ii) hold. By (ii), (1 — E11)Tr is Fl-extending. Now to
prove E11Tr is Fl-extending, let 2 be a fully invariant T-submodule of E1;T. Then

A = (I N with I an ideal of S, sNgp < Mg, and IM C N. By (ii), there is

0 O
I N f 0\/S M fs fM -
_ £2 _
f=f ESsuchthat<0 0>§<0 0><0 0)—(0 0).Inthlscase,note
that (g 8) € End(FE11T7). So ({; 8) ('g J\(}l) is a T-direct summand of F;T.

Now we claim that

I N\ _es(f O\(S M\ _(fS M
0 0/~ \oo/\o o). "\o0o o)

mwos (12 )< (15 10

Case 1. fm # 0. Then since Ng <°% fMpr, NN fmR # 0 and so
fs fm I N
(0 0 )T o 0)70

fsS fsM

Case 2. fm = 0. Then fs # 0. Thus (J;S fgn T = ( 0 0 ) If fsM #
0, then fsmgy # 0, for some my € M. So (8 f36n0> € (fgS stM) and hence
(8 fS76loR) C (fgS stM> But since fsmoRNN # 0, we have that (fgS stM)

0 0
by (ii), fsSN (I N Anng(M)) # 0, so

fs O I N
(0 0>Tm<0 0>#&
I N <eSS fS fM

0 0/,~ 0 0
Therefore Tt is Fl-extending, by Corollary 1.3. U

N (I N) #0. If fsM =0, then fs € Anng(M) and so 0 # fs € fSNAnng(M). Thus

i From Cases 1 and 2, ) , and hence F1,T7 is Fl-extending.
T

Corollary 1.5. Let Tr be Fl-extending. Then there exists a left semicentral idempotent
e € S such that Anng(M) = eS and eSg is Fl-extending. In particular, if M # 0 and S is
semicentral reduced, then gM is faithful.

Proof. In the proof of (1)=-(2) of Theorem 1.4, Anng(M) = eS for some left semicentral
idempotent e of S. To show that eSg is Fl-extending, let Is < eSg be a fully invariant
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S-submodule of S. Since eS < S, I is an ideal of S. Applying condition 2(i) of Theorem
1.4 with N = 0, we see that fM =0, hence f € eS. So fS CeS. Now I = (INneS)g <¥
(fSNneS)s = fS and fS is an S-direct summand of eS by the modular law. Thus eSg is
FI-extending. U

Corollary 1.6. Let ¢ M be faithful. Then the following are equivalent:
(1) Tr is Fl-extending.
(2) (i) For any sNgr < Mg, there exists f = f2 € S such that Nr <®% fMp; and
(ii) Rp is Fl-extending.
Proof. (1)=(2) Assume that T is Fl-extending. Since ¢M is faithful, Anng(M) = 0.
By taking I = 0 in Theorem 1.4, we have (i). Then (ii) follows from Theorem 1.4.

(2)=(1) Assume (i) and (ii) hold. Let sNp < gMp and I an ideal of S such that
IM C N. By (i), there is f = f? € S such that Np <®% fMpg. Since IM C N C fM,
fn = n for all n € N, in particular fsm = sm for any s € I and m € M. Thus
(s — fs)M = 0 for any s € I and hence s — fs = 0, for any s € I. So I = fI C fS.
Therefore by Theorem 1.4, T is Fl-extending. O

Since My is always a left S-module for S = End(Mpg) or S = Z, we consider these cases
in our next two results.

Corollary 1.7. Let S = Z. Then T7 is Fl-extending if and only if z M is faithful, Mg is
uniform, and Rp is Fl-extending.

Proof. Since Z is semicentral reduced, Corollaries 1.5 and 1.6 yield the result. O
Corollary 1.8. [4, Theorem 2.4] Let S = End(Mg). Then T is Fl-extending if and only
if Mr and Rp are Fl-extending.

Proof. Tt follows immediately from Corollary 1.6. O

Thus from Corollary 1.8 and [4, Proposition 1.2], if I < R and S = End(Ig) then T is

FlI-extending if and only if Rp is Fl-extending. The next corollary applies our results to
the endomorphism ring of certain Abelian groups.

Corollary 1.9. Let G be an Abelian group such that G = M & C where M is a direct
sum of finite cyclic groups and C' is an infinite cyclic group. Then End(Gz) is right FI-
extending.

Proof. Observe End(Gy) = End(()MZ) AZ4> Since every cyclic group is an FI-
extending Z-module, Lemma 1.1 shows that M is an Fl-extending Z-module. Now Corol-
lary 1.8 yields the result. O

From our previous results, we have two classes of rings which are right Fl-extending,
but not left Fl-extending as the following examples illustrate.

'g Aé) is left Fl-extending, then by a similar method

as in the proof of (1)=(2) of Theorem 1.4, Anng(M) = Rf for some right semicentral
idempotent f of R.

Example 1.10. Note that if T =



(i) Let R be a right self-injective ring with J(R) # 0. Let

r— (T3 R,

Then the ring R/J(R) is right self-injective. So it can be easily checked that R/J(R) is
an Fl-extending right R-module because R/J(R) = End((R/J(R))r). Thus the ring T
is right FI-extending by Corollary 1.8. If 7T is Fl-extending, then Anng((R/J(R))r) =
J(R) = Rf for some right semicentral idempotent f of R. Thus f = 0 and hence J(R) = 0,
a contradiction.

(ii) Let R be a prime ring with a nonzero prime ideal P. Let

T (R(/)P R}/%P> .

Note that prime rings are both left and right strongly FI-extending. Therefore as in part
(i) the ring T is right Fl-extending, but not left Fl-extending.

(iii) Let R be a left or right principal ideal domain and let I be a nonzero proper ideal
of R. Then the ring R/I is QF. Thus as in part (i) the ring

T (R({I R}é])

is right Fl-extending, but not left Fl-extending.

2. THE STRONGLY FI-EXTENDING PROPERTY
The ring T in Example 1.10(ii) is isomorphic to A = (End((lg/ P)z) R]/%P>. By
Corollary 1.8, T is right Fl-extending because R/P and R in the right hand column are
Fl-extending. Since R and R/P are prime rings, then Rp and (R/P)g are strongly FI-
extending. However, in contrast to the Fl-extending case, the right hand column being
strongly Fl-extending in each component does not ensure that A, is strongly Fl-extending.

In fact A, is not strongly Fl-extending because (0 0

0 P) < A, but there does not exist

b € S¢(A) such that (8 ]03) is right essential in bA.

In this section we determine necessary and sufficient conditions to ensure that a 2-by-2
generalized triangular matrix ring is right strongly Fl-extending.

Lemma 2.1. Let X be a right ideal of R such that Xg <®% bRpg, for some b € Sy(R). If
Xpr <°% ¢Rp, where e = €2, then bR = eR and e € Sy(R).

Proof. Observe that Xp <% (eRNbR)g. Then eRNbR = ebR, where eb = (eb)?.
Hence eR = ebR = bR. Since eR < R, e € §;(R).

Definition 2.2. Let Ng < Mp. We say Ng has a direct summand cover D(Ng) if there
exists e = e? € End(Mpg) such that N <®% eMpr = D(NRg). In general a submodule may
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have several direct summand covers, however Lemma 2.1 yields that if Mg is a strongly
Fl-extending module then every fully invariant submodule has a unique direct summand
cover.

Let M be an (S, R)-bimodule and sNr < sMg. If there is e = €2 € Sy(S) such that
Np <% eMp, then we write Dg(Ng) = eM.

For Np < Mg, let (Ng: Mgr) ={a € R| Ma C N}. Then D((Ng : Mg)r) denotes a
direct summand cover of the right ideal (N : Mg) in Rpg.

e1r k S M
Lemma2.3.Lete:(01 62>€T:(0 R),Whereelze%andegzeg.

(1) e € §(T) if and only if
(i) e1 € Su(S);
(ii) e2 € Se(R);
(iii) e1k = k; and
(iv) eymes = meg, for all m € M.
)

(2) exk = k if and only if €T C (601 eo)T
2

(3) If eymey = meg, for all m € M, then <601 .
2

(4) If e € §¢(T), then eT = (601 eO ) T.
2

Proof. Observe e = e? if and only if e; = e?, e5 = €3, and e1k + key = k. Let t =
<s m) € T. Then te — <8€1 sk +meg> and ete — <€1S€1 e18k + eymesg + k)’l‘€2>.
0 r 0 reg 0 €27T€2

(1) Assume e € Sy(T). Then te = ete. Hence conditions (i) and (ii) are satisfied.
Letting s = 1,m = 0, and r = 0 yields £ = ejk. So condition (iii) is satisfied. Also
k = e1k + kes implies kes = 0. Since sk = se1k = eyserk = e1sk and kreg = kegrey = 0,
then ey;mes = mey. Hence condition (iv) is satisfied. The converse is routine.

(2) This proof is straightforward.

€1 —keg () 0 () 0
= ] - .
(3) Observe e ( 0 e ) ( 0 62) Thus ( 0 62) T CeT
(4) This is a consequence of the previous parts. Il

The next result gives a characterization for the strongly Fl-extending condition for a
2-by-2 generalized triangular matrix ring.

S M

Theorem 2.4. Assume M is an (S, R)-bimodule, and let T = (0 R

) . Then the

following are equivalent:
(1) Tr is strongly Fl-extending.
(2) (i) For any sNg < gMp and any ideal I of S with IM C N, there exists e € S;(S)
such that I C eS, Nr <®% eMp and (I N Anng(M))s <** (eS N Anng(M))s;
(ii) Rp is strongly Fl-extending;
(111) For any SNR S SMRa Ds(NR)D((NR : MR)R) = MD((NR : MR)R)-

Proof. (1)=(2). Assume Tp is strongly Fl-extending. Then by [5, Theorem 2.4]
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((1) 8) Tr and (8 (1]> Tr are strongly Fl-extending. So as in Theorem 1.4, we can

show that (i) and (ii) hold. For (iii), let sNp < gMp and put A = (Ngr : Mg). By (i)
and (ii), there are e € §p(S) and f € Sp(R) such that Dg(Ng) = eM and D(Agr) = fR.

Since M A C N, it follows that (8 ]X) < T. So there exists 6% = 0 € S;(T) such that

8 ]X <% 9Tp. By Lemma 2.3, there exist eg € S¢(S) and fo € Sy(R) such that
T
0T = <600 fO )T and <e(;) ]9 ) € S8¢(T). Hence Np <% egMp and Ap <** fyRp. So
0 0

Ds(Ng) = eM = egM and D(AR) = fR = foR. Thus, from the fact that eqM fo = M fo,
it follows that eM f = M f. Therefore Dg(Nr)D((Ngr : Mr)r) = MD((Ng : MR)R).
(2)=(1). Let (é ‘Z) < T. Then sNg < sMp,I < S, and IM C N. So, by
(i), there exists e € Sy(S) such that I C eS and Dg(Ngr) = eM. Since A < R, by (ii),
there exists f € Syp(R) such that D(Agr) = fR. Also, by (ii), D((Ng : Mr)r) = foR for
some fo € Sy(R). Since (é Z) T, we have MA C N and so A C (Ng : Mg). Thus
Ar <5 (fRN foR)r = fofR with fof € Se(R). So D(ARr) = fofR. By Lemma 2.1, fR =
fofR and hence f()f = f Since Ds(NR)D((NR : MR)R) = MD((NR : MR)R), part (111)
yields eM foR = M foR. So eM fo = M fo. Thus eM fof = M fof, so eM f = M f. Since

I N e 0 I N e O
C < . i < €88 .
I CeS, we have (O A)T—<O f)TT By(1),<0 O>T_ (0 0>TT Because

€ess 0 0 ess O O I N €ss € O
Ap <*® fRpR, we have (0 A)TS (O f)TT' So (O A)TS (0 f)TT'

e 0

0 f
extending. O

Since eM f = M f, Lemma 2.3 yields ( ) € S¢(T). Therefore Ty is strongly FI-

Corollary 2.5. Let sM be faithful. Then the following are equivalent:
(1) Ty is strongly Fl-extending.
(2) (i) For any s Ng < sMp, there exists €2 = e € §(S) such that Ng <* eMp.
(ii) Rp is strongly FI-extending.
(111) For any SNR S SMR, Ds(NR)D((NR : MR)R) = MD((NR : MR)R)-
Proof. The proof is similar to that of Corollary 1.6 O

Corollary 2.6. Let S = Z. Then Tr is strongly Fl-extending if and only if z M is faithful,
Mg, is uniform, and Rpg is strongly Fl-extending.
Proof. Since Z is semicentral reduced, Corollaries 1.5 and 2.5 yield the result. O

Observe in Theorem 2.4 that for S = End(Mpg) and Tt strongly Fl-extending if A < R
and MA =0, then MD(Ag) =0.

S M

Corollary 2.7. For a right R-module M, let T = (0 R

) with S = End(Mg). Then

the following are equivalent:



(1) Tr is strongly Fl-extending.
(2) (i) Mg is strongly Fl-extending.
(ii) Rp is strongly Fl-extending.
(111) For any N S‘R M, D(NR)D((NR ) MR)R) = MD((NR 4 MR)R)-
Proof. The proof is similar to that of Corollary 1.8. O

For a ring R and a positive integer n, let T;,(R) be the n-by-n upper triangular matrix
ring over R.

Theorem 2.8. Assume R is a ring. Then the following are equivalent:
(1) R is right strongly Fl-extending.
(2) T,,(R) is right strongly FI-extending for every positive integer n.
(3) T (R) is right strongly Fl-extending for some positive integer n > 1.

Proof. (1)=>(2). Assume that R is right strongly FI-extending. We proceed by induc-
tion.

Step 1. Assume n = 2. Then T»(R) = (R R

0 R
Let RNgp < rMRg. Since Rp is strongly Fl-extending, there exists e = e € S;(R) such
that Np < eMpg. Now note that (Ng : Mr) = Ng <®* eRp = eMpg. So we have that
DR(NR)D((NR : MR)R) =eReR = ReR = MD((NR : MR)R)- Therefore TQ(R) is a I'ight
strongly Fl-extending ring by Corollary 2.5.

). Take M = R, then pM is faithful.

Step 2. Assume that T,(R) is right strongly Fl-extending. Then we need to show
that T,,41(R) is right strongly Fl-extending. Note that T,,11(R) = (? TA(/[R) ), where
M = (R, R, ceey R) (n—tuple). Let RNTH(R) S RMTn(R) with N = (Nl,Ng, ey Nn)
Then N; < R for each 2 and Ny C Ny C --- C N,,. Since Rp is strongly Fl-extending,
there exists e € Sy(R) such that N,p <** eRp. It can be easily checked that N =
(Nl, NQ, ceey Nn)Tn(R) Sess G(R, R, ey R)Tn(R) =eM.

Note that
N, Ny --- N,
0 Ny, --- N, -
Ny : Mr,m)) = | . . . . < (eln)Tn(R)T, ()
0 0 . N’I’l Tn (R)

where I, is the identity matrix in 75, (R). Hence Dr(N7, (r))D((Nt,(r) : M1, (R)) TV (R)) =
e(R,R,...,R)(el,)T,(R) and so we have MD((Nr,(r) : M1, (r)) T (R)) = M(eln)TH(R)
= eM(eIn)Tn(R) = DR(NTn(R))D((NTn(R) : MTn(R))Tn(R)) because e € SK(R)

Next, by the induction hypothesis, T;,(R) is a right strongly Fl-extending ring. There-
fore from Corollary 2.5, T,,11(R) is a right strongly Fl-extending ring.

(2)=(3) is obvious. (3)=-(1) is a consequence of Theorem 2.4. O

Corollary 2.9. [4, Corollary 2.5] A ring R is right Fl-extending if and only if T,,(R) is
right FI-extending for every positive integer n if and only if T}, (R) is right Fl-extending
for some positive integer n > 1.
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Proof. The proof follows by using Theorem 1.4 and an argument similar to that used
in the proof of Theorem 2.8. U

3. QUASI-BAER RINGS

As indicated in the introduction, for rings, the Fl-extending property and the quasi-
Baer property are closely linked. In fact for semiprime rings, Rp is Fl-extending if and
only if Rp is strongly Fl-extending if and only if R is quasi-Baer [4, Theorem 4.7]. In this
section, we characterize the quasi-Baer property for 2-by-2 generalized triangular matrix
rings.

temmma 8.1 1t (1 V) 7. Ty (1 X)) 2 (B0 ey

Proof. Clearly (TSéI) TR(L)%M&LR(NJ C rT<<é 2’)) Let (‘8 T) e

rr(L) N Anng(N), and m € rar(I). So rr ((é JX)) _ <7‘séf) TR(L)%M&LR(N))
O

S M

Theorem 3.2. Let T = (0 R

). Then the following are equivalent:

(1) T is quasi-Baer.
(2) (i) R and S are quasi-Baer;
(ii) rape(I) = (rs(I))M for all I QS5 and
(iii) if N is any §Nr < sMpg then Anng(N) = aR for some a = a® € R.

Proof. (1)=(2). By [13, p.128] R and S are quasi-Baer. Let I < S. Then (é AOI) g

T. Hence TT(<I M)) = eT, where e € S§(T). Let e = (el ek>, so eT =
2

0 0 0
(eBS 61]\/;—};kR>. By Lemma 2.3, kR = e;kR. Thus e;M = e;M + kR. By Lemma

3.1, e1S =rg(I)and rpy(I) = exM = e18M = (rg(1)) M.

Now let sNgp < ¢Mpg. Then (8 ](\)]> <T. Sory ((8 ](\)[)> = T, where ¢ € S(T).

Let ¢ = (% 2) By Lemma 3.1, Anng(N) = rg(0) N Anng(N) = coR. Therefore
conditions (i), (ii), and (iii) are satisfied.

(2)=(1). Let (é ]l\}[) < T. Since I < S, L < R, and gNr < gMpg, there exist
er € Su(S), f € Se(R), and a = a2 € R such that rg(I) = €15, rr(L) = fR, and
Anng(N) = aR. Observe that since Anng(N) < R, then a € Sp(R). Let e = af.

Then af € S)(R) and afR = rr(L) N Anng(N). Let e = (%1 eo Then eT =
2
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(5 )= (40 ) otemestr (£ 2)

Therefore T' is a quasi-Baer ring.

Theorem 3.2 easily yields that if R = S and M < R, then T is quasi-Baer if and only if
R is quasi-Baer. Observe that [4, Example 4.11] provides a 2-by-2 generalized triangular
matrix ring 7" which is quasi-Baer, left and right nonsingular, but neither right nor left
Fl-extending.

Corollary 3.3. Let S = Z. Then T is quasi-Baer if and only if
(i) R is quasi-Baer,
(ii) zM is torsion-free, and
(iii) if Ng < Mg, then Anng(N) = aR for some a = a? € R.

One can construct examples illustrating Corollary 3.3 by taking R to be a direct sum
of simple rings and M any R-module whose additive group is torsion-free.

Corollary 3.4. Let S = End(Mpg). Then the following are equivalent:
(1) T is quasi-Baer.
(2) (i) R is quasi-Baer;
(ii) rar (1) is a direct summand of M for all I < S; and
(iii) if gNgr < gMpg then Anng(N) = aR for some a = a? € R.

Proof. The proof follows from Theorem 3.2 and a routine argument which shows that
the condition “rps(I) is a direct summand of M” is equivalent to “S is quasi-Baer and
condition (ii) of Theorem 3.2.” O

Corollary 3.5. Let Mg be a nonsingular Fl-extending module and S = End(Mg). Then
the following are equivalent:
(1) T is quasi-Baer.
(2) (i) R is quasi-Baer; and
(ii) for N < M, Anng(N) = aR for some a = a? € R.

Proof. (1)=(2). This implication follows from Theorem 3.2.

(2)=(1). By [b, Proposition 4.8], S is quasi-Baer. Since Mp is Fl-extending and
rar(I) < M, there exists e = e2 € End(MRg) such that rp (1) <®° eMp. Let em € eM.
There exists Lr <®* Rp such that TemL = 0. Hence Iem = 0. Thus r)(I) = eM. By
Corollary 3.4, T is quasi-Baer. O

Examples illustrating Corollary 3.5 can be constructed by taking R to be a finite direct
sum of simple rings and M any nonsingular Fl-extending R-module (e.g., any fully invariant
submodule of a projective R-module). For another illustrating example, take R to be a
right primitive ring and M a faithful irreducible R-module. By Corollary 1.8, the above
examples are at least right (and in some cases strongly) Fl-extending.

4. EXAMPLES AND CONSTRUCTIONS

In this section, we provide some examples and constructions illustrating and delimiting
our results in previous sections.
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iFrom [4, Theorem 4.7], if R is semiprime and either quasi-Baer or Fl-extending, then
R is strongly Fl-extending. By [5, Proposition 1.5], if Rg is nonsingular and Fl-extending,
then Rp is strongly Fl-extending. Hence one may wonder if there are any right strongly
Fl-extending rings R that are neither semiprime, quasi-Baer, nor right nonsingular. Our
first example provides a class of such rings.

Example 4.1. Let A be a commutative principal ideal domain which is not a field. Let p
be a nonzero prime in A. For n > 2, let R = T5(A/p™A). Then: (1) R is not semiprime;
(2) R is not right nonsingular; (3) R is not right extending; (4) R is not quasi-Baer; but
(5) Rp is strongly Fl-extending.

Clearly R is neither semiprime nor right nonsingular. Consider the right ideal

0 1
x=(? Y
Assume R is right extending. Then there exists e = e? € R such that Xp <®° eRp. But

the only possible such e is the unity. So Xp < Rr. But X N (8 1) R = 0, which is

a contradiction. So R is not right extending. Since A/p™A is commutative QF and not
reduced, A/p™A is strongly Fl-extending but not quasi-Baer. By Theorems 2.8 and 3.2,
the ring R is right strongly FI-extending.

By [4, Proposition 1.2], fully invariant submodules of an Fl-extending submodule are
Fl-extending. However this does not hold for the case of strongly FI-extending modules
as indicated in our next example.

Example 4.2. Let R be as in Example 4.1. Then Rp is strongly Fl-extending, but R
contains a nonzero ideal I such that Ir is not strongly Fl-extending. Let

7 0 A/p™A
=0 ptapra)

Alp"A  A/p"A
p"lA/p"A A/p"A

. . 0 1 0 O 0 1
Then g is completely determined by g [(0 0)] and g [(0 ot )} . Let g [(O 0)] =
0 a 0 0 (0 p"c . _
(O p”_1b> and g [(O ol )] = (0 d ) Then it can be checked that g(a) =

a c\ ~ A/p™A A/p"A
b d) a, for a € 1. So End(Ig) & (p"_lA/p"A AfprA )
0 p"lA/p"A

Now let J = 0 0

fully invariant submodule of I'p. We show that I is not strongly Fl-extending. Assume to
the contrary that Ig is strongly Fl-extending. Then since Jp is a fully invariant submodule
of Ip, there exists a fully invariant R-direct summand K of I such that Jgp <°° K. Since
Kpg is a fully invariant submodule of Ip, Kg is a fully invariant submodule of Rp by [4,

Then I < R. First we show that End(I/g) = ( ) Let g € End(IR).

. Then J < R and J C I. It is easy to see that J is a
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0 D
C CA/p"A,D C p"~tA/p"A, and D C C. Since D C p"~1A/p" A, we have the following
two cases.

Case 1. D =0. Then K = (

Proposition 1.2]. Hence K < R. So candidates for K are of the form <O C) I with

k n
8 pA(/)pA where 0 < k£ < n.

i _ (0 pFA/p"A
Case 2. D = p"'A/p"A. Then K = (0 LA/ A

Since Jg <% Kpg, Case 2 and the case when K = 0, cannot hold. Also note that
(0 pFA/pm A

, where 0 < k < n.

, with 1 < k < n — 1, cannot be an R-direct summand of Ig. So the

0 A/p A). But (O A/p"A

0 0

0 0 0 0
submodule of Ir. In fact, take g € End(Ir) such that g is represented as right multipli-

cation by (p”glb cci) Then g [(8 A/;g A)] = {(8 ar ) | z € A/p™ A} which

pn—l br
0 A/p"A
0 0
ant submodule I of the strongly Fl-extending module Rp is not a strongly Fl-extending
module.

only possible candidate for K is ( ) is not a fully invariant

may not be contained in by choosing b = 1. Therefore the fully invari-

0 Alp™A

0 p"lA/p"A
A/p™A, so every left R-module homomorphism of gl can be represented as a right mul-
tiplication by an element in A/p™A. Thus all fully invariant submodules of gl are all
ideals of R contained in I. Also it can be verified that all these nonzero ideals are essential
submodules of gI. Thus grI is strongly Fl-extending.

As in Example 4.2, let I = ( ) Then it can be seen that End(gl) =2

We also can apply our characterizations of strongly Fl-extending generalized matrix
rings to construct a right strongly Fl-extending ring which is not left FI-extending. Thereby
showing that the strongly Fl-extending property is not left-right symmetric.

Example 4.3. Assume that R is a right strongly Fl-extending ring (e.g., a prime ring).

Let M = (8 ?) Then M can be considered as a left R- right T»(R)-bimodule. Now

we show that the generalized triangular matrix ring

= (? TfR))

is right strongly FI-extending, but it is not left FI-extending (hence not left strongly FI-

extending). Note that pM is faithful. For any rNp,(r) < rRMry(r), let N = (8 é)

Then I < R. Since Rp is strongly Fl-extending, there is e € Sy(R) such that Ir <° eRpg.

Therefore we have that N = (8 é) <*Se (g ]0%> . Since R is right strongly
T>(R) T>(R)

Fl-extending, T>(R) is also right strongly Fl-extending by Theorem 2.8.
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Finally, let rN7,(ry < rRMr,(r)- Then, as before, I = 8 é < R and Ip <%
0 eR 0 R
eRg. Now Dr(Nr(r)) = (0 0 ) =e (O 0) = eM. Also (Np,(r) : My (r)) =
(? ?) <o (? %) . Observe that (]0% 1;) = ((1) 0>T2(R) and
T3 (R) /) 1y(m) c ©

1 0 R R
(O e) € S¢(T2(R)). So D((Nry(r) : Mry(r))12(R)) = (O eR) . Therefore we have

that

0 eR R R 0 eReR
Dr(Nr,(r))D((Nry(R) : M1y(R))T2(R)) = (0 0 ) (0 eR) - (0 0 )

0 R R R 0 ReR
MD((Nry(r) : M1y(R))To(R)) = (0 0) (0 eR) - (0 0 )

Since e € S¢(R), ReR = eReR and so it follows that Dr(Nr,(r)) D (N1, (r) : M1y(R))To(R))
= MD((Ngy(r) : Mry(r))15(R))- Therefore T is strongly Fl-extending by Corollary 2.5.
But note that Anng,g)(M) is not generated, as a left ideal, by a right semicentral idem-
potent in T5(R). Thus 7T is not Fl-extending.

and

Since the quasi-Baer condition is left-right symmetric and is related to the strongly
Fl-extending condition, one may conjecture that a quasi-Baer right strongly Fl-extending
ring is left Fl-extending. In Example 4.3 by taking R to be a prime ring and using
Theorem 3.2, it can be seen that T is quasi-Baer and right strongly Fl-extending but not
left Fl-extending.

In the following example, which appears in [7], there is a right self-injective and right

strongly bounded (i.e., every nonzero right ideal contains a nonzero ideal) ring which is
not strongly Fl-extending on either side, and is not quasi-Baer.
D S
0 @
mutative injective regular ring, M is a maximal essential ideal of @, S = Q/M and
D = End(Sg). Then R is right self-injective, right strongly bounded, Z(Rgr) # 0 but
Z(rR) = 0. Take (8 ]\04> < R. Then (g ]\04>R <oss (8 g)Rbut (8 g) is not
an ideal of R. So Rp is not strongly Fl-extending.

On the other hand, (g ]8[) is not essential as a left R-submodule of R. Also it is

Example 4.4. [7, Example 5.2] Let R = ( ), where () is non-semisimple com-

0 g) . Thus R is not left strongly FI-extending.
From Corollary 3.4, R is not quasi-Baer.

not essential as a left R-submodule of (0
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