POTENTIAL TECHNIQUES AND REGULARITY OF
BOUNDARY VALUE PROBLEMS IN EXTERIOR NON-SMOOTH
DOMAINS

J. LANG AND O. MENDEZ

ABSTRACT. Via Potential Theory, we obtain optimal solvability results in
weighted Sobolev spaces for the Poisson’s Problem for the Laplacian, with
Dirichlet and Neumann Boundary Conditions in the exterior Q2 of a bounded
Lipschitz domain. As a consequence we present suitable Helmholtz decompo-
sitions of vector fields defined on €. As a further application of our methods
we study similar regularity issues for the 3-dimensional Stokes System in .

1. INTRODUCTION

In this paper we initiate the study of regularity of Boundary Value Problems
on the complement 2 of a bounded Lipschitz domain (commonly referred to as an
exterior domain). In particular, we obtain optimal results for Poisson’s equation
for the Laplacian with both, Dirichlet and Neumann boundary conditions. As a
further application we also present some regularity results for the Poisson’s problem
associated with the 3-dimensional stationary Stokes System. More specifically (see
Section 1 for the notation), we consider the problems

Au=f inQ
Bu =g,

were B stands for either the Dirichlet or the Neumann boundary operator and the
three-dimensional Stoke’s system

Au=Vr+f inQ
divua=0
u|Q:0

for an unknown vector-valued function u. We refer the reader to Section 9 for the
specifics. The dimensional restriction is due to the estimates in [3], to which we
refer in Section 9. The standard Sobolev spaces used for regularity in the case of
bounded domains are in general not suitable for the treatment of boundary value
problems in exterior domains. Instead, weighted Sobolev spaces are the natural
alternative. Several authors have succesfully used weighted Sobolev spaces in the
study of boundary value problems in exterior smooth domains, in particular Am-
rouché et al (see [1] and [2]). Their methods, however are heavily dependent on
smoothness (except for p = 2) and cannot be carried over to domains with rough
boundaries. We present a Potential-Theoretic approach, which, in addition to be-
ing specially fitted for the non-smooth situation, has the advantage of producing

Key words and phrases. Exterior Lipschitz Domains, Layer Potentials, Kudrjavcev Spaces,
Weighted Sobolev Spaces, Navier-Stokes Equations.

1



2 J. LANG AND O. MENDEZ

an explicit solution to each of the above problems, expressed in terms of the New-
tonian Potential of the domain and a boundary Layer Potential (see Theorems 5.1,
5.7 and 8.4.)

2. FUNCTION SPACES

In this section we introduce the spaces of functions which are suitable for our
study of regularity in the exterior of a bounded Lipschitz domain.

2.1. Definitions and Notation. R In what follows, unless otherwise stated, {2
will stand for R™ \ Q, where  C R" is a bounded Lipschitz domain with a con-
nected boundary, in turn denoted by 0. The ball of radius r centered at z will
be denoted by B,(x). As usual, S will stand for the space of rapidly decreasing
functions and (for any domain 3 C R™), C§°(X) will denote the space of smooth
compactly supported functions in . The dual of a topological vector space X and
the transpose of an operator T will be indicated by X* and T* respectively.

Let I be big enough so that R™\ Q C Byr-1(0). Let (v;); be the partition of the
unity given in [23], subordinated to the open cover (®;); of R defined by

Og={z:zeR"”, |z| <4},
and
P ={zeR", 27" <|a| <2F?},

and such that ¢; > 0 for all ¢ and that for any multi-index « there is a positive
constant ¢(«) for which

(2.1) | DY (2)] < ()27 for allz € R™.

We refer the reader to [23] for the definition of the potential (Sobolev) and Besov
spaces, HP(R™) (for 1 < p < oo, s € R) and B?%(R") respectively, with 0 < p, ¢ <
oo and s € R. Given f € 8*, the distribution f o (2/2) acts on ¢ € S as

(fo(2w),0) =277"(f,6(277)).

For p e Ry s e Ry 1 < p< ooand 1 < q < oo, the weighted Besov spaces are
defined as follows:
(2.2)

1

BUi=qf:feS ®R"),|fllprg = (Z 2ilumsp+m) ||(f¢j><2ja:>||§;f.q> < 00
0

Similarly, for 1 <p < oo, s, € R, the weighted potential spaces HY , are defined
as:
(2.3)

HY, = f:feS (R"),|f

1
e, = (ZQJ(M sp+n) H f"/JJ 2] HH”) < 00

0

Furnished with the natural norms, B> and HY , become Banach spaces and have
been extensively studied in [25] and [26] In particular, it should be pointed out
that the above spaces are independent of the choice of the partition of unity (¢;);
(see [26]). We mention for future reference that for 0 < s = [s] + {s}, 0 < {s} < 1,
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the spaces BE! (HY ) (for p,q and p as above), can alternatively be characterized
as follows:

(2.4) Brt={f:feS*(R") (Zzwnfqunm,q) < o0
and
(2.5) HY, =< f:feS (R") (Z?“Ilf%ll ) <ooy,
where

VIl f () — VI F(g) [P\
e = ([ LD

1l zze = 17~ A FON o

F standing for the Fourier transform. We now describe other norms, that gen-
erate the topology of the above spaces and which will prove useful in due time.
(see [25], [26] [27]). For = € R”, let o(z) = (1 + |z[?)=.

and

Theorem 2.1. If s is a non-negative integer and pu € R, the norm || - ||* defined as

(2.6)

o5 (s=lab |Dau|H
Lp

is equivalent to ||||HpM If0<s=[s]+ {s} with [s] € Z and 0 < {s} < 1, then
(2.7)

1
u P »
D%u(z) — o(y)» Du(y)
||U||Bg?;5 = ||u||Hf;]w _ // Z N 7y|n+{5}19 dedy

lal= |

18 a morm that generates the topology of BEb.

For the proof, we refer to [25] and [26]. In the sequel, unless otherwise stated,
we will use |||y for any norm that generates the topology of the space X.
Next, for any domain ¥ C R"”, let

Es 1 CFP(X) = CF°

be the ”extension by zero outside ¥”. For s,u € R, 1 < p,q < oo, we define

(2.8) BLi(X) ={f:fe(C5)"(X)and f = E(F), F € BYY,
and
(2.9) HY,(3) ={f:fe(C5)(¥)and f=&(F), F € H ,},

and furnish each space with the corresponding quotient norm, namely

g ESF = f)

a(x3) =
and
£z, =) = f{|Fllge, : EsF = f}.
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A straightforward application of the Hahn-Banach Theorem shows that for s < 0,

the above space BL'(€2) coincide with the space of distributions f € C§°(Q) for
which the norm

/]

mrg@) = sup S [(0)] € C(), 10l =17 <o,

HED

s, —H—
P

for p/ and q/ the Holder conjugates of p and g respectively. A similar statement holds
for the space HE u(Q) We notice in passing that on locally integrable functions,
&S, coincides with the restriction to ¥. Observe that the obvious modifications
in the norms (2.6) and (2.7) provide norms on H? () (for integer s > 0) and
on BYI(Q) (for fractional s > 0) respectively, that are equivalent to the infimum
norms just defined. To the effect of simplifying the notation, in the sequel, we will
write BY'P (BEE(Q2)) as BY |, (BE ,(€2)) and adopt the convention that A? | (AZ  (9))
represents either B  (B? ,(Q2)) or HY , (HY ,(Q)), with the obvious modification
to denote the usual spaces with weight 1.

Notice that if 3 is a bounded domain the weighted spaces defined above coincide
with the usual Besov and Sobolev spaces B??(X) and HP(X) respectively. We
point out that the trace operator maps both B2:(Q) and H? () into BY?, (9Q)

P

for % <s<l1 +% (see [8], [12] and [13]).

A distribution ¢ € (C§°)*() is said to belong to A7, () if it coincides with
some distribution g € AZ(K) on any bounded domain K C €2, meaning (£32)*(p) €
AP(K), where (£5}) is the extension to © by 0 acting on D(K).

Lemma 2.2. Let f € (C5°)*(R), s >0 (s >0if AL = H? ), p € R and I as
above. Then the following statements are equivalent:

(i) feAL,.(Q)

(ii) fe AP, (Q) and

s,loc

T =

I—-1 e
(2.10) IFQ Uil @m0y + 22 1515, | < oo
3=0 i=1
(111) f € Ag,loc(Q) and

(2.11)

=

1A )]

o0
P j(p=sp+n)+I(sp—n) o 93— 1P
AP(QNByr41 (0) +ZQJ p—sptn sp—n wajo? HAg < 00.
j=0 j=I

Moreover, the quantities (2.10) and (2.11) are norms, equivalent to the norm
AL ().
In particular,

o

dwif=f

i=0
mn Ag”#(Q).
Proof. Let f = Flg for F € A . Since for any bounded domain Q; C Q, flo, =
Fla, = (FYXY ¥)la, € A2(Q,) for big enough N, it is clear that f € A?, ()

s,loc
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(with natural estimates), and it easily follows that (i7) is bounded by a positive
constant times || f||4z (o). Let f satisfy (). Put

(2.12) F=GZ¢j+waj,
3=0 j=1I
where G € AP, G = f on QN Byr+1(0) and
| 2r41(0)
Then £5(F) = f and one has the estimate
0 %) min(I—1,5+3) j+3 p
Y29, =D 2 G Y S Y iy
j=0 j=0 i=max(0,j—3) k:maz([,jfi?‘) AP
0 ] Jj+3 j+3
<oty om GZW&; DD s
3=0 AP maz(j—3,I) AP

(2.13) < C(IGIs +Z2’” 1£9ill%),

7=0

for a positive constant C' independent of j (Lemma (3) in [25]). Thus, f € A% (1)
with norm bounded by (2.13).

The equivalence (i7) < (i4i) follows from Theorem 1 in [25]. ad
For s € R, 1 < p,q < o0, yet two other scales of Banach spaces is introduced, whose
relevance will be apparent later:

E?g(ﬂ) ={f:fe Bl and suppf C Q},
and
Hf)M(Q) = {f :fe Hf,u and suppf Cﬁ},

furnished (respectively) with the norms

2y = If 2o
and
||f||f{§,ﬂ(g) = Hf”HfW

It is easy to check that BY(Q2) and HY ,(€2) are quasi-Banach (Banach) spaces for
0<p,g<oo(l<pg<oo)

Lemma 2.3. C§°(Q) is dense in 355(9) and in fIf)M(Q)

Proof.  The translation operator is continuous on Hy . for k € N (see [17]), whence
by interpolation (see [26]) it is also bounded on BYf and HY , for s, u € R. It follows
from a straightforward calculation that 75, f — f in BY:? and in HY , for smooth f.
The proof of the lemma follows then as in the bounded case in [12]. 0

Theorem 2.4. Lets,ueRand1<p<oo,1<q<ooand%+pi/= + L =1

Then
(2.14) (Bra@) =877 , (@

1
q

Q
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and

(2.15) (BLA(Q) = Biiiu(m
Similarly, p
(2.16) (Hf,u@)) = H:f%#(m
and

(2.17) (2 ()" = gpls,z;ju(m'

Proof. We present the proof of the first two statements, since the assertions cor-
responding to the potential spaces can be dealt with along the same lines. For

A e (Bg’g(Q)) , denote by 7 the map 7(A) = E£5(A), where A stands for the
Hahn-Banach extension of A to BY»l. It is not hard to check that 7 is an isometric

isomorphism from (Bﬁ’g(Q)) onto B”** (), by virtue of the duality theorems
—s,—Ep

in [26]. This proves (2.14). The identity (217.15) follows by observing that the map

A — A&
is an isometric isomorphism from (B24(2))* onto B ¢ () . Indeed, for A €
Ay
(BRA(Q))*, AEG € BP Y, via the usual identification, moreover

—s,—Zp
A&l < 1Al Ezg:
—o =B
and it can be readily checked that the support of the latter is contained in Q.
Conversely, taking A € B? (), the linear functional A € (BL1(€2))* given by
S
(A,0) = (A, g)
for ¢ = £5(g) is well defined and its norm is controlled by the norm of A.
Definition 2.5. Let X; be a sequence of Banach spaces. Then IP((X;);) denotes
the Banach space of sequences (a;); with a; € X; such that

1
l@a)iln o = (X lanllk,)” < oo,
furnished with the obvious norm.
For fixed j consider the homeomorphism Y; on S(R™) given by composition with
21=7 e,
T(¢)(x) = 207" g(2! ).
Put A2(j) = (T5)~'(A?) furnished with the norm

O [k 10]
Then, we have the following lemma:

Arg) =27 AP

Lemma 2.6. For s > 0, 1 < p < oo, p € R, the space A (Q) is a retract of
P((X;)i), where Xo = AP(2N Ba1+1(0)) and X; = AP(I +¢—1) fori> 1.
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Proof. Tt follows as in [26] : let (x;); and (t;); be two systems of functions as in
(2.1), with ¥; = 1 on the support of x;. Then the map

R: AP (Q) — IP(AR(4))
R(f) = (fi)i

where fo = f> ;o7 Xx;j and fi = fxz4i—1 for i > 1, is a retraction. In fact, it is
not hard to see that Z;’il Yryi—1a; converges in AP . and that for

ENTA)
T:1P((Xi)i) — AL, ()
T((ai)i) = a0 + &g <Z 7/11+z‘—1ai>
i=1
TR is the identity on AZ (€2). ad

It follows now (see [27]) that for 1 < p1,ps < 00, p1, 2 € R and 0 < s1, 59, for
0<d<1,
[AD (), AR ()], = AL (),

S1,H1 S2,H2
and

S15H41 )T S22

(B2, (), HE, ()] = B2, (Q)

Withs:(1—9)51+¢982,%zlp_—le—i—p%and%:(l_p%—l—%.

Corollary 2.7. Lets > 0,1 < p < oo and pu € R, the following interpolation results
hold:

A8, (0, A5 ()] = A5 (120, ()

[ngupm)’ ﬁg&*up(m} - Bg?fﬁ(l*?@)up(m7

0.,p

[H;up(g)’ Hg,—up(Q)]e,p = Bg(l—e),(l—Qe)pp(Q)7

45

2,up

(), Af ()], =4

0.—up 21-6),(1-20)p(2)-

Proof. The proof of the Lemma follows from Lemma 2.6 and the interpolation
results (Theorem 3) in [26]. The corollary is a direct consequence of the Lemma
and the duality theorems for the real and complex interpolation methods. This
Theorem can be adapted to other situations. In particular, a vector valued version
that will be tacitly employed in Section 9 can be obtained by carrying out minor
changes in the proof presented above. o

3. THE NEWTONIAN POTENTIAL ON UNBOUNDED DOMAINS

Definition 3.1. Let A € &, where £ is the space of distributions with compact
support. The Newtonian potential of A € EI,L(A) 1s defined to be the convolution

(3.1) N(A) =K« A

where K is the distribution defined by the locally integrable function (n > 3):
1

(3.2)

n(2 — n)w,| X |2’

and wy, 18 the surface measure of the unit ball in R™.
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Let R be the restriction map to €2, so that
RQ . HP — H? (Q)

S, 4P S, P

Notice that Rq = £ on locally integrable functions. The Newtonian potential of
feH) (5+2)p(Q) is defined as

(3.3) Na(f) = EaNR(f)-

The next theorem is the key to the mapping properties of N :

Theorem 3.2. Letn > 3,1 < p < oo, %‘F%:l, f%<51 <72+% *%<52<
-2+ % and 0 < s < 2. Then the Newtonian Potential is a bounded linear map

AP : p
Jfrom As—2,(g(51+52)—52+2(s—1))p (€2) into As,(g(51+52)—52+2(s—1))p ()

Proof. Let A, denote the Muckenhoupt class for r € [1,00]. For 1 < r < oo,
14 ri, =1land —% < 4§ < =2+ %, one has (1 + |z])°" € A, C A, whereas

(1+ |2)=+27" € A . Moreover, it can be easily verified by direct calculation
that there exists a positive constant C such that for ¢ = 1,2 and any ball B C R™,

» 4 B . r—1
B ([aiaee ) ([aven ™ e)  <c
B B

Thus, the boundedness of the Riesz Potentials
f(y) dy :
I(f):/ ——=—_: H] = HY o o i=1,2
7 an |$ — y‘n_z 0,(642)r 0,(6+2—1)
is guaranteed by the results in [21]. It can be readily verified that

Ry Hy (549, () = Hp (519),

boundedly (so that in particular (3.3) is well defined) whence N, is a bounded linear

map from Hg,(51+2)p(Q) into H§7(51+2)p(9) and from Hg7(62+2)q((2) into H§7(52+2)Q(Q).

We claim next that
* . 77d q
Na B2y 51420 = Ho— 61424
is also given by convolution with IC (in particular, the convolution with K is well

defined on H32’7(51+2)q). Indeed, for A € HgQﬁ(Mz)q, NS Hg,(51+2)p’ one has

WaA).0) = (A, [ Pyt = iy = (4, [T - o)
— (& [ )0+ y)ds) = (A, (0720) = (AT ).

Theorem 3.2 follows now by duality and interpolation. O
We highlight a particular case, namely

Corollary 3.3. For 1 <p < oo and 41,92 as in theorem 3.2, the map
Na Alfi(al—&z)g(ﬂ) - Allyf&—éz)%(g)
is bounded and linear. In particular, for 25 <p <mn,
No Hzl,o(ﬂ) - Hf,o(Q)

1s bounded and linear.
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4. MAPPING PROPERTIES OF THE BOUNDARY LAYERS

For n > 3, f a measurable function on 92 we denote the exterior unit normal of
Q at P by N(P) and define the double layer potential with density f at X € Q as

(4.) o) = [ S @ a

For X € R" and a distribution A € £ (9Q) the single layer potential with density
A is defined as:

1 1

(42) SN = G A )

Theorem 4.1. Let 0 < s < 1, 1,02 and p be as in theorem 3.2 and

1 1 1
n= 5(5—1—5)(51+62)—52+2(s+5—1)

Then

p p
(4.3) BP(09)) — Bs+p’#p(Q) N Hs+p,up(Q)
and

p p
(4.4) S:BY ,(0Q) — B L p(Q) N HH%M)(Q)

are bounded linear maps (the intersection spaces are furnished with the usual max-
imum norm,).

Proof. Recall I is large enough so that R™ \ Q is contained in ball of radius 2/~!
centered at 0. To start with, we point out that from the trace theorem and the
results in [§],

HDfHBP L@nB, ) < Cllflsr o) -

P

It is easy to see that for ¢ > I,
IDFIR g,y < 2D F2, o

On the other hand, for ¢ > I, it follows from (2.1) that for 0 < s + % <1,

D p
wy [ [ DM
n\@ P |X Y|n+ SJF )p
dX |hi (X) [P
§||fHLPaQ/ T / +/ :
09 o, |X|(n71)p |y|<2i-1 |y |>2i+2 |X_Y|n+(5+%)17

The first of the two integrals above is dominated by

dXx ay
£ lerom) | s

o [ X|=VP J x ) gici ) x v <|x|42i-1 | X —Y|"+(S+%)P

< 2O ]| Loy,
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As for the second integral, it can be easily seen to be bounded above by

(4.6)

Moo [ oo [+ b X)rdY
PO
friom o, [ X[V \ Jix_yicai Jixovis2i |X — Y|"+(S+%)P

T / ax / 2rdy / dy -
P99 IR =
O Jo 1XTOD2 \ Jixyvicon [x =y 00 T i ysa | X — y G

(n—mp— (st L
gi(n—np—(s+; Dp)”fHLP(aQy

Similarly, for 1 < s + l <2,

|VDf Vi itn—np— (st -
/n\<1> / "+(‘3+ -1)p < 2ty 1)p)Hf||LP(6Q)~

On the other hand,

(4.7) IDf(X) =Df(Y)|
< X-vI(IX-QlE-Q " +1X -qQ") (@
— n n o )
00 X =QI" Y - Q)
for some £ in the segment joining X and Y, so that for 0 < s + % <1,
D p
(4.8) 2”””/ / [DAX) = DIV dXdy
|X Y|”+ s+25)p
, dYdX
i(up—np) P
<OX D ey [
7 —np+n—(s+L—
< O9inp—nptn—(s+5-1)p) ”f”%s’?“”(asz) )
Analogously,
(4.9) IVDf(X) = VDF(Y)| < Ol fll oy |X = Y271,
whence, for 1 < s + l < 2,
D D P
(4.10) 2””’/ / VDAX) =V f(1 ) dxdy
‘X Y|”+(9+ -1)p
- dYdX
i(pp—(n+1)p) p
=02 ||f||B§’p(BQ)/. / _ y|nt(s+5)p—p—p

< CQi(up—np+n—(8+ -1)p) ”f”B”(aQ

It remains to tackle the case s + 5 = 1. Let f € B} ,(99), and choose x €

C§°(Bar(gy), with x = 1 on Byr-1(0). Take G € HY be such that EH(Q) =

ggﬂBQI—l(O)D(f) and put

F=Gx+Ro((1=x)D(f))-

Then one has E5F = Df and F € HY , . which can be easily verified, since

1,up?

IV D(f)lle < 2°C7P| £l 5o o0
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Moreover, let F; € B} be an extension of D(f)|s, with (see [8])
I F:llge < ID(F)la;llBr(@,) = IP(f)le

1(®4)"
The estimate
[ Estillge = D(f)vill gr < C||Fillgr
shows that D(f) € BY ,,(Q).
Let now 0 < s < 1 and G € Her% be such that D(f)lans,,_,©0) = Glans,;_, (0)

and
HGHH;”+l < CHD(JC)HH;L(QHBQI,I(O))-

P

Furthermore, for j > I, G; € H§+1 choose G; coinciding with Df on ®; and
1Gillay, < CIPDla, o) = NPz, o,
Define
I—-1 e’}
H=GY 0 Y
0 j=I

Then H =D(f) in @ and H € H! ,. Indeed, for i > I +2,

p

i+3
(4.11) thz‘HHf+l =D Y
» j=i—3

P
HS+%

< CID(illr

1

= CIID(f)illpr_, < C25 "+,
2 oty
since D(f) is harmonic in the bounded domain ®; and a simple calculation shows
that for every muti-index + there is a positive constant ¢(y) such that for all z € R,
the inequality
i+3

D’Ysz ) < e(y)|x|” o]
holds (see Lemma 3 in [25]). In conclusion, since
1
up+n—np—(s+;)—1)p<0

for all values of the parameters involved, one has (for 0 < C' = C(Q,p, s)),

I—-1 P
(”D Z¢Z||BP (QOBQI Loy T ZZMPHD ill%s 1) < C[fllsr g
p

=0

and

I—-1 P
<||D IS0+ S PP ) <Ol .,

This finishes the proof of the statement concerning D. The corresponding argument
for S is similar and will be omitted. a
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4.1. Boundary Operators. Recall that for P € 0, the exterior unit normal to
O at P is denoted by N(P), and o stands for the Hausdorff measure on 092. For
f € LY(99), we define the operators

k1P = - [ S r@in),

its formal transpose,

k) = [ FE P i@,
and
1 Q)

The boundary behavior of the layer potentials is given by the identities
1
TD(f) = (~5 T + K)(f)

and 5 )
S0 = (5T~ KN,

For € > 0 let R, be the region in the (s, %) plane inside the hexagon with vertices
A=(1-¢1),B=(1,1)C= (1,3 —¢), D=(,0), E=(0,0) and F = (0,3 +¢).
Also, let < 1 > be the subspace generated by constant functions and let B;Z*q (09))
stand for the distributions in B%7(0€2) that vanish on constants. The first five
statements of following theorem have been proved in [20]. The proof of statement
(6) can be found in [15] :

Theorem 4.2. Let Q C R3 be a bounded Lipschitz domain, with a connected bound-
ary. Then there exists e = €(Q2) € (0,1], such that for (s, %) € Re, % + % =1, the
operators listed below (which are well defined and bounded) are isomorphisms:
(1) 41 — K : BE(09) — BP(9Q)
(2) %I — K*: B%_(09Q) — B ,(09Q)
(3) S: BT (0Q) — Bf_.(09)
(4) 2T+ K :Br(0Q)/ <1>— BP(0Q)/ <1>
(5) 31+ K*: B (09) — B, (09).
(6)

11+ K+5: Br(Q) — Br(69).

5. BOUNDARY VALUE PROBLEMS
5.1. The Dirichlet Problem.

Theorem 5.1. Let Q2 be the complement in R™ of a bounded Lipschitz domain with
a connected boundary. Let 1 < p < oo and d;, i = 1,2 be as in Theorem 3.2 and.

—t
p= (01 +02) + 01 +2(1 1),

Then there exists a positive number € depending only on Q such that whenever (¢, %)
belongs to the hexagon with vertices (0,1), (e, 1),(% — €, % +e€), (2,0), (2—¢,0) and
(3+es—e), feH", (Q) andge BYP, (09), the problem

—t,up
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has a unique solution u € Hy , (). Moreover, u € By*, () and there exists a
positive constant C' depending only on € such that
(5.2)  max{|lulluz_, () llullszr, @} <C(flla»

2—t,up 2—t,up

@ *lgllszr,  (00))-

p

t,up

If Q is O, the previous statement holds for e = 1. Notice that the region described
above when € = 0 is common to all Lipschitz domains.

Proof. The estimates of the last section coupled with the invertibility result cited
in part (6) of Theorem 4.2 yield the existence part of the theorem. Uniqueness
follows from Lemma 2.3 as in [12]. The (unique) solution to the problem is thus
given by
u(X) = D(T7H(h)(X) = S(T™ (W) (X) + Na(f)(X),
where )
T = —(51 +K+8)

and the density is given by
h=g-Na(f)la

5.2. The Neumann Problem. With the following few lemmas we prepare the
ground for the formulation of the Neumann problem.

Lemma 5.2. Let 1 <p < oo, p € R and s > 0. Then for 1 <k < n the Partial
Derivative Operator

Ok« HY () — HY , ,(Q)
1s bounded.
Proof. For1l<p<oo,0<s<1, 0
O : Hf’u — Hf—l,u

is bounded (the statement is obvious for s = 1, hence the full range of s follows by
duality and interpolation).
Now, considering f € HY ,(2) and F' € HY , with E4F = f, one can easily verify
that

EQOF = 0;F|a = 0if,
which completes the proof g

Lemma 5.3. Let 0 < s < 1,1 <p < oo, p € R and ¢ € BP(9N). Then there
(Q) of ¢, so that for some

exists an extension (in the trace sense) ¢ € Hf+l u
2

positive constant C' = C(Q),

0llm>
s+

(@) < C|l¢|

BE(0Q)-
Proof. For arbitrary ¢ > 0, let ¢ € C§°(Byr(0)) be equal to 1 on Byr_.(0) and

® € H? ,(R") be such that ®|pq = ¢. Then p® € HY , M(Q) for any p € R and
its restriction to 01 is ¢. ’ a

Lemma 5.4. Forl<p<oo,u€]Rand%<s§1 and%—&—%:l the following
holds:

Hfs+%7up(9) = (Hg—1+§,—uq(m)*'
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For ju and p as above, and s < 1, one has
p

(17 D) =Ly ()

Proof. In fact, it is well known (see [11]) that for bounded € and % < s <1,

C§°(Q) is dense in HY

o +l(Q). From this, it follows that test functions are also
q
dense in the corresponding weighted space H?

s—1+l,—uq(Q) for any p € R. Indeed,
let f =ELF = Flg for F' € H§71+3,7uq' Let q( be a smooth cut off function
supported in Bsyr—1()N(R™\supper) with ¢ = 1in R"\Q. Put Qo = QNBzyr1(g)N
(R™\ supptr). Then, f( = ((F)|q, € H;CHl (€0) and can be approximated in the
Hg_1+%((20)—norm by g € C§° (). Also, F can be approximated in Hg—1+§,—uq
by h € C§°. Notice that for some positive constant C,

||(<F - g)‘QﬁBQIJAw) ||Hz,1+l(QnBZI+1 (0)) < C”(CF - g)|90 ||HZ,1+L(QU)’

as it is easy to see by taking ¢ € C§°(Bzgr-1(0) N (R™ \ suppyy)) identically equal
to 1 on supp(CF — ¢) and observing that (pG|QﬁBzI+1(O) = (CF - g)‘QmBZI+1(O) for
every G € Hg—1+l such that G|o, = (CF — g)|q,. It follows that

If=g= 0=l

1P =glallmr @+ 1= = Wlall

@ =

DN

1
141+ —
gt

The first term above is, according to Lemma 2.2, less than or equal to

I—-1
[ Z%(FC - 9)|QnB2I+1(0)||H:71+l(m32,+1(o)) < CI(F¢ = g)laoll e L1 (0)
0 q sty

while the second one is clearly bounded by a positive constant times

|F =Rl

+%,—;Lq
The duality assertions now follow in a standard manner (see [8]). 0
Lemma 5.5. Let 1 < p < o0, 0 < s < 1, q the Holder conjugate of p and u be
a vector field on ) whose components are in Her;,l MP(Q). Then divu can be
NP ’
extended to a distribution (still denoted by div) in HY ﬂp(Q). The vector u has
L

a normal component u- N € BY_(99Q) (which depends on the particular extension
divu), defined as

(u-N,¢) = (u, V) + (divu, ).

for any ¢ € BY__(00) extended to ¢ € Hfferl ﬂtq(Q) via Lemma 5.3. Moreover,

u - N is independent of the extension ¢~5 and
lu- Nligr_ @00y < luller @)+ ldivullar @)
Proof. It follows from Lemma 5.4. ]

In combination with Theorem 3.2 and Theorem 4.1, the above Lemma implies
that if 1 < p < 00, 0 < s < 1, p as in Theorem 4.1, f € BY_(99Q) and g €
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Hf+ L o (€2), then S(f) and Nq(g) have normal derivatives a(f) € BY_(09) and

8/\(4%5]) € BY_,(09) respectively.

Lemma 5.6. For s and f as in the previous paragraph and p as in Theorem 4.1,

one has 88(f)
1
— = (=I—- K" :
) = (51— K)()
Proof. Notice that from the continuity of the gradient operator, for f € BY_,(99),
one has

I [e%s)
(5.3) VS(f) = > V(iSf) + > ViSS),

=0 i=1

the convergence understood in H? (). Also notice that

+f 1,up

I I
> wiSf =) :Sf,
i=0 i=0

where S is the single layer on the domain QN Byui2(0), and fis f on 99 and 0
on 0Bsr+2(0). Since VSf € H§+571(Q N By112(0)), it follows that for ¢ € C*°(Q)
P

I
- 1
(O V@iSF), Vo) = (51 = K*)(f), dloe) — ZwZSf
=0
On the other hand, since the second term in (5.3) is in C§° ( ),

ZV ViSf), Vo) = Zwa
i=1
O

Theorem 5.7. Let 1 — % <t<2-— %, 1 < p < oo, with (t, l) in the hexagon de-
scribed in Theorem 5.1, y as in Theorem 5.1, f € H?, () and A € B? (09).

tpp 1—t—1
Then there is a unique solution uw € Hy_, . (Q) to the Neumann problem

Au = n Q
(5.4) { o =4
ON .

Moreover, u € BYP, Hp(Q) and there exists a positive constant C depending only on
Q such that

(5.5)  max{||ul|g»

LN (OB Ml geor

@} < CUS N, @ + gz, o0)

2tup

If Q is O, the previous statement holds for € = 1. Notice that the region described
above when € = 0 s common to all Lipschitz domains.

[ M)(Q) The
first Clalrn can be readily verified by taking a subsequence (1}, )i of the sequence
(¥ )k such that

Proof. We begin by pointing out that for the spemﬁed values of the parameters
and 1 5+ , = 1, constant functions are neither in H; 2 o (Q) nor in HY

1 L .
|thji ()] 2 3 on {z: 23— < |z < 2%F-2)
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(notice that 3k — 5 < ji < 3k — 1)and invoking standard embedding theorems to

conclude that for t = n(pi, — 1), one has —p+ 2 > 0 and

T
0 / ’ © ’ 4
Z Q=KD Jk ;.12 > CZ 9—hp k"= (jr+2)
k=0 k=0

for a positive constant C'. The second assertion follows similarly and its proof will be
omitted. It follows from these observations that the usual compatibility condition
needed in the formulation of the Neumann Problem in a bounded domain, namely

(f,1) = (A1)

is not necessary in this context. We now proceed to the proof of the Theorem: The
existence part follows from the invertibility results in Theorem 4.2,combined with
Theorems 3.2, 4.1 and Lemma 5.6. To prove uniqueness, as in [8], we consider a
solution of (5.4) with f =0, A =0, say u € H? , up(Q)' From the trace theorem
and the existence theorem for 5.4, it follows that the trace of u on Q anihilates
every A € BY(92). Thus, from uniqueness for the Dirichlet problem, v = 0 in .
O

6. THE HELMHOLTZ DECOMPOSITION FOR VECTOR FIELDS

In this section we will be mainly concerned with vector fields whose components
are functions in certain weighted spaces. We will denote by Af () the Banach
space of vector fields with components in A% (€2). Let 1 <t + % <2, 1<p< o
andu € H_, () be a vector field defined on Q. Then divu can be extended to a
distribution (still denoted by divu) in H” t.up(§2) (Lemma 5.5), where g denotes the
Holder conjugate of p.. Accordingly, the normal component u- N € Bf_%_t(aQ)

can be identified with the linear functional (which depends on the extension of
divu) defined by

(u-N,¢) = (divu,¢) + (u, V),
for any extension ¢ € Hqﬁw (Q) of ¢. Notice that u- N does not depend on the
particular extension ¢, for it is readily verified that any £ € H? Q) (r €

1+%—s,r
R) with vanishing trace can be approximated by smooth functions with compact
support in €. The spaces

E?} (Q)={u:ueH} (Q),divu=0,u-N =0}

1—t,up 1—t,up
and

sz—t,up(ﬂ) = {Vﬂ- HEIRS Hg—t,,up(Q)}
are well known by their connection with the Navier-Stokes equations. As an imme-
diate consequence of Theorem 5.7, we have

Theorem 6.1. Let Q be a Lipschitz domain such that R™ \ Q is bounded and 09
is connected. Then, for (t, %) in the hexagon described in Theorem 5.7, —% <6 <
—2+%, —% < 09 < —2+% and

1
p=01— 515(61 +82) +2(1 — 1),
the following (topological) decomposition holds:
(6.1) H? (Q)=E} Q) oGy (Q),

1—t,up 1—t,up 1—t,up
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that is, the projection operator
P H;ll)—t,;tp

3 _n_
20 n—1

() = EY_, ,,(Q)

is bounded. In particular, for max{ } < p < min{3,n}, the following (topo-

logical) decomposition holds:
(6.2) L?(Q) = EP(Q) & GP(Q)
where
EP(Q) =E{,(Q) ={u:uel’(Q),divu=0,u-N=0}

and
GP(Q) = G{ () ={v:v=Vr,mecH,(Q)}

Proof. Theorem 5.7 guarantees that the projection onto E’llt’up(Q) is well de-

fined and bounded and that the zero function is the only element in EY_, (Q)N
GY_, ,,(€). The decomposition (6.2) results from the definition of y and the re-
strictions imposed by Theorem 3.2.

O.

7. OPTIMALITY

The proof of the following lemma follows by properly adapting the examples in
[12]:

Lemma 7.1. If p > 3, there exists a bounded Lipschitz domain Q = R™ \ Q and
[ € C>(Q) such that if u is the L3 ,-solution to the problem (5.4) with A =0, then
Vu ¢ LP(Q).

We point out that the nature of the counterexample there constructed forces
Vu ¢ LF(Q) for any p € R. Suitable minor modifications of the results in [8] yield:

Lemma 7.2. Let Q) be the exterior of a bounded, Lipschitz domain, 1 < p < oo,
pE€R and A € BY ,(9Q). Then there exists a vector field v € HE (Q) with divv €

P
H?, ,(Q) andv-N = A. Using Theorem 3.2 and the regularity result (which follows
from [5] and Theorem 4.1)

S LP(0Q) — HY ,,(Q)
one concludes that if the Helmholtz decomposition (6.1) holds for some 1 < p < 2,
the Neumann Problem (5.4) with t = 1 and homogeneous boundary datum (A =0)

is uniquely solvable in the class HY ().

These observations allow us to adapt the methods of [8] to prove the following:
Theorem 7.3. The range of validity for the decomposition in Theorem 6.1 is sharp,

that is, for any p ¢ [%, 3] there exists a Lipschitz domain Q,, such that the Helmholtz
decomposition (6.1) does not hold for any u as in Theorem 3.2.
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8. THE STOKES SYSTEM

As a further application of the function-space theoretic tools developed in Chap-
ter 1, we present here some regularity results for the Poisson’s Problem with Dirich-
let boundary datum for the three-dimensional Stokes system. In the sequel, we
retain the notation of Sections 1 and 2 and assume n = 3, with the agreement that
in this section, a function space such as AZP or ApP (Q) will stand for the space
of n-dimensional vector fields u on R™ (or Q) with components in AP (A7P ()
and the corresponding norm is defined as the sum of the norms of the components.
The Jacobian matrix of the vector valued function v will be written as Vv. For
non-zero X € R? the matrix of fundamental solutions of the Stokes system will be

denoted by I'(X) = (I';;(X)), where

1 0,4 X, X
(X)) = — *J KCinlal)
(%) 87r(|X|+ |X|3)

with corresponding pressure vector ¢(X) = (¢;;(X)) given by

_1%
C 8T | X3

i5(X)

In analogy with the notation in Section 3, we introduce the Stokes Potential of
P
fe H()7(6+2)p as

(8.1) Pa(f) = EoPRG(F),
where

P(f)=T=«T1.

The following result is the counterpart of Theorem 3.2 and its proof is similar:

Theorem 8.1. Letn>3,1<p<oo, 3+ =1, -2 <§ <-2+2 -2 < <
=243, p=(5(01+02) =02 +2(s — 1)) and 0 < s < 2. Then the Stokes Potential

is a bounded linear map from A?;’_Q,Hp (Q2) into AL ., (Q).

Next, we highlight the following properties of the Single Layer Potential, which
as in the scalar case, is defined as

S(f)(X) = /8 T(X - Q@ (@)

for a vector-valued density f : 92 — C. The corresponding boundary operator will
be denoted by S(f).

Theorem 8.2. For 0 < s < 1, p and p be as in Theorem 4.1, the operator S maps
B?_,(09) boundedly into B§+%7MP(Q) N Hf+%)”p(ﬂ).

Proof. The proof follows (modulo minor self-explanatory modifications) as that of
Theorem 4.1. O

Theorem 8.3. There exists a positive number € depending only on € such that for
(s, %) in the interior of the hezagon with vertices (0,5 —¢), (0,5 +€),(3 —€,5 —¢),
(1, % +¢€) and (1, % —€) and (% + ¢, % —€), the operator S is an isomorphism from
BP_(09Q) onto BP(09).
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Proof.  'We commence by observing that for 2 < p, the space BY , (09) is topo-
p

logically embedded into B2(99) for 0 < s < 1 — %. For an arbitrary distribution

A € B? | (09), the vector valued function v(X) = S(A)(X) is a solution ( both, in
P J—
Q and R™ \ ) to the (homogeneous) problem

Au=Vr inQ
(8.2) divu=0
Tru=S(A) € Bf_l(('?Q)

for m(X) = (A,q(X — -)). Notice that from the proof of Theorem 8.2, for suitable
1, the estimate

(8.3) Il @) < ClAlBe , o0)
P

holds. By virtue of Theorem 8.2 and the LP-estimate from [3] (which is valid for
2 <p<3+e¢, where 0 < € = ¢(Q)), the solution v is subject to the bound

(8.4) 19Vl oy < CISWIsr |, on)

The estimate from [3] alluded to above, applied to the domain By:r(0) N2 together
with Theorem 2.2 yield

HV”H{‘ up

o =0 (150, ooy + BW))

for p as in Theorem 8.1 and some positive constant C' = C'(£2, p, ). It is not hard
to see that for any bounded sequence (A;); in BY , (99), (E(A;)); has a convergent

subsequence. Estimates (8.4) in conjunction with Lemma 5.5 show that v has
distributional exterior and interior normal derivatives ‘?—N" and %*Tv respectively,
whose action on an arbitrary ¢ € B” , (9R2) is given by,
P
otv ~ ~
—.¢) =(Vm, )+ | VvV
G #) = (Tmd)+ [ 939

and
o~ v ~ ~
(G = (Vmd)+ [ 9vv

for an arbitrary extension ¢ in HY ,(Q) in the first equality, or ¢ in HY(R3\ Q) for
the latter. As is apparent from the above equalities (using the appropriate version
of Lemma 5.5), one has the estimates for 2 <p < 3+¢

8+v
(8.5) C(ISW)ler | on) + B(A)
B | (09) ~»

and
(5.6) 5% < cls)|

. — >~ BI’ 1 aN) -

ON B” , (8Q) 17( )
Since
Fv oFv

1
o W*N (:F§I+T)(A),
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where T is a singular integral operator (see [7]), it follows at once that for a positive
C= C(pa Q)7

Il , ) < © (ISl oo + B W) )

1
p
which shows that as an operator between the given spaces, S has closed range and
is injective. Choosing now 2 — % <t < 1, standard embedding results yield

B7(09) C B’l’_%(aﬂ).
On the other hand it is known from the L?-theory developed in [7] and [9] that S
is an isomorphism from B?_;(9Q) onto BZ(92), whence S has dense range as an
operator from B” , (0Q2) into BY , (99). In all,
S~ B]i%(aQ) — Bg’_%(ag)

is an isomorphism for 2 < p < 3 + €. Duality and interpolation with the aforemen-
tioned L? theory yield the complete statement of Theorem 8.3. O
As an immediate consequence we have

Theorem 8.4. Let Q C R3 be a domain such that R3 \ Q is a bounded Lipschitz
domain with a connected boundary. Then there exists a positive number € depend-
ing exclusively on the Lipschitz character of Q0 such that whenever the point (t, %)

belongs to the hexagon with vertices (1 + 26,%~ -6, 3-61+e) A+ei—o,
(Li-e)B+e3—€) (3—€65+€) andfeH?, , (Q) forp and p as in Theorem
5.1, there is a unique solution u € HY_ Q) and a unique (up to constants) m
satisfying the Poisson’s problem

t,up(

Au=Vr+f inQ
(8.7) divu=0
Tru=0

and, for some positive constant C = C(p,t,u, ), the a-priori estimate

ez
HQ—MW

@ Flmlar_, @ < Cliflar, @

1—t,pup

holds. In particular, for 3 <p <3, iff € H{LO(Q), then u € HY ((Q), and
lullar @) < Clifllar | )

Proof. Existence and the estimates follow directly from Theorems 8.2 and 8.3.
The uniqueness statement is proved by arguing as in Theorem 5.1. The solution to
the Poisson’s Problem (8.7) is thus given by

u(X) = Pa(f)(X) + v(X)

where v is the solution to the homogeneous Dirichlet Problem with boundary datum
—Pa(f)|on, namely

v(X) = S(87H(Pala))(X).
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