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Abstract

By deriving exact solutions for the problem of the evolution of a finite blob of
fluid confined to a channel in a Hele-Shaw cell, it is deduced rigorously that
that the far-field effects of a displaced second interface do not provide a selec-
tion mechanism for the formation of a Width—% Saffman-Taylor finger in the
primary interface. This contradicts conclusions from a recent investigation.



1 Introduction

Viscous fingering in a Hele-Shaw cell has been the subject of numerous in-
vestigations in the literature following the seminal experiment of Saffman &
Taylor (1958) which showed that a steady finger with width approximately
one-half the width of the channel is formed when a less viscous fluid displaces
a more viscous one (except in the case of small displacement rate). The re-
views by Saffman [2], Bensimon et al [3], Homsy [4], Kessler et al [5] and Pelce
[6] cite much of the existing literature in the mid-eighties. An important as-
pect of the theoretical development is the notion that it is crucial to include
some regularizing effect such as surface tension to explain experimental find-
ings. For a model that ignores three dimensional effects, numerical [7],[8], [9],
[10] formal asymptotic calculations [11], [12], [13], [14], [15], [16], [17] as well
as recent rigorous mathematical analysis [18], [19] support this contention.
Work on more realistic models also suggest the same (see Tanveer [20] for a
more comprehensive review of the selection literature).

However, the notion that the zero surface tension solution does not select a
finger of a specific width has recently been challenged [21]. Based on some
calculations of a special exact solution in the finite-fluid problem for which
the relative finger width A = %, it has been argued that the infinite-fluid
limit is singular and that A = % can be the only limiting Saffman-Taylor
solution as the amount of viscous fluid in the cell tends to infinity. Further,
based on a linear stability analysis, it is suggested that if the energy fed
into the system is controlled appropriately, this solution would be stable
and therefore experimentally relevant. The possibility of finiteness providing
a selection mechanism was first suggested by Feigenbaum, Procaccia and

Davidovich [22].

The findings of the present paper contradict the above conclusions. We show
that there is a family of time-evolving exact solutions to the zero surface
tension problem which, in the limit as the viscous fluid tends to infinity to
fill up the cell (i.e., the infinite-fluid limit), asymptote to the Saffman [24]
unsteady solution which, in turn, approaches the Zhuravlev-Saffman-Taylor
(ZST) steady solution (Zhuravlev [23] and Saffman-Taylor [1]) of relative
finger-width A over an intermediate range of time scales. Here A € (0,1) is
arbitrary. Further, we show that the Howison [30] family of exact unsteady
solutions that result in a single steady finger tip-splitting into two fingers



is also recovered in this limit. Thus, there is no sense in which any of the
asymptotic steady finger solutions can be stable. Our conclusion is that the
finiteness of the viscous fluid cannot constitute a selection mechanism for the
steady relative finger width A\ when surface tension is ignored.

Using elliptic function conformal maps from a rectangular pre-image region,
Richardson [26] [27] has considered various problems of Hele-Shaw flow in
channels involving two free surfaces, but his results do not encompass any
finger-like solutions. In this paper, to derive finger-like exact solutions for an
evolving finite blob of fluid, we devise a method which is an adaptation of
that used previously by Crowdy [25] to study the flow of a fluid annulus in a
rotating Hele-Shaw flow. The formulation is based on conformal maps from
an annular pre-image region. This is particularly convenient for the specific
purposes of this paper because the time-evolving finger-solutions of Saffman
[24], relevant in the infinite-fluid case, are retrieved in a simple and natural
way as a parameter p, arising in the present analysis, tends to zero. This
fact will prove crucial in our analysis of the infinite-fluid limit.

2 Mathematical formulation

Let the fluid region D(t) be the finite fluid region in the (z, y)-plane trapped
between a channel —1 < y < 1 and having two free interfaces, denoted L
(for the left-most interface) and R (for the right-most interface).

The velocity potential ¢ satisfies
V26 =0, in D), 1)

so that the fluid velocity u = V¢. ¢ is proportional to the fluid pressure
which is taken to be constant on L and R. Thus,

¢=0¢r(t) onL, ¢=0¢g(t) onR (2)

where ¢r,(t) and ¢g(t) are functions of time (but not space). Without loss of
generality, we set ¢;, = 0. The kinematic condition on each interface is that
the normal velocity of the interface equals the normal fluid velocity. This

can be written
Im[z;z5] = Im[(u + iv)Zs], on L,R (3)

where s is the physical arc-length that increases when the boundary of D(t)
is traversed in the positive counter-clockwise sense.
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Figure 1: Conformal mapping regions: the map z((,t) maps the upper-half
annulus p < |¢| < 1, Im[¢] > 0 in a {-plane (left) to the physical fluid domain
D(t) (right). The fluid domain has two interfaces labelled L and R. Points
labelled with the same letter map to each other under z((, ).

Let the complex potential associated with the flow be w(z,t). Define W((,t) =
w(2(,1),1), then

wic =~ Woge (@)
where
2 10g p(t) = 6alt) )

(5) relates the flow-rate V' (¢) to the imposed pressure ¢g(t) on the right-most
interface. As pointed out by Feigenbaum [21], two physical problems can be
considered: either ¢g(t) is held fixed in time so that the pressure difference
across the fluid region is some specified constant, or the flow-rate V (¢) is
fixed to be some constant. In either case, p(t) is a parameter that must be
determined as part of the solution.

Introduce a time-dependent conformal map z((,t) from the upper-half an-
nulus in the {-plane given by p(t) < |¢| < 1, Im[(] > 0 to the finite fluid
domain D(t). Let the semi-circle |(| = 1 in the upper half-plane map to L
and the semi-circle |(| = p(t) in the upper half-plane map to R. A schematic
is shown in Figure 1.

It can be deduced that z((,t) has the general form
.2
Z(C,t):Z—;IOgC%—f(C,t) (6)
where f((,t) must be analytic in the annulus p < |{| < 1 and such that
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z(¢,t) is a univalent conformal map from the upper-half annulus p < (] <
1,Im[¢] > 0 to the physical fluid domain. The real interval [p, 1] in the (-
plane will map to the part of the upper-wall between L and R, while the
real interval [—1, —p| will map to the part of the lower wall between the two
interfaces. Note that this will require that Im[f((,t)] = 0 for ¢ real which
implies that

F(eH = £6,) (7)
and so z; = z¢. (We adopt the standard definition of g(¢) to be that analytic
function of ¢ which is the complex conjugate of g(¢) on the real (-axis). By
the Schwarz reflection principle, (7) can be used to deduce that f((,?) is
analytic in the entire annulus p < |¢| < 1 and is real on that part of the real
axis where |C| € (p,1). As long as the extended interface, obtained by reflec-
tion in the two side-walls, is analytic then it follows that the corresponding
conformal map z((,t) is analytic in p < |(] < 1.

On [¢| =1,
_ 1z (¢, 1) 8
“ = TGOl ®
while on [(| = p,
_ Gz (¢ 1)
T 9

where the arclength s increases from A to B on the left interface L and from
C to D on the right interface R. It is to be noted that using (8), (9) and the
fact that W
w, = — =u— v, (10)
¢

it can be deduced that

2V (1) _
Zt S PAER) on |<|_17
Re[ } — { '26‘@) . (11)

Cz¢ Tt %7 on [(| = p.

At this point, note that if we replace t in the above equation by a nonlinearly
scaled ‘time’ 7 = fot V (t)dt and redefine p = L p, then the problem becomes
mathematically equivalent to choosing V() = 1. Henceforth, without any
loss of generality, we set V (t) = 1.

The function in square brackets on the left hand side of (11) is single-valued
and analytic everywhere in the upper-half (-annulus. It is also real on the
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real (-axis. By the Schwarz reflection principle it must be single-valued and
analytic in the entire annulus p < || < 1. This can only be true provided a
compatibility condition is satisfied by the data on the right hand side of (11).
This condition is that the average of the given data over the circle [(| = 1
equals the average of the data over |(| = p. This takes the form

b oy 2 1 _ 1 dc _L_B} 19
2mi 7{421 C[ 7T|Z<|2] 2mi ]{g:p ¢ [ o222 pl (12)

(12) provides an evolution equation for p, i.e.,

27
' p/ [ 1 1 ]
p=— . — . dv. 13
72 Jo  Llzc(e, 1) p?lzc(pe,t)|? (13)

If (13) is enforced, then

Zt(Cat) = CZC(C’t)I(C’t) (14)

where I((,t) is single-valued and analytic in the annulus p < || < 1. The
Villat formula for an annulus can be used to deduce an explicit expression
for I(¢,t). Using a convenient version of this formula given in Crowdy [25],
we obtain

I(Gt) =T7(¢t) —I7(¢1) +C(?) (15)
where . 5 a0
I'(¢,t) = e ?{CI|:1K(C/C . P) [—W] o (16)
() = L Y I A S
| oy kA
1 2 pldc
Ot) = ——— =« _ A%
O=-3 b |2 18)
and the kernel function K ((, p) is given by
P'(¢, p)
K 1-— 19
(Cp)=1-2F% PC.p)’ (19)
P(¢, p) is defined by the infinite product expansion
PEp) = (1 - O T = P01 - ). 20)
k=1



P'(¢, p) denotes the derivative of P((, p) with respect to its first argument.
P(¢, p) will be used again later in the construction of the conformal map
solutions.

From the infinite product representation, it is clear that

P(p%¢,p) = —2C2, K(p%¢,p) = K(Cp) +2,

Pl p) = =5 K p) = —K(Gp)- 2y

These properties will be useful later. In particular from (21), a change of
integration variable (' = e to ( = e ™ in I, a switch from ¢’ = pe’ to

¢ = pe~" in I~ and the symmetry condition (7), we deduce
|2c(e™™) 7% = |z¢ (€)%, [2c(pe™)| 7% = |2¢(pe™) |72, (22)
so that
I+(<_1a t) = _I+(Ca t)a I_(C_la t) = _I_(Ca t) _QC(t)’ I(C_la t) = _I(Ca t)
(23)

In the case where z((,t) is a conformal mapping function, another property
of I(¢,t) follows. If ZC(;U) is free of singularities in the ring domain Dj defined
as

Dy={C:(1-0) p<[¢| < (1+0)}

for some § > 0, then there exists constants C; and C5 independent of any of
the parameters so that for 1 < |¢| < p7!,

1
<G (ot Yec m -

62 infj¢= |C2¢? 1<|¢|<1+6

it (@)

e <zC(p<)z1<<p<—1>>‘ (%)

Consider (24). For |¢| > 1+ 3 the proof follows from differentiating I+
and using a simple estimate on the integrand. When 1 < |¢| < (14 2), we
deform the contour to |¢'| = 1 4+ §. In the process, we collect the residue
at ¢ = (', noting that the analytic continuation of |z¢|? off || = 1 equals
2¢(¢)z¢(¢™1). We obtain an estimate for the integral part in the same way as

before, the estimate on the residue gives the second term in the inequality

_ Cq 1 Cy
¢l | £ = <—) + — sup
| <| 52 p2 (

infi¢=p [Cz¢[? 1-5)<|¢/<1



above. Similar estimates for I results in (25). In this case, it is conve-
nient to use the alternative representation that follows from the property

K (¢/(p¢") = K(p¢/¢') — 2:

B 1 ¢ ) 1 dg¢’
I = — K| = — C
(G0 =~ 7{ (cf’p 200, Daclpcry ¢ T Constant

which follows from (21) and the fact that the analytic continuation of |z¢|?
off || = pis 2¢(¢)z¢(*C™).

3 Results for the single-interface problem

The Hele-Shaw problem in a channel with just one interface has been well-
studied since the work of Saffman and Taylor [1]. In this section, we summa-
rize well-known results for the zero-surface-tension single-interface problem
that will be needed in the present paper. Two separate single-interface prob-
lems are considered: the case with a single left-most interface L in the limit
where the right-most interface R has advanced to +oco, and the case of the
single interface R when L has receded to —oo.

3.1 The single left-interface problem

Consider first the case of the evolution of L when R is at +o00. This corre-
sponds to p = 0 in the equations of §2 which leads to a single equation valid
for (| < 1,

2(C, 1) = Czc(C, 1) Zo[2()](C) (26)

where the operator Z; is defined through the expression:

Y GRS S
Lolw()I(Q) = 5 j{;’l—l ¢ —¢ [ 7r|wg(C')|2] . 0

Saffman [24] found a family of time-evolving exact solutions that exist for
all times for which the conformal mapping function from the interior of the
upper-half semi-circle to the flow region on the right of interface L is given
by

2((,t) =i+d— %logCJr %(1 — N)log (1= ¢*v5%) =25(¢,t7vs)  (28)
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where parameters 7s > 1 and d are functions of ¢ determined by the tran-
scendental equations:

log s + gt + A1 = X log(1 —v57%) =logyo + A(1 — ) log(1 —757), (29)

2 Ys i
d(t) = —(1 =) log —= + — + do.
() = (1 = Nlog 2+ £+ do (30)
Saffman [24] found that s — 17 exponentially in ¢ as t — oo and that, in

this limit, d ~ £. Therefore, as t — +o0,

(¢ t9s) > zer =i 4~ 2log (+2(1-Nlog(1-¢)  (31)
where zg7 is the steady solutions found by Zhuravlev [23] and, independently,
by Saffman & Taylor [1]. In this way, time-dependent solutions exist that
evolve from a near planar interface (for - chosen sufficiently large) to the
Zhuravlev-Saffman-Taylor (ZST) solution with relative finger width A for any
A € (0,1). Further, it is known that the zeros of Zg stay away from || =1
for all time so that

‘é‘rgfl \sz({,t; vs)| >m >0 (32)

for some constant m that is independent of ¢ and v but which depends on A.

It is also known (see Tanveer [28]) that the analytic continuation of (26) to
the region |(| > 1 is of the form:

2= Q17+ ¢ (33)
where
4¢
Tz¢ (C_lﬂ t) .
If w satisfies the property |we(e ™)| = |w¢(e™)| (as is the case for w(¢) =

z(¢,t)) then a simple change of integration variable yields the useful property
that

CII(Cat) = CIO[Z(at)](C) ’ qZ(Cat) = (34)

To[w()](1/¢) = —Zo[w(.)](C)- (35)
Since Re Zy[w(.)](¢) is a harmonic function of (Re((),Im(()), it follows [28]
from the maximum principle that for || > 1,

£ — 2 < Re[Tofw()](C)] < sup

in _ 36
¢l=1 |we|? |=1 T|we[? (36)



More generally, following similar arguments, it also follows that for two dif-
ferent functions v and v, for || > 1:

. 2 2 2
‘é‘nzfl L‘UCP - 7T|UC|2] < Re[Zy[u(.)](C) = Zo[v()](C)] < ‘S;'l:pl [W‘“CP - W‘UCP]

(37)
Further, it is known [28] that any singularity (s(¢) of z in the region |(| > 1
must move in accordance to the ordinary differential equation

Cs = _QI(Cs(t)’t) = _CSIO[Z('at)](Cs(t))' (38)

Letting w(¢) = z((,t) in (36), we obtain Re[g; /(] > 0 and hence all singu-
larities of z continually approach |(| =1 from [(| > 1.

Applying (38) to the Saffman solution, the solution ys(¢) of the transcenden-
tal equation (29) satisfies

Y5 = —7sTo[2° (-, ;75 ()] (75 () (39)

Since the functional form of z&g is relatively simple, it is possible to use contour
integration to calculate

T (1=2XA+39" =29 =3¢ = (9° + 4%

2 (P2 +1—2XN) (= +1—4X+4)2) ’
(40)

To[27 (., 5 M(C) =

which will be useful for later estimates.

Many other exact solutions for the single-interface problem are known, in-
cluding some that exist for all times. Howison [30] found extensions of the
solutions of Saffman, including those of the form

N
zH(C,t)=i+do(t)—%log(—i—%Zaﬂog(l—(%ﬁ) (41)
n=1

where {|v,(t)| > 1|n = 1,..N} evolve in accordance with (38) and approach
the unit circle. In particular, with the choice of initial conditions given by
N =2,a; = (1-)), ay > 0, with 75(0) on the imaginary axis and +;(0) on the
positive real axis such that |y,(0)| >> +,(0) > 1, the solution can be shown
to develop a nearly steady ZST finger of width A before “tip-splitting” over
a longer time-scale. This demonstrates the nonlinear instability of interface
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L when R is at +o0o and surface tension is ignored. This is not surprising
because the initial value problem is ill-posed [30]. Later, it will be shown that
the two-interface problem admits solutions which asymptote to the solution
(41) of Howison for the left interface in the limit of fluid volume going to
oo. In this way, we will demonstrate that the ZST solution approached over
an intermediate time scale for the two-interface problem cannot be stable in
any sense.

3.2 The single right-interface problem

Consider now the second single-interface problem for the evolution of R in the
limit when L has receded to —oo. This single-interface problem is similar
to the single-interface problem just studied, with an important difference;
now, the viscous fluid is displacing a less viscous fluid. Except for a 180°
rotation of the geometry, this is equivalent to the previous problem with
time reversed.

Consider the conformal map from the upper-half unit ¢ semi-circle into the
flow domain left of the interface R (with L assumed to be at —oo) with
é = +1 corresponding to the intersection points of the interface R with the
lower and upper walls respectively. f = 0 maps to z = —o0. There is then a
time-reversed Saffman solution with a single interface, for which the relevant
conformal mapping function is given by the following expression, once we
account, for the 180° rotation:

2(1 — A)

2 t)=—i—d+ %logf — log (1 - 525§2> = —2z5(C,t; Br) (42)

with parameters Sz(t) > 1 and d determined from
log Br — gt + A(1 = A)log(1 — B5%) =log fo + A(1 — M) log(1 — 5, %). (43)

s 2 Br t

Here By > 1 and czo are the initial values of Sz and d respectively. The
singularity Sg(t) evolves in accordance to

Br = BrZolzs(- t; Br)](Br) (45)
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where we have reversed the sign on the right of (38). Hence Sg(t), determined
from (43), satisfies (45). (This fact will be used later in our discussion of the
limit of two interfaces far apart). It is known from an analysis of (43) that
Br continually increases with ¢ and as ¢ — 400, while Bz ~ const.e™/2.
Therefore, as t — +o0,

which corresponds to a steadily propagating planar front. From the point
of view of stability, this makes sense because the planar interface between a
more viscous fluid displacing a less viscous one is known to be stable, even
with zero surface tension.

For the purposes of the next section, it will be useful to make a transfor-
mation of the (-plane formulation of the single right-interface problem just
considered to a (-plane formulation where the interior of the unit CA—circle
maps to the exterior of a |(| = p circle in the (-plane. To do this, introduce
the change of variable

b inP
(=¢e"=, 47
c (47)
and the mapping of parameters given by
Br=mng'p " (48)

Then, the single interface R is determined parametrically (z(v), y(v)) through
the following equation on ¢ = pe®:

(V) +iy(v) = =27 (=p¢ ™, t; Br)
s 2 .2 2 _
=—d+ ;logp—i—z— %logC— ;(1 —Nlog (1 —¢%p'ny) . (49)

For later convenience, we also define a time-dependent parameter
1-A)/A

755R>( /

Y050

where vs and [i are the time-dependent parameters arising in the left and
right one-interface problems above, and p, is some constant. Further, define

psk = po ( (50)

Gt o) =~ (6 i) - 2hog (). o)

PSR
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We now choose the initial condition for the parameter d(t) (i.e. dp) in (44)
so that

A 2
dy = —log p — dy.
s
Then, it follows from (30), (44) and (50) that

(Gt po) = d(t) — ~ log — ~(1— \)log(1 — ¢ 7). (52)

Using (51) and the fact that Sg continually increases with time, it is easy to
show that on |(| = p,

inf G20(C. b, )| > > 0 (53)
=p

where m is a time-independent constant.

4 Analysis of the two-interface problem

In this section, we give analytical arguments for the existence of exact so-
lutions to the full two-interface problem described in §2 and outline certain
properties of these solutions. The arguments of this section provide the ra-
tionale for the form of the conformal maps posed in §5.

Using the results from more general obstacle problems [31], [32], [33], [34] to
the specific case of Hele-Shaw zero-surface tension evolution, it follows that
for a doubly-connected Hele-Shaw domain, as for a simply-connected one, if
the initial extended-interface shape is analytic (by “extended” we refer to the
shape obtained after reflection about each side-wall), a unique solution of the
zero-surface tension Hele-Shaw problem exists for small enough ¢ for which
the interface shapes remain analytic. Hence z((,t) is analytic on || = 1 as
well as on |¢| = p for small enough time. Thus, at least over the time-interval
of existence of an analytic solution, the analytic continuation of equation (14)
is possible into the annulus 1 < [¢| < p~!. Through standard use of Plemelj
formulae (or contour deformation of integrals) this results in

4
() = G DI )~ e, (54)
while its continuation into the annulus p? < |¢| < p is given by
A 2
alG0) = GGG = B = GGt (59)
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It should be emphasized that while the same formal expression (15)—(18)
define I in the annular regions 1 < [¢| < p !, p < |¢] < 1 and p* < [¢| < p,
they are actually different analytic functions (in the sense that they are not
the analytic continuations of each other).

Now consider the quantity H((,t) defined by

H(C’ t) = Z(p2<, t) - Z(Ca t) (56)

Pick a value of ¢ in the annulus 1 < (] < p~!. (54) will hold. The quantity
p*¢ will be in the annulus p? < |{| < p so that (55) will also hold with
argument ¢ — p?(. That is,

2(p°C,t) + 2ppCac(p°C, 1) = p*Cae(p*C ) (p?¢, t) — (57)

Tz (¢ t)
Now, subtracting (54) from (57) produces

21(p°C, ) + 20pC2c (PG, 1) — (G, 1) = p*Cac(PC, (¢, 1) — Cag(¢ (G ).

(58)
However, on using the property from (21) that K (p?¢,t) = K(¢,t)+2, it can
be shown directly from (15) that

I(p*C,t) = 1(G, 1), (59)
so that, using (56), (58) becomes

(60) holds for all ¢ in 1 < [¢| < p~.

If we choose initial condition so that H((,0) = ¢ for some constant ¢, then
it follows that

H(C,t) =c. (61)
This means that the mapping satisfies the functional equation
2(p*Ct) = 2(Ct) = ¢ (62)

at all times for which a solution exists. Note that although we have only
established that (62) holds for points ¢ in the annulus 1 < |¢| < p~!, by the
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continuation principle, it also holds everywhere. The arguments above prove
the following Lemma:

Lemma 1: As long as solution exists for which the (extended) interface
shapes are analytic, if the associated conformal map z((,0) satisfies (62) for
some constant ¢, then z((,t) satisfies the same condition for t > 0.

Equation (62) furnishes the analytic continuation of z((,t) into the annulus

% < €] < p%- Indeed, as long as an analytic solution (as far as extended

shapes are concerned) exists, the corresponding conformal maping function
z(¢,t) is free of singularities in the region p < |¢| < 1. It follows from (62)
that it is also free of singularities in % << p%. From (14) it follows that

for % < [¢] < p%,
(¢, 1) = (2—;’ + I(c,t)) Cx (63)

which is consistent with the absence of singularities of z because I((,t) is
analytic in this ring-domain.

In the region 1 < [(| < p™!, (54) can be written

z(C,t) = (€, t)2¢(¢, 1) + g2(¢, 7) (64)
where we define
4¢
Tz (C71, 1)

q1(¢,t) and ¢o(C,t) are analytic everywhere in 1 < || < p~!. Taking the
derivative of (64) yields

0 0
_ZC(C’ t) = (C’ t)a_c

0 (C’ t) = CI(C’ t)’ CIQ(C, t) =- (65)

ot 2 (G, 1) + qic(C 1) 2¢ (€5 1) + gac (€, 1)- (66)

(66) has the form of a first-order linear partial differential equation for z;((, t)
with coefficients that are known a prior:i to be analytic in region

R={¢C:1<[(]<p'}.

So, all the known properties of such differential equations are valid, including
the fact that singularities cannot spontaneously arise and that any singularity
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(s in this region R retains its form and must move with characteristic speed,
ie.,

és = _QI(Cs(t)’t) = _Cs(t)j(gs(t)at) (67)

Further, for initial conditions for which z(p?¢,0) — 2({,0) = ¢, as long as
solutions exist with analytic interfacial shapes, 2 is free of singularities in
the adjoining regions p < |[¢| < 1 and p~! < |(| < p~? and hence singularities
cannot enter or leave R from these adjoining regions. We are naturally led
to the following Lemma:

Lemma 2: As long as solutions exist with analytic (extended) interface
shapes, if z(p*C,0) — z(¢,0) = ¢ for some constant ¢ and z;(¢,0) has only a
finite number (N ) of poles in R, then z:((,t) remains analytic in R, except
at N poles, each of which move in accordance to (67).

By integration, z((,t) is deduced to have a finite number of (time-evolving)
logarithmic singularities in R.

Suppose a typical logarithmic singularity is at the point (¢) in R so that

2(¢,t) = a(t) log(¢ — y(t)) + analytic, as ¢ — (1). (68)

On direct substitution into (54) and comparison of singularities, it can be
deduced that a(t) and 7(¢) satisfy the ordinary differential equations

a(t) =0, () ==y I(y(t),?). (69)

Note that a(t) = a(0) is a conserved quantity.

5 A class of exact solutions

Consider the initial condition

P(¢/0, o) P(=C /05 po)

where py > 0 and py L' > 49,m0 > 1 are chosen appropriately so that 2(¢,0) is
univalent in the domain py < |¢| < 1 and 2,(¢,0) # 0 for py < || < 1. That
such a choice is possible will be obvious later in §6 for sufficiently small p,.
In that case z((,0) is a conformal mapping function from the half-ring region
{C:po <|C] <1,Im[(] > 0} to a domain in the z-plane shown in Figure 1.
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Further, from examination of the conformal map (70), it is clear that the
corresponding interface shapes are symmetric about the channel centerline.
Further, from the properties (21) of P(({), it is clear that in the domain
1< [¢| < pyt, (¢, 0) has just four poles at ¢ = %q, 7.

2(1-A)
2(p5¢,0) — 2(¢,0) = c = —% (log 03] + log (%) ) (71)

Uniqueness of solutions and the symmetry of the equations and initial condi-
tions guarantee that the interfaces remain symmetric, corresponding to the
the positive imaginary-(-axis, for ¢ > 0. In particular, this implies that

‘Zc(peiw/2+iu)|72 — ‘ZC(peivr/Zfiu)ra ‘ZC(ein/2+iu)‘72 — ‘Zg(eiw/2fiu)‘f2. (72)

From Lemmas 1 and 2, it follows that as long as a solution with analytic
interfaces exists, the corresponding conformal map z((,t) will satisfy

Z(p2<, t) - Z(C’ t) =¢c (73)

where p(t) evolves according to (13), and z(¢,t) will have four poles at
v(t), ¥(t), n(t) and 7(¢) in the annular region 1 < [{| < p~' where each
pole (generically represented by () evolves according to (67) with respective
initial conditions y(0) = vy, ¥(0) = —7, 7(0) = 1y and 7(0) = —np.

Note that the symmetry condition (72), together with symmetry about the
real ( axis as expressed in (7), imply that

[2¢(=¢", )% =1z (¢, 1)~

on both |’/ = 1 and |[(’| = p. From the integral expressions in (15)—(17),
it follows that I(—(,t) = I(¢,t). Hence if (; = () satisfies (69), so does
(s = —(t), the latter satisfying the same initial condition as 5. Therefore,
by the uniqueness of the solutions of the ordinary differential equation (which
follows from the fact that I has bounded derivatives in R, at least for the
interval of time when a zero of 2z stays away from || =1 and |(| = p — see
(24)) it follows that 4(t) = —v(¢). Similar arguments show that 7j(t) = —n(¢).
Thus, the only singularities of the analytically-continued conformal mapping
function z(¢, t) in the annular region R (corresponding to the unique analytic
interfacial solution) are poles at ( = +v(t) and ¢ = £n(t), where

sz—z = —1OI(V(®), 1), = = =n®I(n(1), 1), (74)
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with initial conditions v(0) = v, , 7(0) = 7.
Now we define Z((,t) through the decomposition

P(C/v,p)P(=C/7, p)

where A € (0,1) is constant, y(¢) and n(t) evolve according to (74) and p
evolves according to (13). We will take |ng| > |y > 1. From the initial
condition (70), it follows that Z(¢,0) = 0.

ACt) =i — ; (1ogg + (1= A)log D +Z(Ct) (75)

Since 2¢(¢,0) has simple poles at { = =7y, £ny, with residues equalling
—2(1— ) at £y and 2(1— X) at £, it follows from Lemma 2 that z¢ (¢, t)
will have simple poles at +(¢) and £7(t) with time-invariant residues. Since
the (-derivative of the first term on the right of (75) has simple poles at
these points (and only these points in R) with the same residues, it follows
that Z((,t) is free of singularities in R. It is also single-valued in R since
z + 2log( and terms other than log ¢ and Z on the right of (75) are known
to be single-valued in R. Further, the condition

2(1-X)
A6, 1)=2(G,) = 2(5°¢,0)~2(¢, 0) = (10% Pl +1og <Z_) ) —°
(76)

2 2(1-1)
log (@> + log (L(t)%) (77)
Po m07(¢)

Thus, (2, is a doubly-periodic function of log ¢ with no singularities in the
fundamental cell p < [(] < %, 0 < arg[¢] < 2m. Tt therefore equals some
constant k(t) (by Liouville’s theorem for elliptic functions). This implies
that Z((,t) = d(t) + k(t) log ¢ where, from symmetry about the real (-axis,
d(t) and k(t) must be real functions of time. However, since we know that
2(¢, t) necessarily has a logarithmic singularity at ( = 0 of the known form
—% log ¢ (which has already been explicitly included in the decomposition
(75)) it follows that k(t) = 0. Thus, Z((,t) = d(t). In summary, the
conformal mapping function corresponding to the unique analytic Hele-Shaw
interfacial solution must remain of the form

implies

Z(pQC’ t) - Z(C’ t) = (t) =

z({,t):d(t)-i-i—%(logg-l—(l—)\)log i((/n,p)P(—C/n,p)D (78)

(/7 p)P(=C/: p)
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where p(t), n(t) and y(¢) are determined from (13) and (74). An ordinary
differential equation for d(t) can be derived by evaluating the equation (14)
at an arbitrary point in the annulus p < || < 1.

We have proved the following theorem:

Theorem 1: If the initial Hele-Shaw shape corresponds to the conformal
map 2(¢,0) given by (77) with py > 0 and 1 < vy < My < py " chosen so
as to ensure that the z(C,0) is appropriately univalent and the corresponding
(extended) interface shapes are analytic the, over the time interval 0 <t <T
for which a unique interfacial solution exists, the corresponding conformal
mapping function z((,t) is of the form (75) where y(t), n(t) and p(t) are
determined from (18) and (74). Also, such a solution must satisfy (76) with
1<y,n<pt

Since Z(¢,t) = d(t), it follows from (77) that g(¢) = 0 and therefore for any

t > 0,
9 2(1-2)
c= ——(log,o2 +log<ﬂ) ) (79)
n Y

Instead of determining (t), n(¢t) and p(t) from (13) and (74), it is clearly
possible to replace any one of the three equations by (79). For instance,
given ¢ from the initial configuration, (79) provides an algebraic equation for

n, 1.e.,
e—me/2\ T
n=v ( 72 ) . (80)
From the arguments above, use of (80) is equivalent to solving the second
equation in (74) for n provided we use (74) to determine p. (80) is a nonlinear
algebraic relation between the conformal mapping parameters. Of course,
parameters ¢ and A must be chosen carefully to ensure that 7, like vy, is in
the annulus 1 < || < p~!. Note that, although the map depends on the four
parameters A, p, v and 7, there are two conserved quantities associated with
the motion, namely, A and c.

Using the same methods as above, it is not difficult to prove that one can
construct more general classes of exact solution with z. possessing 4N poles
in 1 < [¢| < p~'. The generalized conformal maps take the form

Y., PC/n)P(~C/ny)
tln, P(C/w)P(—C/%)D (81)

AC ) =i+ d(t) — 2 (1ogg + (1=l

™
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where each 7; and 7); evolve in accordance with (67) as before.

6 The infinite-fluid limit: py — 0

We will now consider the solution (75) in the asymptotic limit of parameters
po — 07 when 9 = O(1) and nopy = O(1), with parameters constrained by
the inequality

1<y << pp' (82)
In this limit, the amount of viscous fluid in the Hele-Shaw cell becomes
infinite and this is clear from equation (5) since ¢ — oo (for V = 1).

It is convenient to define

1
B=— (83)
P
From (79), p can be expressed in terms of v and  as:
By )(1—)\)/)\
— i 84
p=po ( e (84)

Using (74) and the fact that I(p',t) = —I(n,t) (see (23)), it follows that j3
evolves in accordance to

b= rt0+2). (85)
From the restriction on 7, it is clear that 5 > 1.

We now wish to consider the limit of py — 0%, with vy, 8y = O(1). This will
be done in the next subsection using formal arguments. A mathematically
rigorous treatment of the same arguments is given in section 6.2.

6.1 Formal results

We look at the form of some approximations to the exact solutions when
p is small. Clearly, if py is small, from the continuity of the solutions in
time, there will be an interval of time for which p remains small and each of
v=0(1) and 8 =O(1). On |{| = 1, we note that

log [P(¢n ) P(—¢n 1] < Cop?B?,

2

log [P(¢y 1) P(—¢y )] —log (1 — %) ‘ < Cop? (86)
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while for |¢| = p,
log [P(¢y™)P(=¢y ]I < Cop®y*

log [P(¢n~")P(—¢n™")] — log (1 — %) ‘ < Cop?

for some constant Cy independent of any of the parameters. These results
mean that on the left interface corresponding to || = O(1),

12(¢, 1) = 2°(¢ 1) | < Kap®B2,

(87)

(88)
€2 (¢, 1) — €22 (¢, 157) | < Kap®B°
while on the right interface, |(| = p
z at _ZR ata 9 <K 22:
12(C, 1) (Gt p,m) | < Kp™y (89)

C2c(C, 1) = C2E(C t pm) | < Kap?y”.

In (88) and (89), K; through K, are constants independent of p, n, v and t.
The evolution of parameters y(¢) and 7(¢) can be simplified. We note that

1+g‘ pH¢ 2]
Kep =g+ Z( o )

For all ¢ in the annulus 1 < |¢| < |y| and for || =1,

‘K(C/C’,p) - <o (91)
while for |{'| = p,
[K(C/¢p) + 1] < Cap. (92)

It follows that for 1 < |¢| < |v],

u<<,t>—zo[z(.,t>1(o|sclp(. L1 ) (93)

infi¢=1[C2¢|?  infig—p |C2¢/?

where Z; is defined in (27). Using (32) and (88), (93) implies that for small
enough p with v = O(1), = 0(1)

[1(¢:t) = Zo[z(, DI < Cup (94)
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for some constant C', independent of any of the parameters.

From (88) and (94), we obtain

[1(v(2),) = To[2° (. ;v ()] (v())] < Cu (p+ p°5%) (95)
and hence for small p,
¥ = =vI(y(1): 1) ~ =vLo[2% (., 1 v ()] (v (2))- (96)

We note from the expression (40) that Zy[2°(.,¢;7)](7) is a continuous func-
tion of «. Therefore, as long as p remains small and § and 7 remain order 1,
v ~ 7s, where 7s satisfies (39) and hence is determined by (29). Thus the
left interface L shape will approach the Saffman-solution shape as p — 0.

On the other hand, for p < |¢| < n~!, using similar approximations to
K(¢/¢',p) and lower bounds on |(z:| for ( = p that derive from (53) and
(89), it follows that

\uc,t) 2 zR[z(.,tn(o\ < CipB 07)

where

_Lgodeexar 1
Trl2(Q) = fg,:p =< [|C’zg(C',t)\2]

_ 1 d¢' ¢+ pCt [ 1 }
w2 iz ¢ ¢ = o LpPlag (pC )P
From (51), and using |27 (¢, t; 8)| 72 = |2¢ (=, t; 8)|~* which follows from the

symmetries about the real and imaginary (-axes (the latter corresponding to
channel-centerline),

el (.t M (™Y = Tol25 (15 (o)1) (pm)
= —To[2° (-, t; (pn) )1 ((om) ™)

where the latter equality follows from property (35) with w = z°. From
(85), it follows that over the interval of time [0, 7] when p remains small and

B,y =0(1),

(98)

(99)

b8 [Iml,t) i g} ~ BT (1 )(8). (100)
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From the continuity of Zy[27(., t; 3)](8) with respect to 3, as is evident from
(40), it follows that S ~ Bg, where g satisfies (45) and is therefore de-
termined by the transcendental equation (43). Therefore, over this interval
of time, the right interface stays close to a time-reversed Saffman solution
2®(¢, t; psr, mr), which is a solution to the single interface problem when L
has receded to —oo.

To estimate 7', the length of the time interval for which the solution is close
to the Saffman single-interface solution, we plug approximations § = g,
v = 7vs into (84) to obtain

p ~ psr(t) (101)

where pgg(t) is given by (50). s is known to decrease monotonically to
1 and B increases monotonically and approaches an e™/2? growth. Thus
p remains small over the time interval [0,7] when 7" < —log pg. Another
way to interpret this result is that once 7' is chosen, there exists p, small
enough so that the assumptions p < 1 and 7,5 = O(1) are self-consistent
and the left interface shape L stays close to the Saffman solution. When
1 <t < —logpg the left interface approaches the Zhuravlev-Saffman-Taylor
(ZST) steady solution of width A, without any restriction on A, aside from
being in the interval (0,1). This steady shape propagates with speed %
The right interface, corresponding to 2z, will then approach a planar front
propagating with speed 1. However, the asymptotic approach of the ZST
steady solution is only over an intermediate time-scale. Regardless of the
amount of fluid, i.e. no matter how small p, is, eventually, at times of
O(—1log pg) or larger, the left interface L, which is moving faster, will catch
up with the right interface R. No steady solutions are possible when the two
interfaces interact strongly.

Now, if we carry out similar arguments for the solution (81) for N = 2, with
71(0), v1(0) real and > 1, and with 75(0), 72(0), each imaginary with the
ordering

1 <m(0) < [72(0)] < |n2(0)] < 71 (0)

then it is possible to show that for small enough pg, the left interface asymp-
totes to a Howison solution z# given by (41) for N = 2, which for 1 < t <
—log py will result in tip-splitting of the near-ZST shape. Thus, for zero sur-
face tension, the ZST-shape for any A (including A = %) that is approached
in the limit of fluid volume tending to oo, cannot be stable in any reasonable
sense. In every case, at least within the family of solutions shown, the limit
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of viscous fluid amount tending to infinity results in recovery of the single-
interface dynamics over an intermediate time-scale, and the latter problem
is known to be ill-posed [30].

6.2 Rigorous results for py — 0

The arguments in the last subsection, as far as the Saffman-type solution is
concerned, can be put on a rigorous foundation. We will prove the following
theorem:

Theorem 2: For any choice of v, > 1 and time interval [0,T], there
exists py small enough, with —log py sufficiently large compared to T, such
that (t), B(t) satisfy the following inequalities:

,_)/2
7—2 -1 < C1,OSR(T)5R(T)’
5
2
5_2 — 1| < Cipsr(T)Br(T), (102)
R
pSLR — 1| < Cipsr(T)Br(T)

for constant C independent of any parameters. Also,
Eﬁk&ﬂ—f@ﬁwﬂﬁamﬂﬂ%@)
=1

‘Sgl‘lp |2(¢, ) = 2(¢, 6 p, mr) | < Crpeg.
=p

(103)

The proof of this theorem will follow after some preliminary Lemmas.

Definitions: We introduce the following definitions:

To(t) = To[2" (- v (7(1) — Zol2” (-, 1 75(8))] (Vs (1)),

Ti(t) = 1(y(8),t) = Tol2° (. t; 7 (1) (1 (1)),
So(t) = To[25 (.t ()]( () — Tol=5 (. t; Br (D] (Br(2)), (104)
Si(t) = 107 (0 + P Tal2®(, 8 p(8), 0] (1)),
and ) )
az%—l, b_g—R 1. (105)
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Note that a, for example, gives a measure of the difference between the
parameter 7y in the full two-interface exact solution and the parameter vs in
the single left-interface solution. Similarly, b measures the difference between

£ and Bg.
From (40), and the definition of T and a, it follows that
27A(1 — N)a(2 + a)
Vs [ +a)? = (@A = 1)275H)] [1 - (2 = 1))

It is convenient to break up Tp(t) as follows:

To(t) = (106)

To(t) = Too(t) + Tou(t)

where A= )
TA(1 — MNa
Too(t) = y NETEE
Vs [1_(2)\_1) Vs ]

Note that Tyy/a is a known positive function of ¢, bounded from above and
below, that asymptotes to a constant for large ¢. Also, it is to be noted that
To1 = To—Too = O(a?) for small a, i.e., there exists constant C1, independent
of t so that |Ty;| < C1a? for small enough a. Also, from (40) and the definition
of Sy and b,

B 27X (1 — A\)b(2 + b)
C BRI 482 — (20— 1)28zY)] [1 - (22— 1)283"]

As before, it is convenient to break up Sy as

So(t)

(107)

So = Soo + So1

where
C 4amM1- b
Bh[1— (22— 1)28,*]"
Then, from the asymptotic exponential growth of Bg, it is clear that |Sgo/b| <
Cy e7?™ and |Sy| < Cy e 2™ |b|%.

Soo(?)

Lemma 3: a and b, as defined above, satisfy the following set of integral
equations

t
a = —2/ dtle_w(t)+w(t’) [Tl(]_ + a) + T01(1 + a) + T()Oa] (tl)dtl = N1 [a, b] (t)
0

25



t
b=2 / dt'e®®=2) [\ (1 4+ b) + So1(1 + b) + Soob] (¥')dt' = N[, b](t)
0

where p occurring in 77, S; is determined from
p = psr ([1 +a][1 + b)) VY

and

w(t) = 2 /0 (Tho/al ('),

¢
at) = 2/ [Soo/b](t")dt'.
0
Proof: We know from (39) and (74) that

TS
This implies
a=-21+a)(To+T1)

with initial condition a(0) = 0. Inverting the operator Ly, defined by £;[a] =
a + 2Ty, we obtain the integral equation for a, as in the Lemma.

Similarly, using (45) and (85), we obtain

B_Br_ g _

B pn oS
which implies _

b=2(1+b)(So — S1)-

Inverting the linear operator £, defined by L£3b] = b — 25y, with initial
condition b(0) = 0, we obtain the integral equation for b stated in the Lemma.
From (50), we note

7

,yZﬁZ )(1>\)/(2/\)

p=psk | 5=
(736122

implying

P a (1=X)/X
=0+ a)+)

This determines p in terms of @ and b in the integral equations of the Lemma.
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Lemma 4: If we define the operator L as

t
E[q] (1;) — 2/ e—w(t)+w(t')q(t/)dtl
0

fort € [0,T], then in the sup norm over this interval,

q
<
Ietall < | 7.2

Simalarly, if we define the operator L as

t
Elal) =2 [ e q(t)a
0
and ||e=2q(t)|| is bounded independent of T for some A, then for A > 0,

A Coy., _
121l < Clle*qlle™

d

while for A <0,
oAt

. Co
Ll < —
1£][qlll A

for some constant Cy independent of T

Proof: For the first part, note that

Llg)(t) = / 1 - d [e—w<t>+w<t’>] 5((7;))

Xp

Since w' = 2% and w(t) is a positive function, the first part of the Lemma
follows from a simple estimate on the term on the right hand side.

For the second part, we note the same type of estimate is not helpful, since
unlike w’(¢), which is bounded below by a non-zero constant, o’ tends to zero,
as t — +o0. In this case, we note that because of the exponential growth in
t of Br(t), a(t) asymptotes to a constant and so e*)=*(*) is bounded above
by a constant independent of 7. Then a simple estimate shows

t
Elal®)] < Collae | [ M,
0
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which gives the desired result.

Lemma 5: Consider the space S of continous functions of t, (a(t),b(t)),
in the interval [0,T], with ||(a,b)|| = supyejor |a(t)| + [b(t)]. S is clearly a
Banach space. Consider the ball B,, v where

(@, b)|] < Kpsr(T)Br(T) = A(T)po

for a suitable constant K, independent of T. Then, the mapping N : S — S,
defined by
N[(a, b)] = (Ni[a, b], Naa, b])

is a contraction map from B,, v to itself when py is small enough so that
—log po 1s sufficiently large compared to T'. Therefore, there exists a unique
solution (a,b) to the integral equations in Lemma 3 in the ball By, for
sufficiently small pg.

Proof: Note that for (a,b) € By, 1, po can be chosen small enough to ensure
pst(T)Br(T), ||a|| and ||b|| sufficiently small. This will ensure ~, 8 and p will
remain close to g, g and psr. Using (95),

T < Cy {pSR [(1+a)(1+0)] "V + p2BEVT+b[(1+a)(1+ b)]“HW} .

(108)
From (97) and an equality similar to (37) for Zp applied to (89), it follows
that

|51] < Cl{ﬁRPSR(l +5)2[(1+ a)(1 + b)]ENA

1+ 0 [+ a)(1+ b)f“‘””}'
(109)

Also, note that

|T01(1 + CL)| < 016L2, |T0()CL| < Claz (110)
‘501(1 + b)‘ < Clﬁ;{lbz, ‘Soob| < 01ﬂ§4b2
It follows that

a
TOO

(T1(14+a) + T (1 + a) + Tyoa)

< 2C [IT1]l + lall”]
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From Lemma 4, it is clear that

IVi[a, )l < 2C: {psr(T)Br(T) + llall*}
Again,

|—=S1(1 4+ b) + So1(1 4+ b) + Seob| < 2C1Brpsr + 2C1 pap + 2Cb%e ™"

Using Lemma 4, with A = % in the first term, A = @in the second
A = —27 for the last term on the right hand side of the above equation, we

obtain

IN[a, Bll| < Cs [psr(T)Br(T) + [psr(T)]* + |b1*] < Cs [psr(T)Br(T) Zr IIbI)IZ}
111
If we choose py small enough so that

Copsr(T)Br(T) < %

and we choose K = 4C,, then it is clear from the inequalities above that N
maps B, r to itself. Using similar calculations, the boundedness of I and
Ty, g, which follows from the fact that the zeros of z, zf and sz' stay
away from the boundary over the time interval [0, T], and the facts that

0

%(zc—zf)
on [(| =1 and

9 R

%('ZC - Zc)

on || = p are small, it is not difficult to show that N is a contraction map.
Hence, from the well-known contraction mapping theorem, there is a unique
fixed point of N in this ball. The proof is complete.

Finally, the proof of Theorem 2 follows easily from Lemma 5.

7 Calculations of the two-interface solutions

This section presents some numerical calculations of the exact solutions to
the two-interface problem in an effort to illustrate the results of the preceding
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rigorous analysis. They are performed as follows. Three (arbitrary) choices
of A = 0.3,0.5 and 0.7 are considered. In all cases, the initial parameter
values pp = 107 and ~; = 1.1 are chosen. Then, a value of ¢ is picked so
that the corresponding value of 7 is such that

o > Yo- (112)

The values of ¢ used are, respectively, ¢ = 4.25,6.5 and 8.5 leading to values
of no of the order of 5000 (which, it is noted, is much greater than - but less
than py'). The very small choice of py can be expected to lead to initially
well-separated interfaces.

The evolution of the conformal mapping parameters is computed as follows.
p is computed using (13) while 4 is calculated using (74). A trapezoidal rule
is used to compute all integrals arising in these two equations because this
method gives super-algebraic convergence for periodic integrands on periodic
domains, which is the case here. The corresponding value of 7 is found from
the algebraic condition (80). A backward Euler method is used to advance
the parameters in time.

Figures 2 — 4 show the evolution for the three distinct values of A\. A clearly-
defined finger in the left-most interface is seen to develop having width A
specified a priori. By the time the left-most interface has deformed into
a well-developed finger with well-defined asymptotic width, the right-most
interface is still well-separated from the tip of the finger and is still ostensibly
flat.

These calculations of the exact solutions to the two-interface problem are
consistent with the rigorous analysis and conclusions presented in previous
sections.

8 Discussion

We believe the recent conclusions [21] [22] on the effects of finiteness in the
selection of the Saffman-Taylor finger to be flawed. This is because they are
based on a specific exact solution of the zero-surface tension problem. This
solution appears isolated because the ansatz used in finding the exact solution
[21] is limiting by itself. In this paper we find time-dependent solutions, which
evolves to ZST solutions of arbitrary width A\, when the amount of viscous
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fluid within the cell becomes infinite. Within the class of exact solutions,
one recovers, in the asymptotic limit of the fluid volume tending to infinity,
the class of solutions found earlier by Howison [30]. This class of solutions
includes one where a ZST solution exhibits “tip-splitting”. Thus the \ = %
ZS'T solution is nonlinearly unstable — a result that is not at all surprising.

Even when there is a finite, but large, amount of viscous fluid in the channel
the initial value problem can be expected to be ill-posed. If p/p > 0 — as is the
case for the special Saffman-like solution (since p/p closely tracks psr/psr)
and is surely the case for many other solutions — it is clear that Re[I((,?)]
on the boundary of the ring R: 1 < |[¢| < p~! is positive since

Rel((, 1) = —Re[I(¢", )] = ;>0 onl¢|=1,

2
mlz¢ (¢, 1)
and on the outer boundary of R,
2
mp?|zc (¢ 1) 2

while Re[I(¢, )] is a harmonic function of (Re[(], Im[(]) in R. Applying max-
imum principle, any singularity (s in R will move according to the property:

Re I(C,) = —Re[[(¢},1)] = +§ >0 onl¢|= o1,

&

Re
Cs

= —Re[I((,,t)] < 0.

Stated in a different way, singularities will continuously move inwards towards
IC| = 1, corresponding to the left interface L. For a single left-interface
problem, it was argued [28] how this fundamental property is characteristic
of the ill-posedness of the initial value problem when the interface shape is
specified to some finite precision. We expect similar dynamics to occur in
the case of a large finite amount of fluid.

Given the ill-posed nature of the dynamics and the expected structural in-
stability of the zero-surface tension problem (in the sense that the solution
set is not continuous in the surface tension parameter at exactly zero surface-
tension), it is not sensible to attach physical intuition to an arbitrary solu-
tion of the zero-surface tension solution. Explicit simple examples have been
given [20] to show the limitations of such intuition in a structurally unstable
or even a nearly structurally unstable system. Therefore, physical arguments
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based on energetics of the zero-surface tension Hele-Shaw solution are nec-
essarily flawed. A real physical problem always has some surface tension
(or some other appropriate regularizing effect) that is ignored in the zero-
surface tension model. Such effects can change the solution set in unexpected
ways. This explains, for instance, why regularization in the form of arbitrar-
ily small anisotropic surface tension can lead to selection of narrow fingers
(much narrower than the celebrated A = 1). A zero-surface tension theory
cannot explain the dependence of selection on the type of small regularization
introduced.
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Figure 2: Evolution of a finite blob of fluid in a Hele-Shaw cell. Times shown
are t = 0,0.25,0.5,0.75,1, 1.25. Initial conditions are A\ = 0.7,y = 1.1, py =

1074, c = 8.5.
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Figure 3: Evolution of a finite blob of fluid in a Hele-Shaw cell. Times shown
are t = 0,0.25,0.5,0.75, 1, 1.25. Initial conditions are A = 0.5,vy = 1.1, pg =
107*, ¢ = 6.5.
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Figure 4: Evolution of a finite blob of fluid in a Hele-Shaw cell. Times shown
are t = 0,0.25,0.5,0.75, 1, 1.25. Initial conditions are A = 0.3,v = 1.1, pg =
1074, ¢ = 4.25.
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