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Abstract. We show the existence of principally (and finitely generated) right
Fl-extending right ring hulls for semiprime rings. From this result, we prove
that right principally quasi-Baer (i.e., right p.q.-Baer) right ring hulls always
exist for semiprime rings. This existence of right p.q.-Baer right ring hull for
a semiprime ring unifies the result by Burgess and Raphael on the existence
of a closely related unique smallest overring for a (von Neumann) regular ring
with bounded index and the result of Dobbs and Picavet showing the existence
of a weak Baer envelope for a commutative semiprime ring. As applications,
we illustrate the transference of certain properties between a semiprime ring
and its right p.q.-Baer right ring hull, and we explicitly describe a structure
theorem for the right p.q.Baer right ring hull of a semiprime ring with only
finitely many minimal prime ideals. The existence of PP right ring hulls for
reduced rings is also obtained. Further application to ring extensions such as
monoid rings, matrix, and triangular matrix rings are investigated. Moreover,
examples and counterexamples are provided.
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Throughout all rings are associative rings with unity. Ideals without the ad-
jectives “right” or “left” mean two-sided ideals.

In this paper, we prove the existence of principally (and finitely generated)
right Fl-extending right ring hulls for semiprime rings by using the concepts of
distinguished extending classes (or ©-€ classes), pseudo right ring hulls, and tech-
niques studied in [12]. From this result, we obtain the existence of right p.q.-Baer
right ring hulls for semiprime rings. Thereby, the existence of right p.q.-Baer right
ring hulls for semiprime rings unifies the results on the existence of a closely re-
lated unique smallest overring for a (von Neumann) regular ring with bounded
index by Burgess and Raphael [16], and that of the weak Baer envelope for a
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commutative semiprime ring by Dobbs and Picavet [18]. As applications, (i) we
investigate the transference of properties between a semiprime ring and its right
p.q.-Baer right ring hull; (ii) a structure theorem for the right p.q.-Baer right ring
hull of a semiprime ring with only finitely many minimal prime ideals is described;
(iii) we establish the existence of PP right ring hulls for reduced rings; and (iii)
the existence of right p.q.-Baer right ring hulls of ring extensions such as monoid
rings, matrix, and triangular matrix rings are studied. Furthermore, examples and
counterexamples are provided.

Recall from [9] that a ring R is called right p.q.-Baer (i.e., right principally
quasi-Baer) if the right annihilator of a principal ideal of R is generated by an
idempotent as a right ideal. Equivalently, R is right p.q.-Baer if R modulo the
right annihilator of each principal right ideal is projective. We let pqB denote the
class of right p.q.-Baer rings. Similarly, left p.q.-Baer rings can be defined. If a ring
R is both right and left p.q.-Baer, then we say that R is p.q.-Baer. A ring R is
called right PP if the right annihilator of every singleton subset of R is generated
by an idempotent as a right ideal. Note that the definition of a right PP ring is
equivalent to every principal right ideal of R being projective (these rings are also
called right Rickart rings). A ring R is called PP if R is both right and left PP.

Recall from [4] that a ring R is called quasi-Baer if the right annihilator of
every right ideal is generated by an idempotent (see [4], [5], [6], and [8] for more
details on quasi-Baer rings). The class of p.q.-Baer rings includes biregular rings,
quasi-Baer rings and abelian (i.e., every idempotent is central) PP rings. Also recall
that a ring R is called right (FI)-extending if every right ideal (ideal) is essential
as a right R-module in an idempotent generated right ideal of R. We let & and §J
to denote the class of right extending rings and that of right Fl-extending rings,
respectively.

We say that a ring R is principally right FI-extending (resp., finitely generated
right Fl-extending) if every principal ideal (resp., finitely generated ideal) of R is
essential as a right R-module in a right ideal of R generated by an idempotent. We
use pFJ (resp., fgFJ) to denote the class of principally (resp., finitely generated)
right Fl-extending rings.

An overring S of a ring R is said to be a right ring of quotients (resp., right
essential overring) of R if Rp is dense (resp., essential) in Si. Thus every right
ring of quotients of R is a right essential overring of R.

For a right R-module Mg, we use Ng < Mgr, Ngp < Mg, N <°° Mp, and
Np <9 Mp to denote that Ny is a submodule of Mgz, Ng is a fully invariant
submodule of Mg, Ng is an essential submodule of Mg, and Ng is a dense (or
rational) submodule of Mg, respectively. We use I(R), B(R), Cen(R), Mat, (R),
and T, (R) to denote the set of all idempotents of R, the set of all central idempo-
tents of R, the center of R, the n-by-n matrix ring over R, and the n-by-n upper
triangular matrix ring over R, respectively. For a nonempty subset Y of a ring R,
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(YR, €r(Y), and rr(Y) denote the subring of R generated by Y, the left anni-
hilator of Y in R, and the right annihilator of Y in R, respectively. The notion
I < R means that [ is an ideal of a ring R.

We let Q(R), E(Rr), and Er denote the maximal right ring of quotients of R,
the injective hull of Rp, and the endomorphism ring End(E(Rg)r), respectively.
Let Or = End(g, E(Rpg)). Note that Q(R) = 1- Qg (i.e., the canonical image
of Qr in E(Rg)) and that B(Qr) = B(Er) [21, pp.94-96]. Also, B(Q(R)) =
{b(1) | b € B(Qr)} [20, p.366]. Thus RB(Er) = RB(Q(R)), the subring of Q(R)
generated by R and B(Q(R)). If R is semiprime, then Cen(Q(R)) = Cen(Q™(R))
[20, pp.389-390], where Q™ (R) is the Martindale right ring of quotients of R.

Proposition 1. (i) ([5, Proposition 1.8] and [9, Proposition 1.12]) The center of a
quasi-Baer (resp., right p.q.-Baer) ring is Baer (resp., PP).

(i) ([9, Proposition 3.11]) Assume that a ring R is semiprime. Then R is
quasi-Baer if and only if R is p.q.-Baer and the center of R is Baer.

(iii) ([26, pp.78-79] and [5, Theorem 3.5]) Let a ring R be (von Neumann)
regular (resp., biregular). Then R is Baer (resp., quasi-Baer) if and only if the
lattice of principal right ideals (resp., principal ideals) is complete.

(iv) A ring R is biregular if and only if R is right (or left) p.q.-Baer ring and
rr(lr(RaR)) = RaR, for all a € R.

Proof. The proof of part (iv) is straightforward. O

Let R be a ring and e = e? € R. Recall from [3] that e is called left (resp.,
right) semicentral if exe = xe (resp., exe = ex) for every x € R. Note that
e = €2 € R is left (resp., right) semicentral if and only if eR (resp., Re) is an
ideal of R. We use Sy(R) (resp., S,(R)) to denote the set of all left (resp., right)
semicentral idempotents of R. See [7, Propositions 1.1 and 1.3] for more details on
left (or right) semicentral idempotents.

Proposition 2. (i) Let R be a ring, K; an ideal of R, and e; € Sy(R) such
that K;p <°% ¢;Rp for ¢ = 1,2,...,n. Then there exists g € Sy(R) such that
(i Ki)r <°*° gRg.

(i) Let R be a right nonsingular ring. Then R is principally right FI-extending
if and only if R is finitely generated right Fl-extending.

Proof. (1) We will first prove the result for n = 2. Let A = K;, B = Ky, e = e,
and f = eg. Then Ap <**° eRp, Br <** fRp,and e, f € Sy(R). Since A+ B is an
ideal of R, we have that A+ B = [(A+ B)NeR]®[(A+ B)N(1—e)R]. Note that
(A+B)N(1—e)R = BN(1—e)R. Thus A+ B = [(A+B)NeR|®[BN(1—e)R]. Now
[(A4+B)NeR|g <** eRp. Also [BN(1—€e)R]g <*** fRrRN(1—e)Rr = (1—e)fRgr
because Br <°** fRp and fRN (1 —e)R= (1 —¢€)fR. So (A+ B)r <°®° (eR +
(1—e)fR)r = (e+ f —ef)Rp. In this case, we see that e+ f —ef € S¢(R). Now
an induction argument can be used to complete the proof.

(ii) This part follows from part (i) and [10, Proposition 1.10]. O
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We include the following result from [9], for the convenience of the reader,
which shows the connections between the right p.q.-Baer condition and some
“finitely generated” right FI-extending conditions for semiprime rings.

Lemma 3. ([9, Corollary 1.11]) Let R be a semiprime ring. Then the following
conditions are equivalent.

(i) R is right p.q.-Baer.

(ii) R is principally right Fl-extending.

(iii) R is finitely generated right Fl-extending.

Definition 4. (cf. [12, Definition 2.1]) Let £ denote a class of rings. For a ring R,
@ &(R) denotes the smallest right ring of quotients of R which is in K. Further,
let @g(R) be the smallest right essential overring of R which is in K. We say that
Qga(R) is the absolute R right ring hull of R. Note that if Q(R) = F(Rg), then
Qa(R) = Qa(R). In this paper, we call Qg(R) the & right ring hull of R.

Since our interest is primarily in classes of rings which are defined by prop-
erties on the set of right ideals of the rings in the classes, we recall the following
definition.

Definition 5. ([12, Definition 1.6]) Let 2R be a class of rings, £ a subclass of 2R, and
X a class containing all subsets of every ring. We say that R is a class determined
by a property on right ideals if there exist an assignment Dg : R — X such that
Dg(R) C {right ideals of R} and a property P such that each element of D g(R)
has P if and only if R € R.

If 8 is a class determined by the particular property P such that a right
ideal is essential in an idempotent generated right ideal, then we say that K is a
D-€ class and use € to designate a ©-¢& class. Note that every ©-€ class contains
the class € of right extending (hence right self-injective) rings. Recall from [10]
that a ring R is right Fl-extending if every ideal is essential in an idempotent
generated right ideal. Thus the class §7J of right Fl-extending rings is a ©-€ class.
Furthermore, from their definitions, we see that pFJ and fggJ are ©-€& classes.

Some examples illustrating Definition 5 are (see [12]):

(1) Ris the class of right Noetherian rings, ® g(R) = {right ideals of R}, and
P is the property that a right ideal is finitely generated.

(2) R is the class of (von Neumann) regular rings, D g(R) = {principal right
ideals of R}, and P is the property that a right ideal is generated by an idempotent.

(3) R =pq4B,Dpqn(R) = {rr(zR) | x € R}, and P is the property that a
right ideal is generated by an idempotent.

(4) € = € (resp., € = §7), De(R) = {I | Ir < Rg} (vesp., Dgs(R) = {I |
I < R}). (Recall that € is the class of right extending rings and § is the class of
right Fl-extending rings.)

(5) € =pFJ, Dyz3(R) = {principal ideal of R}.

(6) € =fg8T, Djg3(R) = {finitely generated ideal of R}.
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Next, we consider generating a right essential overring in a class & from a
base ring R and some subset of £r. By using equivalence relations, in [12] we
reduce the size of the subsets of £ needed to generate a right essential overring
of R in a ©-€ class of rings €. Also in [12], to develop the theory of pseudo right
ring hulls for ©-€ classes €, we fix D¢ (R) for each ring R and define

dc(R) ={e € I(ér) | VR <°*° eE(RR) for some V € D¢(R)}.
We set d¢(R)(1) = {e(1) | e € d¢(R)}.
(¢

Definition 6. (cf. [12, Definition 2.2]) Let S be a right essential overring of R. If
de(R)(1) € S and (RUde(R)(1))s € €, then we call (RUd¢(R)(1))s the pseudo
right ring hull of R with respect to S and denote it by R(€,S). If S = R(€,S),
then we say that S is a € pseudo right ring hull of R.

To find a right essential overring S of R such that S € €, one might naturally
look for a right essential overring T' of R with d¢(R)(1) C T and take S = (RU
de(R)(1))r. Indeed, under some mild conditions, this choice of S can be in €.
However, in order to obtain a right essential overring with some hull-like behavior,
we need to determine subsets A of d¢(R)(1) for which (RU A)r € € in some
minimal sense. Moreover, to facilitate the transfer of information between R and
(RUA)p, one would want to include in A enough of d¢(R)(1) so that for all (or
almost all) V € D¢ (R) there is e € d¢(R) with Vi < e(1) - ((RUA)r)r and
e(l) € A.

Lemma 7. Let {ey,...,e,} € B(T), where T is an overring of a ring R. Then there
exists a set of orthogonal idempotents {f1,..., fm} C B(T') such that >\, ¢;R C

Proof. The proof is similar to that of [23, Lemma 3.2]. O

For a semiprime ring R, the concepts of (right) FI-extending and quasi-Baer
coincide by [10, Theorem 4.7]. Recall that the existence of the quasi-Baer right ring
hull and that of right Fl-extending right ring hull of a semiprime ring were shown
in [14, Theorem 3.3]. It was also proved in [14, Theorem 3.3] that the quasi-Baer
right ring hull is precisely the same as its right Fl-extending right ring hull for a
semiprime ring. In view of this result, it is natural to ask: Do the right principally
quasi-Baer right ring hull and the principally right Fl-extending right Ting hull
exist for a semiprime ring and if they do, are they equal? In our next result, we
provide affirmative answers to these two questions.

Burgess and Raphael [16] study ring extensions of (von Neumann) regular
rings with bounded index. In particular for a (von Neumann) regular ring R with
bounded index, they obtain a closely related unique smallest overring, R#, which
is “almost biregular” (see [16, p.76 and Theorem 1.7]). The next result shows that
their ring R¥ is precisely our principally right Fl-extending pseudo right ring hull
of a (von Neumann) regular ring R with bounded index (see also [14, Theorem
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3.8]). When R is a commutative semiprime ring, the iweak Baer envelope” defined
in [18] is exactly the right p.q.-Baer right ring hull Qpqe (R).
Theorem 8. Let R be a semiprime ring. Then we have the following.

(i) (R U dpza(R)(1))qr) = @JSJ(R) = R(p37, Q(R)).

(it) (B U Spa(R)(L))ar) = Qpan (R)-

(iii) (R U dpza(R)(1))qr) = Qreza(R) = R(fg37, Q(R)).

Proof. (i) Let B,(Q(R)) = {c € B(Q(R)) | there exists € R with ReRr <°
cRpr}. We first claim that

B,(Q(R)) = dpga(R)(1).

)

For this claim, note that by [1, Theorem 7], dp53(R) € B(ER). Thus dp53(R)(1) C
B(Q(R)). To prove the claim, let e(1) € d,35(R)(1) with e € d,35(R). Then there
exists ¢ € R such that RxRr <°* eE(Rp). Thus RtR = eRxzR = e(1)RzR C
e(1)R = eR. So RzRp <°° eRp = e(1)Rp. Hence e(1) € B,(Q(R)) because e(1) €
dp33(R)(1) € B(Q(R)). Conversely, let ¢ € B,(Q(R)). Then there exists b € B(Eg)
such that ¢ = b(1). Also there is z € R such that RzRr <°° cRr = b(1)Rp = bRp.
Thus RzRr <°° bE(RR). So b € d,55(R). Hence ¢ = b(1) € dp53(R)(1). Therefore
B,(Q(R)) = 553 (R)(1).

Let S = (R U 0p33(R)(1))g(r)- Take 0 # s € S. From Lemma 7, s = ) r;b;,
where each r; € R and the b; are mutually orthogonal idempotents in B(.S). There
exists ¢; € dpg3(R)(1) such that Rr;Rr <°° ¢;Rp for each i. Hence s = Y rje;,
where e; = b;c; for each i. Observe that the e; are mutually orthogonal idempotents
in B(S) since ¢; € dp53(R)(1) = B,(Q(R)) and SsS C D = Pe;S. Now we claim
that SsSg < Dg. Let 0 # y € D. There exist y; € S such that y = > e;y;.
In this case, there is e;y; # 0 for some j and v € R with 0 # e;y;v € R. Since
ye;jv = e;y;v = bjc;y;v € ¢;R and RrjRp <%° c;jRpg, there exists w € R such
that 0 # yejuvw € Rr;R. Hence 0 # ejy;vw € Rrje; R = Rse; R C SsS because
sej = rje; and e; = bjc; € S. Since e = > e; € B(S) and SsSg <*® Dg =
PeiSs = eSg, it follows that S € pFJ. Hence S = R(pFT, Q(R)).

Next we assume that T is a right ring of quotients of R and T € pgFJ.
Take e € dp33(R). Then by the above claim, e(l) € B,(Q(R)). So there is
z € R such that ReRr <°®° ¢(1)Rg. Hence RzRr <% ¢(1)Q(R)g. Note that
T2T = T(RzR)T C T(e(1)Q(R))T = e(1)Q(R). Thus TaTr < e(1)Q(R)r,
so TaTr <*° ¢(1)Q(R)r. Hence TaTr < e(1)Q(R)r from [12, Lemma 1.4(i)]
because Rr <9°" Tg. Therefore TaTr <°° e(1)Tr. On the other hand, since
T € pF7J, there exists ¢ = ¢ € T such that TaTr < ¢Tr. Thus e(1) = ¢ because
e(1) € B(Q(R)). Hence e(1) € T for each e(1) € dyz5(R)(1). So S is a subring of
T. Therefore S = @pgj(R).

(ii) It is a direct consequence of part (i) and Lemma 3.

(i) As in the proof of part (i), we can verify that ds555(R)(1) = {e €
B(Q(R)) | there is a finitely generated ideal I of R with Ir <°® eRp}. A proof
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similar to that used in part (i) yields that
(RU 8a53(R)(1))ger) = R(1933, Q(R)) = Qo33 (R).

Since dpg3(R)(1) € dig53(R)(1), Qpga(R) C Qgep3(R). By Lemma 3, Qpg3(R) €
faS3, s0 Qg3 (R) € Qpga(R). Thus Qrz3(R) = Qpga(R). 0

Recall that a ring R is left m-reqular if for each a € R there exist b € R and
a positive integer n such that a™ = ba"*!. Note from [17] that the class of special
radicals includes most well known radicals (e.g., the prime radical, the Jacobson
radical, the Brown-McCoy radical, the nil radical, the generalized nil radical, etc.).
For a ring R, the classical Krull dimension kdim(R) is the supremum of all lengths
of chains of prime ideals of R.

By Theorem 8, if R is a semiprime ring, then @pq%(R) = RB,(Q(R)), the
subring of Q(R) generated by R and B,(Q(R)). Thus we have the following corol-
laries which show the transference of certain properties between R and @pq% (R).
We use LO, GU, and INC for “lying over”, “going up”, and “incomparability”,
respectively (see [25, p.292]).

Corollary 9. Let R be a semiprime ring.
(i) If K is a prime ideal of Qpqe(R), then Qpqn(R)/K = R/(K N R).
(ii) LO, GU, and INC hold between R and Qpqu(R).

Proof. The proof follows from Theorem 8 and [14, Lemma 2.1]. O

Corollary 10. Assume that R is a semiprime ring. Then:
(i) o(R) = Q(@pq%(R)) N R, where o(—) is a special radical of a ring.
(ii) R is m-regular if and only if @pq%(R) is m-regular.
(iii) kdim (R) = kdim (Qpqm (R)).

Proof. Theorem 8 and [14, Theorem 2.2] yield this result. O

Corollary 11. Let R be a semiprime ring. Then:

(i) R is (von Neumann) regular if and only if Qpqs(R) is (von Neumann)
regular.

(ii) R is strongly regular if and only if Qpqm(R) is strongly regular.

(ili) R has bounded index at most n if and only if Quqe(R) has bounded
index at most n.

Proof. This can be verified by Theorem 8 and similar arguments as used in the
proof of [14, Corollary 3.6 and Theorem 3.8]. O

Let g8 be the class of quasi-Baer rings. In [14, Theorem 3.3], it is shown that
there exist Qqu(R) and Qz3(R) for each semiprime ring R.

Theorem 12. (cf. [14, Theorem 3.3]) Let R be a semiprime ring. Then @33 (R) =
REB(Q(R)) = R(37,Q(R)).
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From Theorem 12 and [5, Theorem 3.5], one can see that for a semiprime ring
R, @q% (R) is the smallest right ring of quotients of R which is right p.q.-Baer and
has a complete lattice of annihilator ideals. However, in general, @pq;g(R) is a
proper subring of @qg(R) as in the next example.

Example 13. (i) Let F' be a field and let F,, = F for all positive integer n. Put

o0
R= {(an);l’o_l € H F, | a, is eventually constant} ,

n=1
which is a subring of [[}2; F),. Then @pq%(R) = R, but Qq%(R) =1, F..
(ii) Let R be a biregular ring (i.e., every principal ideal of R is generated by

~

a central idempotent). Then R = Ququ(R) and if its lattice of principal ideals is

not complete then R # @q%(R) (see [5, Theorem 3.5]). In fact, let R = {(d,) €
[, Dy | dy, is eventually constant}, a subring of [[)2 | D,, where D,, = D is a

division ring for all n. Then R is biregular, so R = @pq%(R>, but R # @q%(R) by
Theorem 8 because B(Q(R)) € R or by [5, Theorem 3.5].

Despite Example 13, we have the following result in which @pq%(R) does
coincide with Qg (R). Recall that the extended centroid of R is Cen(Q(R)).

Theorem 14. Assume that R is a semiprime ring with only ﬁnzcely many minimal
prime ideals, say Pi,...,P,. Then Qpqn(R) = Qqu(R) and Qpqn(R) = R/P, @
---DOR / P,.

Proof. Since R has exactly n minimal prime ideals, the extended centroid Cen(Q(R))
of R has a complete set of primitive idempotents with n elements by [1, Theorem
11]. Note that the extended centroid of R is equal to that of Q\pq%(R). Thus
@pq%(R) also has exactly n minimal prime ideals by [1, Theorem 11]. By [11, The-
orem 3.4] and [9, Theorem 3.7, @pq%(R) is quasi-Baer and so @pq% (R) = Qq% (R).
The rest of the proof follows from [15, Theorem 3.15]. O

Theorem 15. Let R be a reduced ring. Then Qpqu (R) exists and is the PP absolute
right ring hull of R.

Proof. Note that since R is reduced, then Q(R) = E(Rg); and so Qa(R) = Qg (R)
for any class R of rings. By Theorem 8, Q,35(R) = Qpqn(R). Let S = Qpz3(R) =
Qpqn (R). From [9, Corollary 1.15], S is right (and left) PP.

Suppose A is a right ring of quotients of R which is right PP. Let e €
dp33(R)(1). (Note that d,35(R)(1) = B,(Q(R)) € B(Q(R)) as in the proof of
Theorem 8.) Then there exists € R such that ReRpr <°° eRp. So we have
that SzSg <°° eSg. Since S is semiprime and e is a central idempotent in S, it
follows that l.g(SxS) = r.s(SxzS) = 0 by noting that the ring S is semiprime.
Therefore rg(SxS) = (1 — e)S. Moreover, since Qqu(R) is reduced by [14, The-
orem 3.8], s0 is S (C Qqu(R)). Thus rg(z) = rg(SzS) = (1 —e)S. Since A is
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right PP, there exists f € I(A4) such that r4(z) = fA. Then rg(z) = (1—€)SNR
and rr(x) = ra(r) N R. Hence rr(z)p <= (1 —e)Sr <** (1 — ¢)Q(R)r and
rr(z)r < fAR <*° fQ(R)g. Therefore

rr(x)r <™ (1 —€)Q(R) N fQ(R))r = f(1-€)Q(R)r

because 1 — e is central. Thus (1 —e)Q(R) = f(1—-¢e)Q(R) = fQ(R),s0o 1—e = f.
Therefore e =1 — f € A, hence Qpqn(R) =S C A by Theorem 8. O

Note that Theorem 15 shows that when R is a commutative semiprime ring,
Qpqn (R) is related to the Baer extension considered in [19]. Also note that the
generalized nil radical, N, [17], is the radical whose semisimple class is the class
of reduced rings. Hence for every ring R such that R # N4(R), R has a nontrivial
homomorphic image, R/N,4(R), which has a Baer absolute right ring hull and a
right PP absolute right ring hull.

A monoid G is called a u.p.-monoid (unique product monoid) if for any
two nonempty finite subsets A, B C G there exists an element x € G uniquely
presented in the form ab, where a € A and b € B. The class of u.p.-monoids is quite
large and important (see [24] and [22]). For example, this class includes the right
or left ordered monoids, submonoids of a free group, and torsion-free nilpotent
groups. Every u.p.-monoid is cancellative, and every u.p.-group is torsion-free.

Theorem 16. Let R[G] be a semiprime monoid ring of a monoid G over a ring R.
Then:

(i) Qoo (R)[G] € Qpa (RIG)). _ A
(ii) If G is a u.p.-monoid, then Qpqu (R[G]) = Qpqen (R)[G].

Proof. (i) To show that Qpqm(R)[G] € Qpem(R[G]), we claim that B,(Q(R)) C
B,(Q(R[G])). To prove the claim, let e € B,(Q(R)). Then there exists a € R such
that RaRr <°® eRpg. Since R[G] is a free right R-module, a routine argument
shows that (RaR)[G]r <°® eR[G]|g. Thus (RaR)[G|gic) <**° eR[G]gjg). Since
B,(Q(R)) € B(Q(R[G])) from the proof of part (i), e € B(Q(R[G])). So e €
B,(Q(R[G])) because (RaR)[G] = R[G]aR|[G]. Hence B,(Q(R)) C B,(Q(R[G])).
Theorem 8 shows that @pq%(R) [G] C quq;(R[G]).

(ii) This is a consequence of part (i) and [11, Theorem 1.2]. O

Corollary 17. Let R be a semiprime ring. Then Qpqm (R[z, 271]) = Qpqm (R)[z, 2]
and Qpqn (R[X]) = Qpqe (R)[X], where X a nonempty set of not necessarily com-
muting indeterminates.

Proof. Note that R[z,z7!] & R[C.], which is semiprime, where C., is the in-
finite cyclic group. Since R is semiprime, so is R[X]. Thus Qpqs(R[z,z71]) =
Qpgn (R)[z, 271 and Qpqn (R[X]) = Qpgn (R)[X] follow from Theorem 16. O

Example 18. There is a semiprime ring R such that @pq%(R[[l’]]) # @pqg(R)[[xH.
In [6, Example 2.3], there is a commutative (von Neumann) regular ring R (hence
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right p.g\.—Baer), but the ring R[[z]] is not right p.q.-Baer. Thus qu%( ) =R
and so Qpqn (R)[[z]] = R[[z]]. Since R[[z]] is not right p.q.-Baer, qu%( [[z]) #
Qpass (R)[[]].

Let R be a ring. Then the subring RB(Q(R)) of Q(R) generated by R and
B(Q(R)) is called the idempotent closure of R (see [2]). From the following lemma,
one can see that the idempotent closure of Mat, (R) is the matrix ring of n-by-n
matrices over the idempotent closure of R and similarly for T, (R). Let 1,, denote
the unity of Mat,, (R).

Lemma 19. Let 6 € B(Q(R)) and A = {1,,¢ | ¢ € §}. Then:
(1) Matn(<R U 5>Q(R)) = <Matn(R) U A>Q(Mautn(R))~
(i) Q(Tw(R)) = Q(Mat,, (R)) = Mat,,(Q(R)).
(iii) Thn((RU ) q(r)) = (Tn(R) U A)g(Mat, (r))-

Proof. (1) This part follows from straightforward calculation.

(i) Let T' = T,,(R). By routine calculations, T is dense in Mat,,(R)r. So we
have that Q(T,(R)) = Q(Mat, (R)). From [27, 2.3], Q(Mat, (R)) = Mat, (Q(R)).
Thus it follows that Q(T,(R)) = Q(Mat, (R)) = Mat,(Q(R)).

(iii) This follows from part (ii) and a routine calculation. O

Theorem 20. Let R be a semiprime ring. Then Qg(Mat,(R)) = Mat, (Qx(R)),
where R = pgB, pgJ, or fg§J.

Proof. Assume that 8 = pgB, pFJ, or fgF§J. By Theorem 8, it follows that
Qa(Mat,(R)) = (Mat,,(R) U djgz5(Mat,, (R))(1n)) (Mat,. (r))- Observe that if J is
a finitely generated ideal of Mat,, (R), then there is a finitely generated ideal I of
R such that J = Mat,, (). Thus djgz5(Mat,(R))(1,) = {1nc | ¢ € djg53(R)(1n)}-
So Lemma 19 and Theorem 8 yield that @ﬁ(Matn(R)) = Matn(@g(R)). O

Theorem 21. Let R be a semiprime ring. Then @pq%(Tn(R)) =T, (@pq%(R)).

Proof. Let T = T, (R) and S be a right ring of quotients of T. From [9, Proposition
2.6], T,,(Qpqn (R)) is a right p.q.-Baer ring. Assume that S is a right p.q.-Baer
ring. Take e € B,(Q(R)). Then there exists © € R such that RtRr <°* eRp,

hence RxRp <°° eQ(R)r. Therefore Q(R)zQ(R)qry <** eQ(R)qr). Thus
cQ(R)zQ(R)ecq(rye < eQ(R)ecq(r)e because e € B,(Q(R)) € B(Q(R)). Since
eQ(R)e is a semiprime ring, 0 = 7.q(r)e(eQ(R)zQ(R)e ) =ror)(eQ(R)zq(R)e) N

eQ(R)e = ro(r) (Q(R)2Q(R)) NeQ(R )SOWGhavethat ror) (Q(R)zQ(R))eQ(R)

=rq(r) (Q(R)zQ(R))Q(R)e = 0. Hence rqr) (Q(R)zQ(R)) € (1—€)Q(R). Obvi-
ously, (1-e)Q(R) C rq(r)(Q(R)2Q(R)). Thus ro(r) (Q(R)zQ(R)) = (1-e)Q(R).

Next we show that rory(RzR) = (1 — e)Q(R). For this, first note that
(1 =¢e)Q(R) = rqr)(RQR)zQ(R)) C ror)(RrR). Thus by the modular law,
ror)(RzR) = (1 -e)Q(R) @ [rq(r)(RzR) NeQ(R)]. Asuume to the contrary that
ror)(RzR) NeQ(R) # 0. Take 0 # eq € ror)(RzR) N eQ(R) with ¢ € Q(R).
Since ReRp <°* eQ(R)g, there exists r € R such that 0 # eqr € RxzR. Thus



Principally Quasi-Baer Ring Hulls 11

eqr € ror)(RrR) N R = rr(RxR). So eqr € ReR N rr(RrR) = 0 because R is
semiprime. This is absurd. So 7¢(g) (RzR) NeQ(R) = 0. Therefore 7¢(g)(RxR) =
(1-e)Q(R).

Let 6 € T = T, (R) be the n-by-n matrix with x in the (1,1)-position and 0
elsewhere. Thus T0T is the n-by-n matrix with Rz R throughout the top row and
0 elsewhere. Moreover, Q(T)0Q(T) = Mat,(Q(R)xQ(R)). Since TOT C S0S C
Q(T)IQ(T) and rg(ry(RzR) = (1 — ¢)Q(R), we have that

(1= NQT) =ror)(QIT)IQT)) C ror)(S0S) Crom (TT) = (1 - f)Q(T),

where f is the diagonal matrix with e on the diagonal. Since S is right p.q.-
Baer, there exists ¢ = ¢* € S such that ¢S = r5(S0S) = S Nror)(S0S) =
$0(1- NQT). Thus cQ(T) € (1 - FQ(T). Let 0 # (1 - flg € (1— HQ(T) with
g€ Q). Then 0 # (1 — f)gQ(T)NS C(1—f)QT)NS = ¢S C cQ(T). Hence
0# (1— f)ga € cQ(T) with a € Q(T'). So cQ(T)Q(I) < (1 - f)Q(T)g(ry and
hence ¢ =1— f. Thus f =1 —c € S. Therefore T,,(Qpqn (R)) C S by Theorem 8.
So @pqgg(T) also exists and @pq%(T) = Tn(@pq%(R)). O

For a ring R and a nonempty set I', CEMr(R), RFMr(R), and CRFMr(R)
denote the column finite, the row finite, and the column and row finite matrix
rings over R indexed by I', respectively.

Theorem 22. ([13, Theorem 19]) (i) R € g% if and only if CFMp(R) (resp.,
RFMp(R) and CRFMp(R)) € qB.

(ii) If R € §J, then CFMr(R) (resp., CRFMr(R)) € §J.

(iii) If R is semiprime, then we have that @q% (CFMr(R)) € CFMr (@qg (R)),
Qqs(RFMp(R)) € RFMp(Qq2(R)), and Qqu(CRFMp(R)) € CRFMp(Qqu(R)).

Theorems 15 and 21 motivate the following questions: (1) Is the right p.q.-
Baer property preserved under the various infinite matriz ring extensions? (2)
Does @pq%(R) of a ring R have behavior similar to that of @q% (R) for the various
infinite matriz ring extensions? Our next example provides negative answers to
these questions.

Example 23. Let F' be a field and F,, = F forn=1,2.... Put

o0
R= {(qn)ff_l € H F, | qn is eventually constant} ,

n=1

which is a subring of []7_; F},. Then R is a commutative (von Neumann) regular
ring. Hence R is a right p.q.-Baer ring. Let S = CFMr(R), where I' = {1,2,...}.
Take

a1 =(0,1,0,0,...), az = (0,1,0,1,0,0,...), a3 = (0,1,0,1,0,1,0,0, ... ),
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and so on, in R. Let x be the element in S with a, in the (n,n)-position for
n=1,2,... and 0 elsewhere, and let

e=(qn)p: € QR) =[] Fu

such that gg, = 1 and g, 1 = 0 for n = 1,2,.... Then e = €2 € B(Q(R)), hence
el € CFMp(Qqm(R)) € Q(S)

because @q%(R) = RB(Q(R)) from Theorem 12, where I is the unity matrix in
S. Therefore el € B(Q(S)). Also note that (> a;R)r <°° eRp. We claim that

SzSg <% (el)Ss.

For convenience, let E;; be the matrix in S with 1 in the (4, j)-position and 0
elsewhere. Take 0 # (el)s € (el)S with s = (r;;) € S. Then there is a nonzero
column, say the m-th column, of (el)s. In this case the m-th column of (el)s is the
same as the first column of (el)sFE,,1. Thus the first column of (el)E,,; is nonzero
and all other columns except the first column of (eI)E,,; are zero. So without loss
of generality, we may assume that the first column of the matrix (el)s is nonzero
and all the other columns except the first column are zero. In the first column of
(el)s, there are only finitely many nonzero entries, say

€Tk11y€Tkols -+ ETK,1
with
ki <ko <---<ky.

To show that SxzSg <% (el)Ss, we proceed by induction. Suppose n = 1. Since
(>~ a;R)g <°*° eRp, there exist by, A1,..., Ay € Rsuch that 0 # erg, 101 = a1\ +
o FamAm. Thus 0 # (el)s(b1Er1) = (M Eg 1+ -+ A Eiym) 2 (B4 +Epy) €
SzS.

Next consider the case for n > 1. Since (D a;R)r <°° eRpg, there is by € R
such that 0 # erg,1b1 € > a;R. If ery,1b; = 0 for some ¢ with 1 < i < n,
then we are done by induction. So erg,1b; # 0 for all ¢ = 1,2,...,n. Assume
that erp,1b1 & > a;R. There exists by € R with 0 # erg,1b1b2 € > a;R. In
this case, note that erg,1b1b2 € Y a;R. Suppose erg,1b1b2 = 0 for some i # 2.
Again we are done by induction. Next if erg,101b2 ¢ R, then there is b3 € R
such that 0 # erg,1b1babs € > a;R and ery,1b1b2bs # 0 for all 7. Also note that
erg,10102bs, erg,1b1b2bs, erg,1b1b2bs € > a;R. Continue this process, it follows
that there are b1,b1,...,b, € R with erg,10109---b, # 0 and erg,1b1ba---b, €
> a;R for all 5. Let b = b1bg - - - b,,. Then there is a positive integer £ and \;; € R
such that

erk1b = a1 A1 + asdia + - F aghig, erg,1b = a1Aor + aghoo 4+ -+ agha, ...,

and
€Tk, 10 = a1 n1 + a2 + -+ agApg.
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Thus
0# (el)s(bE11) = (M1Eg1 + -+ AeBrye + A21 Byt + - + A By +
o A B+ AeBre) s (B + - B ) € SaS.

Therefore SxSg < (eI)Sg, hence eI € B,(Q(S)). But note that el ¢ S. Observe
that S is a semiprime ring because R is semiprime. Thus the ring § is not right
p.q.-Baer by Theorem 8(ii). Furthermore, since R is right p.q.-Baer, Qpqu(R) = R.
Thus we have that Qpqu(CFMr(R)) € CFMr(Qpqx(R)). Also CEMp(Qpqs (R))
is not right p.q.-Baer.

For @pq%(CRFMF(R)) z CRFMF(@M;B(R)), let 2 and e be as in the case of
the column finite matrix ring. Then, by the same method, we can show that el €
B,(Q(CRFMr(R))); but el ¢ CRFMr(R). So CRFMr(R) (= CRFMF(@W%(R))
is not right p.q.-Baer by Theorem 8(ii). Also we have that

Qpqm (CRFMp(R)) € CRFMp (Qpqas (R)).

Finally for Quqm(RFMp(R)) € RFMp(Qpgn (R)), let U = RFMp(R) and
x, e be as before. Then by modifying the method used for the case of column
finite matrix rings, it can be shown that

UUJ?U SCSS U(GI)U = U(EI)U,

where [ is the unity matrix in U. Note el is a central idempotent. So we have
that .nuEenUzU < (cnu(en(el)U(el). Since UzU is an ideal of the semiprime
ring (el)U(el), renu(ern(UzU) = Lenuen(UzU) = 0. So UzUgeryu(ery <
(eNU(el)(enu(ern Thus UzUy < (el)Uy. Moreover, since e € B(Q(R)) =
B(Q™(R)), there exists J < R such that £r(J) = 0 and eJ C R. Thus

RFMrp(J) < RFMr(R), ERFMF(R) (REMrp(J)) =0,
and
(el)RFMr(J) € RFMp(R),

where [ is the unity matrix in RFMp(R). So el € Q™(RFMr(R)). Hence we
have that el € B(Q™(RFMr(R))). So el € B(Q(U)), hence eI € B,(Q(U)). But

-~

el ¢ U. Therefore U = RFMr(R) (= RFMr(Qpqn(R)) is not right p.q.-Baer by
Theorem 8. Thus Qpqs(RFMp(R)) € RFMp(Qpqx (R)).
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