INSTABILITY ZONES OF A PERIODIC 1D DIRAC
OPERATOR AND SMOOTHNESS OF ITS POTENTIAL

PLAMEN DJAKOV AND BORIS MITYAGIN

ABSTRACT. Let L be the differential operator

Ly=i (é _01) % + (Q?x) P(()I)> y, Y= (‘Z;) ,

where P(z),Q(x) are 1-periodic functions such that Q(x) = P(z). The
operator L, considered on [0, 1] with periodic (y(0) = y(1)), or antiperi-
odic (y(0) = —y(1)) boundary conditions, is self-adjoint, and moreover,
for large |n| it has, close to nm, a pair of periodic (if n is even), or an-
tiperiodic (if n is odd) eigenvalues A}, \.;. We study the relationship
between the decay rate of instability zone sequence v, = A — A\, n —
+00, and the smoothness of the potential function P(x).

1. INTRODUCTION

The operator

(11) Ly:i(é _01>Z_g+(PL(x Péa:)> g (z;)

with periodic function P(z) of period 1, P € L*([0,1]), is a self-adjoint
operator on the real line R. Its spectrum o (L) is absolutely continuous and
has “band structure”, i.e.,

o(L) =R\ Unez(A;, A,
where
A SAT <A S AL <
and A, AT is a pair of eigenvalues of the same differential operator L, but

considered on the interval [0, 1], respectively with periodic (for even n), and
antiperiodic (for odd n) boundary conditions (bc):

Pert: y(0) =y(1),  Per™: y(0)=—y(1).
See basic facts and further references on 1-D Dirac operators in [19], [21],

22], [26].

The first author acknowledges the hospitality of The Mathematics Department of The
Ohio State University during academic year 2003/2004.
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Let v, = A — A, n € Z, be the lengths of spectral gaps, or zones
of instability, (\F, A). What is the relationship between the decay rate of
Vn, N — 00, and the smoothness of a potential p?

In the case of Schrodinger (Hill) operators this question has a long history.
Let us remind a few results and steps in understanding of this relation. H.
Hochstadt [15] proved that a real-valued L?-potential v of a Schrodinger

operator

My=—y" +v(zx)y, v(ix+1)=v(r), v€R,
is a C*°-function if and only if the gap sequence (7,)$° decays faster than
any power of 1/n, that is

() € €2 = {(zn) : Z |2, *(1 4+ n*)* < o0}

for every a > 0 (see [21]). For H. Hochstadt, it was an important step in
analysis of finite-zone potentials; as soon as one knew that such a potential
is a C°°- function, it was possible [12, 15, 16] to use derivatives and derive
polynomial identities involving v, v’,v”, ... to determine v. Further analysis
of finite-zone potentials [9, 25] led to Dubrovin equations (see [10]).

The Gelfand-Levitan trace formula [11] and Dubrovin equations [9] have
been used by E. Trubowitz [27] to show that a real-valued L?-potential v(z)
is analytic if and only if the gap sequence (,) decays exponentially fast,
that is

Jda>0,C>0: =, <Cexp(—an) Yn >0.

In terms of weighted sequence spaces

f=A(za): D laal’Q(n) < oo},

Sobolev or analytic functions v,

v(z) = Z v exp(2mikz),

can be characterized as having their Fourier-coefficient sequences in (2,
where Q = (1 +n2)¥2 or Q = exp(an), a > 0, respectively. T. Kappeler
and B. Mityagin [17, 18] raised the general question about the relationship
between the two conditions v € H(Q) and (v,) € ¢4, where

(1.2) H(Q)={v: (v) € (3},
for general (submultiplicative) weights. They showed that
(1.3) vE H(Q) = (1) € 6.

The opposite implication

(1.4) (vn) € 03 = v € H(Q)
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required a delicate analysis of special non-linear equations in sequence
spaces and a priori estimates of Sobolev norms of their solutions. It has
been done in [2, 3, 4] for, roughly speaking, all submultiplicative sequences
of subexponential growth, i.e.,

lim (log ©2,,) /n = 0.

This is not just a technical restriction. For {2 with superexponential growth
like exp(|n|®,b > 1, the implications (1.3) and (1.4) are not valid, but the
proper adjustment can be made, and it is presented in [5]. Analysis of
non-selfadjoint Hill operators, i.e., the case of complex-valued potentials, is
done in [6]; see further references there.

Let us return to Dirac operators. Surprisingly enough, we could not find
in the literature even a Hochschtadt type statement in this case. Still, after
[17, 18] the approach developed there for the Schrédinger-Hill case has been
used in the Dirac case in [13], [14] to get claims about the decay rate of
spectral gaps:

(1.5) pPEH(Q) = ) 70l <oo

nezZ

for some weights 2, with rigid and (as we will see) unnecessary restrictions
on €.

The main goal of the present paper is to show that for subexponential
weights Q the H(2)-smoothness of a potential P, i.e., the condition P €
H(Q), follows from (4-decay of two-sided sequence (7,,), i.e.,

(1.6) Y W <o = PeH(Q)

(see Theorem 11, Sect. 4, for accurate formulation). This result has been
announced in [7], Thm 2(i). Maybe, it’s worth to mention that there is an
analogue of this implication (and equivalence) in the non-selfadjoint case
(see [7], Thm 2(ii); this result will be given in detail in [8]).

In particular, (1.5) and (1.6) tell us that

(a) (v,) decays faster than any power of 1/n if and only if P € C*
(compare to [15]).

(b) () decays faster than exp(—an) for some a > 0 if and only if P is
analytic in a strip around the real axis (compare to [27])

(¢) (vn) decays faster than exp(—an”®), 3 € (0,1), for some a > 0 if and
only if the Fourier coefficients (py,) of P decay faster than exp(—A|k|?), for
some A > 0 (compare [4]).

In the case of Schrédinger - Hill operators we have proven similar state-
ments in [4] and [6]. The general scheme of the present paper is close to
the scheme of [4]. However, the technical details and difficulties are quite
different, because
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(i) Dirac operator is not semibounded;

(ii) its resolvent is not a trace class operator.
We are going to make this point explicit and specific in our proofs and
comments below.

The structure of our paper is as follows.

Abstract

Introduction

Basic equation and formulae for gaps

Weights; Carlemann sequences

Basic results: estimates on the smoothness of the potential in terms
of the decay rate of spectral gaps

5. Conclusions and comments

e\

2. BASIC EQUATION AND FORMULAE FOR SPECTRAL GAPS

1. The Dirac operator

2.1 LYy = —
( ) Yy ? (O _1) dz’ Yy (y2 )

considered on the interval [0, 1] with periodic (y(0) = y(1)) or antiperiodic
(y(0) = —y(1)) boundary conditions, has a discrete spectrum, respectively,
{2km,k € Z} and {(2k + 1), k € Z}. Each eigenvalue nm, both for peri-
odic (if n is even), or antiperiodic (if n is add) boundary conditions has
multiplicity 2, and

e aw= (D)o dm= (0o

are eigenfunctions corresponding to the eigenvalue nw. Moreover, if the
Hilbert space H = L?[0,1] x L?[0, 1] is equipped with the scalar product

2 ((5).(2))= [ (At + fwn) ar

then each of the systems {e},,e3,, k € Z} and {e};,,€3,,, k € Z} is an
orthonormal basis in H.
The operator

(z) 0

where P and () are 1-periodic functions, may be considered as a perturba-
tion of L. Further we always assume that P, Q € L?[0, 1]; then the operator
L, considered with periodic or antiperiodic boundary conditions, has also
a discrete spectrum. The following statement is known (see, for example
20, 21, 22, 23], in particular, [24], Thm. 4.1 and Prop. 4.3).

(2.4) L=I1V, V= (QO P(x)) |
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Lemma 1. There ezists Ny = No(P,Q) such that for each |n| > Ny the
open disc with center mn and radius /2 contains ezxactly two (counted with
multiplicity) periodic (if n is even), or antiperiodic (if n is odd) eigenvalues
{N, AP} of Ly e,

(2.5) INE—mn| <7/2, |n| >Ny

2. Suppose that A = nm + 2, |n| > Ny, is a periodic (or antiperiodic)
eigenvalue of L with |z| < /2 and y # 0 is a corresponding eigenvector. Let
EY = [el, e2] be the eigenspace of LY that corresponds to nr, and let H(n)
be its orthogonal complement. We denote by P2 and QY respectively, the
orthogonal projectors on E° and H(n). Then the equation (nr+z— L)y = 0

is equivalent to the following system of two equations:
(2.6) Qnr+2—-L° - V)QU+Q°(nr + 2z — L° — V)P =0,

(2.7) Pllnm+2—L°—V)Q% + P’(nm+ 2 — L° — V)P’ = 0.
Taking into account that PYQ% = Q°P% = 0 and P°L°Q° = Q°L°P° =0

we obtain that (2.6) and (2.7) can be written as

(2.8) Qnr+2z—L°—V)Q% — Q°V P =0

(2.9) —PVQy — P)VPly+ 2Py =0

The operator

(2.10) A=An,2) =Q(nt+2—L° = V)Q® : H(n) — H(n)

is invertible for large |n| (see below (2.18), (2.26) and (2.27)). So, solving

(2.8) for Q%y, we obtain Q% = A™'QV Py, where Py # 0 (otherwise
Yy = 0 which implies y = P% + Q% = 0). Now (2.9) implies (after

plugging the above expression for Q%y in it) that (S — 2)P%y = 0, where

the operator S is given by

(2.11) S:=PVATQVP + P'VP) . E) — E!.

1 g2
Let <221 222) be the matrix representation of the two-dimensional oper-

ator S with respect to the basis el e?; then
(2.12)
S = (en, Sey), S =(eh,Ser), S =, Ser), S = (e}, Se,).
Hence we obtain (since Py # 0)
Sll — 2 512
521 822 —

In the selfadjoint case (Q(z) = P(z)), if A is a double eigenvalue, then
there exists another eigenvector ¢ (corresponding to A), such that y and g

(2.13) det = 0.
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are linearly independent. Then Py and P’y are linearly independent also.
Indeed, if P’y = cP%j then

Oy =ATQV Py = cAT'QUV P = cQVj),
which leads to a contradiction:
y=Ply+Qy=c(Pyy+Qunj) = ci.

Thus S =0, i.e., if A = mn + 2 is a double eigenvalue of a self-adjoint Dirac
operator L, then (for large enough n)

(2.14) Stt—>=0, S?=0 S*=0 S®”-z=0.

3. Let H' and H? be the subspaces of H generated, respectively, by
{el..m € Z} and {e?,,m € Z}, and let H'(n) and H?*(n) be, respectively,
the intersections of these spaces with H(n). Then H = H' & H?, so each
operator B : H — H may be identified with a 2 x 2 operator matrix (B%Y),
where BY : H/ — H¢, 4,5 = 1,2. If we consider the matrix representation
of B in the basis {e};,e3,, k € Z} (or {e},,, €31, k € Z}) then this
matrix itself combines the matrix representations of BY. Of course, similar
remark holds for operators acting in H(n).

Further we always work with one of the bases (2.2) (respectively, using
the first basis in the case of periodic boundary conditions, and the second
one in the case of antiperiodic boundary conditions). However, we don’t
specify below which basis is used because the formulas for the matrix repre-
sentations in these bases are formally the same (with running indices being
even in the first case, and odd in the second case).

Let
215)  P@)=Ypm)e™™ and Q(z) = 3 alm)e,
meZ meZ
where p(m) = ¢g(m) = 0 for odd m, be the Fourier expansions of the

functions P and Q). It is easy to see that the operator V' has the following
matrix representation

12
210 V=2 ")) W =pk-m Vi =tk m)

The diagonal operator Q% (nt + z — L°)QY : H(n) — H(n) is invertible
in H(n) for any z with |z| < /2. Let D,, denote its inverse operator; then
the matrix representation of D, is

o D}ll 0 11 _ 22 _ 6km
(217) D, = ( K D3LQ> o (D) = (D) = P R

The operator A defined in (2.10) can be written as
(2.18) A=Qy(nm+ 2 — L°)Q,(1 - T,Qy),
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where
(2.19) T, =D,Q°V : H — H(n).

Thus A = A(n, 2) is invertible if and only if 1 —7,Q° is invertible in H(n).
By (2.16) and (2.17) one can easily see that the operator (2.19) has a matrix
representation

O T12
(220) Tn - (T21 8 ) 5
where
(2.21)
—k —m) q(k+m)
T2 m:p(— Yy = ————2 k Z. k )
(T2 n(n—k)+z’ (T m(n—k)+z’ mEZ, kFn

We need also the matrix representation of its square 7. From (2.20) and
(2.21) it follows that

T12T21 0
(2.22) T; = ( "o" T21T12) :

where

1221y p(=Fk —Jj)g(j +m)
(LT Jem = ; [w(n — k) + 2][w(n — j) + 2]~

(2.23) (k,m €Z, k+#n)

— B q(k + j)p(=j —m)
(17T, ) kom = ; [t(n— k) + 2][r(n —j) + 2]

Lemma 2. The norm of the operator T? : H — H(n) tends to 0 as |n| — oo.
More precisely, if |z| < /2, then

(2.24)
1/2 1/2

PR
2| < C—2=2 4+ C||P k)|? +C|Q k)2 :
3| m 1P |k§|2n!q( )| Q] |k§|2|nl\p( )|

where C is an absolute constant.

Proof. The norm of T? does not exceed its Hilbert-Schmidt norm, so, by
(2.22), it is less than the sum of the Hilbert-Schmidt norms of the operators
T12T21 and T21T12.

We estimate in detail only the Hilbert-Schmidt norm | 2T || 75 because
|IT2* T 2| gs could be estimated in the same way. One can easily see that

1 1

(2.25) |m(n — k) + 2| = |n — k|

for |z| <7/2, k #n,
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so by (2.23) we have

2
— +m)]|
T12T21 < ]p J HQ(J <y 5 5
| ||HS E E E |n—k‘||n il < 2+ 2o+ 3,

k#n m Jj#n

where

PoIO o S 9 1>

[h=nl2 15! T Rn m\ Jj=n|>15!

2

2 2| X

[k—n|<lgl ™\ |j-n|<l2

Inl

Now we estimate each of these sums separately. By Cauchy inequality we
obtain

DIEEY Z<Z<n_k) ") )(Z!p —J!\q(3+m)\>

i#n i#n

el =,

> e X S k=Pl +m < HPEIQI

[k—n|>|n|/2 j#Fm m
The sum X5 can be estimated in an analogous way, so

¥y < —HPH Q.

Finally, we obtain that >3 does not exceed

Ip(—k — j)*la(j +m)? 1
I B S [

[nl m In]
|I€—Tl|<7

<5 Y = L bk e m)P

li—n|<5

lk—n|<|n|/2 li—n|<|nl/2 m
<GIQIP D Ipw)P
v|=|n]
which completes the proof. 0

By Lemma 2, for each potential matrix V' there exists Ny = N;(V') such
that

(2.26) T3 <1/2  for n> Ny
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Since
127 < IT2)1F and [T < | TLINTEN",

the series
(1-TQ0 ™" =) TiQ
£=0

converges. Thus, in view of (2.18), A™! exists and

(2.27) AT =>"T!D,, n>N.
=0
Now, from (2.11) and (2.19) it follows that
(2.28) S=PVP) +» PWVT.D,Q\VP) => PVTIP,
=0 k=0
so, in view of (2.12),
(2.29) S = (el Sel)y =) SY
k=0
where
2.30 S = (e, VTrel)y, k=0,1,2,....
( ) 14 n’ n-n ) Y Y )
From (2.16) and (2.21 - 2.23) it follows that
. 0 Vl? TleT%Q v
(2.31) VTi = (V21(T52T31)u ( 0 ) ) )
y VlQTgl TgZTgl v 0
(2.32) VT2 = ( (O ) V21T;2(T51T31)”>
It is easy to see that
(el , VTel) =0, i=1,2, v=0,1,2,...,
therefore by (2.12), (2.28), (2.29) and (2.32) we obtain
(2.33) St = Z S2li+1> 5% = ZS;%H,
v=0 v=0
where
(2.34) Savin = (e, VI, ey ) = (en, VETHT, T, ey, ) =

Z p(=n — jo)q(jo + j1)p(—jr — j2)q(jo + j3) - . . p(—Jov—1 — Jor)q(Jow + 1)
[m(n —jo) + 2][w(n — ji) + 2] ... [w(n — jau—1) + 2][m(n — jau) + 2]

)
J05J15e-5J20FN

(235) SR = (A VIFTE) = (S VITAIITY)E) =
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T q(n +io)p(—io — i1)q(i1 +i2)p(—i2 — 43) . .. q(Jav—1 + Jou )P(—J2v — 1)
[m(n —ido) + z][r(n —i1) + 2] ... [7(n — day_1) + 2][m(n —ig,) + 2]

10,8150 020FN

In an analogous way we obtain formulas for S? and S?!. Indeed,
(ep, VI'*leZ) =0, (e2,VI*Tlel) =0, v=0,1,2,...,
and therefore, from (2.12), (2.28), (2.29) and (2.31) it follows

(2.36) S =3"5, Z S5,
v=0
where
237) SR (el Vel) = p(-2n), S = (¢, Vel) = g(2n),
and for v =1,2.
(2.38) 3213 {en,VTer) = (ep, V(TIT)er) =

Z p(=n —j31)q(1 + J2)p(—J2 — J3)q(js + ja) - - - q(G2v—1 + Jou )P(—J2v — 1)
[m(n— j1) + 2][r(n = j2) + 2] ... [7(n = Jou—1) + 2][7(n — jou) + 2]

Y

(2.39) Sy =(ex, VI ey) = (o, V(T T ) e, ) =

Z q(n + j1)p(—=j1 — J2)q(G2 + 33)p(—js — Ja) - .. p(=J2w—1 — Jou)q(jor + 1)
[m(n —j1) + 2][r(n = j2) + 2] ... [7(n — Ja—1) + 2][7(n — jo,) + 2]

Lemma 3. (a) For any potential functions P, Q)

(2.40) S (n,z) = S**(n, 2).
(b) If Q(x) = P(x), then
(2.41) S2(n,z) = S2(n,z).

Proof. (a) Changing the summation indices in (2.35) by
o =gy s s=0,1,...,20
we obtain (by (2.34) that
S321 =S80, v=0,1,2...,
and therefore, by (2.33), we have S$?* = S11.
(b) If Q(x) = P(x), then g(m) = p(—m) ¥ m € Z, and therefore, (2.37),

(2.38) and (2.39) yield S2l(n,z) = Si2(n,z) for each v = 0,1,2,..., so
(2.36) implies (2.41). O

4. Let us set for convenience

(2.42) an(2) = S (n,2) Ba(z) == S*(n, 2).
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Lemma 4. For each pair P(x),Q(x) of potential functions there exists
Ny > 0 such that for n > Ny and |z| < 7/2, a,(2) and (,(2) are well
defined, differentiable, and

(2.43) sup |l (2)| — 0, sup |68,(2)] =0 as n — .
|z|<m/2 |2|<m/2
Proof. By (2.10) and (2.11)
d
z
and therefore, in view of (2.12) and (2.42), we have
(2.44) a,(2) = —(PVQLAT ) QuV P ey, e,),
(2.45) Bu(2) = —(PVQLAT)QuV Pey, er).
By (2.27)

A =S T, = 3T,
=0 k=1

and therefore,

(2.46) A7H(AT'QVV) = (Z T,fDn> (Z T,’;) = D, T, +T,D,T, + R,
=0 k=1

where, in view of Lemma 2,

(2.47) IRl =0 (IZ2]) ~ 0 as n— .

Thus, by (2.44) and (2.45), we have

(2.48) o (2) = —(VD,Tmeh,er) — (VT,D,Tyel el) — (VRe! el),

n n»-n n’-n n-n

(2.49) B.(2) = —(VD,Tyel, e2) — (VT,,D,Tyel, e2) — (VRe} e2).

n n’-n n’-n n’-n

We are going to show that all terms on the right of the above formulae go
to 0 uniformly in z, |z| < 7/2, as n — 0.
From (2.47) it follows that

(2.50) (VRel el) —0, (VRe. er) —0 as n— oo.
By (2.16), (2.20), (2.21) and (2.25),
+ k)g(—k —n)

251 VDTl ey = |§ 20 <Y+ D,
( ) |< €n 6n>‘ ; W(n—k)+z =~ &1 2
where
(2.52)

lp(n + K)|lg(=k —n)| lp(n + K)|lg(—=k —n)|
¥ = Yo = .

1 |n—k|¥n/2 In — & | 2 |n—f%n/z In — &
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Let us change the summation index k in 3, to ¢ = n + k. Then, since
il = [2n — (n = k)| = 2|n| = [n — k| > |n],

we obtain
(2.53)
1/2 1/2
22 S bla-ol < [ S por) | X @] -0 as 0o
|i]>n] |i|>|n] |i]>|n]

The Cauchy inequality yields the following estimate:

1/2
1
(2.54) X < || PR > CPE = 0(1//|n|).
In—k|>|n|/2
It is easy to see by (2.16), (2.20) and (2.21), that
(2.55) (VT,D,Typel el) =0, (VD,T,el, e2) = 0.

Next we estimate (VT, D, Tyel e2) = 0. Set U,, = T,,D,, T,,; then, by (2.16)
and (2.20)—(2.23) the absolute value of each term in the matrix representa-
tion of U,, does not exceed the absolute value of the corresponding term in

the matrix representation of (7},)?, and therefore, by the proof of Lemma
2

?

(2.56) WU = | TnDnTh|| — 0 as n— oc.
Of course, (2.56) implies that
(2.57) (VT,,D,Tpel e2) —0 as n— oo.

Now, in view of (2.48) and (2.49), (2.50)—(2.57) show that (2.43) holds. O

Theorem 5. Let L be a self-adjoint Dirac operator given by (1.1), and let
(7n) be the sequence of its spectral gaps. Then there exist No > 0 and a
sequence of positive numbers (e,), €, — 0, such that

(2.58) 26n(2)|(1 = en) <y < 2[Bu(2)[(1 +en), n >Ny,
where z = z,,,

(2.59) 20| < 70/2.

Proof. By Lemma 1, if n > Ny, then there are exactly two eigenvalues
AE = n? + 2F of L (periodic for even n and antiperiodic for odd n) such
that |25| < 7/2. Moreover, we know (see (2.26) and (2.27) that there exists
N1 > Ny such that for n > Ny 2z, and 2 are roots of the quasi-quadratic
equation (2.13). Since the operator L is self-adjoint, z, and z! are real
numbers, z, <z, and

(2.60) A

n
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By (2.40) and (2.41) in Lemma 3, the quasi-quadratic equation (2.13) be-
comes

(2.61) (z = an(2))" = 1B(2)F = 0,

which splits into two equations

(2.62) 2= an(z) = [Bu(2)] = 0,

(2.63) 2 — ap(2) + |Bu(2)] = 0.

Set

(2.64) 6, = sup |d(n,2)|+ sup |F'(n,z)|
|2|<m/2 |2|<7/2

By Lemma 4, 9,, — 0. Choose Ny > N; so that

(2.65) 0, < 1/8 for |n| > Ns.

Fix an n > Ny. If o, = 0, then A, = AT is a double eigenvalue of L, so
(2.14) and (2.42) yield (2.58).
If 2, < zf, set

(2.66) Go=2 —amz) Go= 2 —an(z).
Then, by (2.62) and (2.63),

(2.67) Gl =18a(z)] 161 = 1Ba(z0)-
By (2.66),

+

-6 = " (1 al(2)) de.

n

Thus, in view of Lemma 4,

(2.68) (20 = 2, )(1=0) <G = G| < (2 — 2,) (1 +60),
which yields (since 6,, < 1/8)

(2.69) |G = Gl (1= 0n) < 27 — 2, <G — G [ (1+20,) <267 =G, .

Since z; and z, are roots of (2.61), each of these numbers is a root of
either (2.62), or (2.63). There are two cases: (i) z! and z, are roots of
different equations; (ii) 2,7 and z; are roots of one and the same equation.

In Case (i) we have, by (2.62), (2.63) and (2.67), that
(2.70) G = Gl = 1Ba(z)] + 1Bu(2)| = 16T+ 16, .

On the other hand, since (3,(z}) — B.(z,) = fz‘? Bl (t)dt, (2.64) and (2.66)
imply that

(2.71) |6n(2:) — Bu(2,)] < (Z:L_ — 2, )0, < KJ =G, |- 26,
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Thus (2.67) and (2.70) yield

16T =16 1] = 118a (= = 18a (DI < (161 +1¢:1) - 26
so, since 2|1 = ([¢] + 16, ) + (16T = 1¢6:1)

G+ 1¢ 1) (1 =20,) <2/ < (1G] +1¢, 1) (14 23)
and therefore, since 4,, < 1/8,
(2.72) 2060 1 (1 =20n) < [T+ 16| < 2[6 [ (1 +44,,)

Finally, using again that ¢, < 1/8, we obtain by (2.69), (2.70) and (2.72)
that (2.58) holds with z = 2| and ¢,, = 80,,.

Case (ii), where z; and z; are simultaneously roots of one of the equa-
tions (2.62) and (2.63), is impossible. Indeed, by (2.71) we would have since
o < 1/8,

1
G5 = Gl = IBaED = 18uI] < 165 = G120 < 7165 = G,

which implies ¢ = ¢, . But then (2. 69) yield zt = 2, which is a contra-
diction to our assumption that z # 2z 0

3. WEIGHTS AND CARLEMANN SEQUENCES
1. A sequence of positive numbers Q(n),n € Z is called weight, or weight
sequence, if
(3.1) Q(—n) =Q(n), Qn) oo as n oo, n>mny>0.
Each weight 2 generates a corresponding weighted ¢2-space
CZ) ={x = (w)nez : Nzl> =D lwal* (2n))* < oo}.
nez

We say that two weights €2y and 2y are equivalent if
(32) 1C >0 : C'_lﬁl(n) S QQ(TL) S CQl(TL), n € 7.

Obviously equivalent weights yield equivalent norms, so they generate one
and the same weighted £2-space.
A weight € is called submultiplicative if

(3.3) 3C>0: Qn+m)<CQUn)Qm), n,m e Z.

Of course, if €2 and (), are equivalent weights, then whenever one of them
is submultiplicative, the other one is submultiplicative also. Obviously, if
Q satisfies (3.3) then Q = CQ satisfies (3.3) with C' = 1. Therefore, we may
assume that (3.3) holds with C' = 1 by passing to an equivalent weight.
Moreover, it is easy to see that if (3.3) holds for |n|, |m| > ny, then it holds
for all n,m € Z, maybe with another constant.
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A weight (0 is said to be slowly increasing if

(3.4) sup Q(2n)/Qn) < oco.

It is easy to see that (3.4) implies
(3.5) dm>0,C>0: Qn)<C|n|™, for |n|>1.
Indeed, if M = sup,,>; 2(2n)/(n), then (3.4) implies that
Q2" < QM* =Q(1)(2")™,  m = logy(M).

Now (3.5) follows (since € is monotone increasing for n > ng) : if ng < 2% <
n < 21 then

Q(n) < Q28 < MQ(2%) < MQ(1)(2F)™ < MQ(1)n™.

Further we consider weights of the form

(36) () = exp(h(lal)), || > no >0,
(3.7) Q(n) = exp(p(log |n|)), |n| >mne >0,

and characterize some properties of €2 in terms of h and .

Remark. Observe that in (3.6) or (3.7) we don’t care to define Q for all n
because our main object is the corresponding weighted ¢2-space. Therefore
weights are important only "up to equivalence” and the values of (n)
for |n| < ng may be chosen in an arbitrary way since the corresponding
(?-spaces will coincide.

Of course, with the formulae

p(t) =h(e"),  h(n) = p(log(n)),

one can easily pass from representation (3.6) to (3.7), and back.
It is more convenient to give concrete weights in the form (3.6). For
example,

(3.8) Qn(n) =n™, m >0,

are known as Sobolev weights, and

(3.9) Qup(n) = exp(aln|’), a>0,b€ (0,1),
are the Gevrey weights.

Lemma 6. A weight of the form (3.6) is submultiplicative if h is an in-
creasing concave function.
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Proof. Indeed, one can easily see that if h : [ng,00) — R is an increas-
ing concave function, then there exists an increasing concave function hy :
(0,00 — [0, 00) such that hi(n) = h(n) + C for n > ng, n € N.

Then the weight 2 is equivalent to the weight Q;(-) = exp(h4(+)), so it is
enough to show that €2y is submultiplicative. On the other hand, since h;
is concave we have for m,n > 0

h1(0) 4+ hi(m +n) < hi(m) + hi(n),

which implies (in view of (3.3) and (3.6)) that the weight €y is submulti-
plicative. U

2. The next lemma characterize a class of rapidly increasing submulti-
plicative weights of the form (3.7). In particular, this class contains Gevrey
weights (3.9).

Lemma 7. Suppose ¢ : [0,00) — [0,00), ¢(0) =0, is a twice differentiable
function such that the following conditions hold:

(3.10) o'(t) /oo as t 7 oo;
(3.11) 1o (t) /oo as t /oo
(a) Let 1(s) be the Young dual function of ¢, i.e.
(3.12) U(s) = Stglg[st — )], s>0.
Then
1
(3.13) ep 1= Eexp(@/}'(k‘)) S oo as k / oo.
(b) In addition, if
Y-
: 1 —_—t
(3.14) 1%11(1)2& log /(1) > 1,
then
N
(3.15) JpeN7>1: kT(e—k) <1 for k=>ko.
pk

Proof. (a) Since (st — ¢(t)); = s — ¢'(t) one can easily see, by (3.10), that
the expression st — (t) achives its maximum at the point

(3.16) t(s) = (¢') 7 (s),
thus

(3.17) W(s) = st(s) — p(t(s)).
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The function s — t(s) is increasing because ¢’ is increasing. From ¢'(¢(s)) =
s and (3.17) it follows that

(3.18) U'(s) = t(s) + st'(s) — (t(s))t'(s) = t(s),
(3.19) U(s) = t'(s) = 1/¢"(t(s)).
Therefore, (3.11) implies that
er ="V k=W /(1K) / 0.
(b) One can easily see that (3.15) is equivalent to

. .. k Epk
(3.20) JdpeN: hmkmf Tog k log <a> > 1.

By (3.13) we have loge, = ¢/(k) — log k, and therefore, (3.16) and (3.19)
imply that

log (—) — [0/ (pk) — log(pk)] — [¥/(k) — log ]

=k [ (vt = g Yoo = [ (o ~ )

For large enough £ it follows from (3.14) and (3.16) that uk = ¢'[t(uk)] >
"[t(uk)], so

11 ¢ftuk)] - "[t(uk)]
P [t(uk)] [t (uk)] u?k?
Thus (again by (3.14)) we obtain that
Epk " Plt(uk)] — "t(uk)] 1
log k o ( ek ) g /1 log ¢'[t(uk)] 2

for large enough k. Let ¢ > 1 be the liminfin (3.14). Choose p € N so that
H1(1—1/p) > 1. Since (¢ +1)/2 < { there exists ko such that for k > ko
(3.21) holds and the integral there is greater than

(3.21)

This completes the proof of the lemma.

Remark. Obviously, if ¢ satisfies

() ")
(3.22) lim TR
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then (3.14) holds. One can easily see that Gevrey weights (3.9) satisfy
(3.22). Now we present a family of weights that satisfy (3.14) but don’t
satisfy (3.22).

Consider weights (3.7) generated by

w(u) = pu— (1 —pB)cosu+aue ™, a>1, f€(0,1).

Pt) =M, @"(t) = eV [B+ (1= B)sint +a(l - ft)e ],
SO
Plt) —"(t) _ e (
log /(1) w(t)
which is greater than

(3.23) 1—B)(1 —sint) + a(Bt — 1)e?]

e ® Y gt —1
(3.24) Oéw(t) (Bt —1)e 7] = (D)
Let (t) be a sequence of positive numbers such that ¢, — co. Observe that
if lim infg (1 — sin(#x)) > 0 then the expression (3.23) with ¢t = t; goes to co
as k — oo, while whenever limy (1 — sin(¢;)) = 0 the expression (3.24) with
t =t tends to a. On the other hand for t =t = (dk+ 1)7/2, k =1,2,...
the expressions (3.23) and (3.24) coincide. By these observations it is easy
to see that

exp[(B — 1) cost + ate ™).

lim inf['(t) — ¢"(1)]/log ¢ (t) = v
Thus (3.14) holds, since a > 1, while (3.22) fails.

3. We say that a sequence of positive numbers (M), is a Carlemann
sequence if

(3.25) My=1, M/ (EMy_1) / oc.

We attach to any Carlemann sequence (M}) the following sequences:
(3.26) mo =1, mg = My/My_, eo=1, ex=my/k, k> 1.
We set also

(3.27) Ey:=ey, Ep=e1 ..., =DMk, k>1.

Observe that if a sequence (ey)%2, satisfies the condition e, oo, then it
generates a corresponding Carlemann sequence My = k!Ej, with E defined
by (3.27).
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Suppose €, € (3.7) is a weight that grows faster then any power of n.
For a technical reason we need to characterize the relation z = (z,,) € (*(2)
by the sequence of ¢! norms

(3.28) lzllx = llzoll + Y lzallnf®,  k=1,2,....

It turns out that this can be done in terms of an appropriate Carlemann
sequence generated by the function .

For every function ¢ such that (3.10), (3.11) and (3.14) hold we denote
by (Mg(p)) the Carlemann sequence generated by

mk(¢) = eXp(w/(k)), k = 17 27 MR
that is
Mi(p) =exp(¥'(1) +---+¢'(k), k=12,...,
where 1 is the Young dual function of ¢.

We may assume without loss of generality that the function ¢ is defined
on [0,00), and moreover, that the condition ¢'(t) — ¢”(t) > 0 holds for
t > 0 (since otherwise one can consider an equivalent weight generated by a
suitable function ). Moreover, the condition (3.11) implies that the weight
2, is submultiplicative. Indeed, since

Q,(n) = explip(log [n))] = "™ with  ¢(s) = p(logs),

we obtain, in view of (3.11), that the derivative

W(s) = p(logs)  p(logs)

s elog s

is decreasing, so 1(s) is a concave function. Thus, by Lemma 6, the weight
(2, is submultiplicative.

Lemma 8. If ¢ satisfies (5.10), (3.11), (3.14) and Q,(|n|) = exp(¢(log|n|))
then

(329) (a) == (2) € () = [zl < CMi(p1),  @1(t) = o(t) —t;

(3:30) () lzlle < CMi(p) = 2 = (w0) € ((Qyy),  0a(t) = (1) —4t.
Proof. (a) Observe that we have (with ¢(0) =0 )
V(k) < Y1)+ -+ (k) <Yk +1).

Therefore
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If r = (x,) € (*(,) then we obtain with Q = Q, by Cauchy inequality

Izl = lzallnl* = Y (2l () (In]*/Qp(n)

k1 2\ V2 nl¥
b (2 () <) <omie
where ¢ (t) = ¢(t) —t.

(b) Suppose that ||z||, < CM(p); then for large |n| we have

llle o |n|*
C> Zn
sup 7= 2 lamlsup 7o

> [oalexp (sup [bloglal = (1) -+ 0/(0)])
> faulexp (sup blog ol — v(0 -+ 1))

> [l e (sgg slog ol - w<s>1) =l xp(ello ),

that is |z,||n|2Q,(n) < C. Therefore

which implies that
x = () € gl(Qeoz) - 62(9492)

with @o(t) = @(t) — 4t.
0

Lemma 9. Suppose (er)52, is a sequence of positive numbers such that

er T oo and let
k

E():l, Ek:H€j7 k’Zl
1
Then the following implications hold:

(3.31)
dpeN,7>0 : sup k:T(ek/epk)k <00 = supk’(E)?/Ey < oo;
k k

(ex/epn) <00 = > (Ep)?/Ea < o0
1 k=1

NE

(3.32)

i
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- E;Ep,

(3.33) Z (Ep)? /By, <0 = Q= supz —Im < o,
k=1 7=0

and moreover,

E,,...E,
(3.34) sglp g - <Q" wu=12,....
S0+ F+su=m

Remark. This lemma is a “multidimensional” version of the statements
on p. 164 in [2]. It improves Lemma 5 on p. 251 in [3], where we can now
omit the factor £772 in the hypothesis (5.7).

Proof. It k = pv 4+ r with 0 < r < p then we have

(Ek)z_ CloCy GG €1l <<e,,)”

Eoy, Chtl---Chiv Chivtl-- €2k  Ckyl.--Chiy

(because e; < e; for i < j). Thus (3.31) and (3.32) hold.
To prove (3.33), (3.34) consider the sums

Tmzi%.

j=0 m

Epv

Then

EiBmnii—j _ EjEm—; 0<j<m
Em+1 a Em 7 T 7

because (3.35) is equivalent to

(3.35)

Emt1—j < €mils

which holds since the sequence (e) is increasing.

By symmetry
E; Em
=2 >,

0<j<m/2
where
5 — 0 , m=2n+1
™7\ E?/E,, , m=2n.

The next sum is
E;E,,
Tm+1 =2 Z TM + 5m+17
0<j<m/2 m+1
<j<m
and (3.35) implies that
Tm+1 S Tm + 5m + 5m+1~



22 PLAMEN DJAKOV AND BORIS MITYAGIN

Therefore we obtain

T,, < 2+Z(5k + Opy1) = 2+2ZE§/E2n < 00,

k=1 n=1

thus (3.33) holds.

Now we prove (3.34) by induction in p. Let us denote by S,(m) the set
of all (u+ 1)-tuples of integers s = (so,...,s,) such that 0 < s; < m and
|s|=s04+ -+ s, =m, e

(3.36) Su(m) ={s=1(s0,...,8,): 0<s;, <m, |s|] =m}.

By (3.33) it holds for = 1. Assume that (3.34) holds for some pu > 1.
Then we have

Eg ... Es, ., " Eg...Es, \ Es i Ens,y
Z E,, - 2:_ Z Em—5u+1 E,,
s€Su+1(m) Su+1=0 \s€S,(m—sut1)
“ ES Eme
< Qu Z u+1E pt1 < Q#—H,
Sp+1=0 "
which proves (3.34). O

4. The next statement (Lemma 10) has as its prototypes Lemma 6 in [2]
and Theorem 3 in [3] (see also the proof of Prop. 4 there). But, influenced
by Lemma 1.1 in [1], now we use “maxima” instead of “sums‘ in the formu-
lation, which makes the lemma more convenient for applications. The proof
of Lemma 10 uses the same idea that was used to prove its prototypes, but
it is more simple.

Lemma 10. Let (fi)52, be a sequence of positive numbers such that

(3.37) Je /o0,
and let
k
(3.38) Fo=1, F=[[f k=12
j=1

If T'> 0 and (X;)52, is a sequence of positive numbers such that Xo = 1
and

F,...F,
(3.39) Xi <max | T,sup max ———Xg ... X; |, k>2

<N
w si<|s|l=m Fk a

where s = (So,...,8,) and |s| = so+ -+ + s,, then the sequence (X) is

bounded.
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Proof. For convenience the proof is divided into 3 steps.

Step 1. We may assume without loss of generality that

(3.40) X, <T/F, 1<T/F
(otherwise T' could be replaced by a larger constant). Let
(3.41) ko =min{k >2: T >T""/F, ).

It is easy to see by (3.37) and (3.38) that T%/F), — 0 as k — oo, thus kq is
well defined, and moreover, in view of (3.40) and (3.41) we have

Tk Tk
(3.42) Tgf for 2 <k <k, T>F for k>ky+1,
k k
and
(3.43) fio>T for k> k.

Step 2. Claim. The following inequalities hold:
(3.44) X, <TV/F, k=0,1,... ko

We prove (3.44) by induction. In view of (3.38) and (3.40) our claim holds
for k=0,1.
Let
Fe, ... F
(3.45) P, = %XSO...XSH, s =1(50,--.,5u)
Is|
Assume that (3.44) holds for £ = 1,...,m for some m with 1 < m < k.
Then, for each p and for each (u + 1)-tuple s = (sq,...,s,) € Su(m + 1),
we have by (3.44)
F,...F,, T* T Tm
psgu.T ...T :T .
Ferl Fso Fsu Fm+1

By (3.42) T™'/F,, .1 > T, thus (3.39) implies that
X1 ST Fo,
i.e., (3.44) holds for k = m + 1. The claim is proven.
Step 3. Here we show that
(3.46) X <T for k>ko+1

For a technical reason we prove also that
(3.47) Py, <T for s=(so,...,s,) with s;<|[s|=Fk, k>ky+1

Observe that in view of (3.39), if the inequalities (3.47) hold for some k,
then (3.46) holds for the same k also.



24 PLAMEN DJAKOV AND BORIS MITYAGIN

We are proving (3.46) and (3.47) by induction for k > ko + 1. Let k =
ko+ 1. For each (u+ 1)-tuple s = (so,...,s,) € Su(ko+1) with s; < ky+1
we obtain by (3.44) and (3.42) that

Fy...F,, To T Thtl

P, < T
Fk+l F Fsu Fko-i—l

<T.

S0

Thus (3.47), and of course (3.46), hold for k = ko + 1.

Let m > ko + 1; assume that (3.46) and (3.47) hold for every k = ko +
1,...,m. Then, we claim that (3.46) and (3.47) hold for £k = m+ 1. Indeed,
fix any (p + 1)-tuple s = (sg,...,s,) with |s| = m + 1 and s; < m + L.
There are several cases:

(a) If 55 < ko for every j = 0,...,u, then the numbers X, satisfy the
estimates (3.44). Thus one can easily see (as in the proof for k = kg + 1)
that

P, <T™/F,.0 <T,

so in this case (3.47) holds.

(b) Suppose that there exists j with s; > ko, say j = 0. (Since a transpo-
sition of sg, ..., s, does not change P, one may assume without loss of gen-
erality that 7 = 0.) Then we have two subcases: (bl) where m+1—sg < ko,
and (b2) where m + 1 — sg > k.

In the subcase (bl) we estimate P; by using (3.46) for X, and (3.44) for
Xopy.o oy X, Since T' < fy, for k > ko by (3.43), we obtain that

F, F, .. F, T Tsw Tm+l=s0
PSSM.T. oo =T i — < T,
Fm+1 Fs1 Fsu fso+1 .. -fm—i—l
thus (3.47) holds for k =m + 1..
In the case (b2) we have
oAb (b )
° Fm+1 Fm+1—so o o

The expression in the brackets equals P; with § = (s1,...,5,), |§| = m +

1 — sp, so by the inductive assumption P; < T. Since X,, < T (by (3.46)

with k = s¢) we have
P < |:TFsoFm+150:| .T
s Fm+1 )

so it remains to show that the expression in the square brackets does not
exceed 1. By (3.42) Fy, < T*~! and therefore,

FSO = Fkofko-f—l S fSo < Tko_lfko-f—l s fSO‘



1D DIRAC OPERATORS 25

Thus
TFSoFm+1—80 < Tkofko—i-l s fSO <
Fm+1 fm+2750 cee fm+1
because due to (3.37) and (3.43) each factor in the numerator of the latter

fraction is strictly less than the corresponding factor in the denominator.
OJ

1

Y

4. BASIC RESULTS; ESTIMATES ON THE SMOOTHNESS OF THE
POTENTIAL IN TERMS OF THE DECAY RATE OF SPECTRAL GAPS

1. Our main result is the following statement.

Theorem 11. Let L be a selfadjoint Dirac operator given by (1.1), with
a potential function P € L*([0,1])), p(x) = > p(2n)e?"*. Let Q be a
submultiplicative weight (see (3.1) and (3.3)) such that either Q0 slowly
increasing (i.e., (3.4) holds), or Q is a rapidly increasing weight of the
form Q(n) = exp(p(log |n|)), where ¢ has the properties (3.10), (3.11) and
(3.14). Then

A1) D A=) <o = ) [p(2n)Q(2n)]* < oo.

An implication into the opposite direction is given by Theorem 12 below;
see further comments in Sect. 5.1.

Theorem 12. Let L be a selfadjoint Dirac operator given by (1.1), with a
potential function P € L*([0,1])), p(z) =Y. p(2n)e™™®. If Q is a submulti-
plicative weight, then

(42) D p@n)P(Q2n)* <oo = > AT =\ 1H(Q2n))* < .
Proof. By Theorem 5, for large enough n,

(4.3) Yo =N = A0 < 2|B,(2)] with |z, < 7/2,

where, in view of (2.42) and (2.36)—(2.38),

(14) B, 20) = p(=2n) + 3 SE (1, 2.

v=1

Therefore, by (2.25), we have

(4.5 [Ba(za)l < [p(=20)] + Y [S5h(n, 2z0)| < [r(20)| + )0 (n,7),

v=1 v=1

where

(4.6) r=(r(m)mez, r(m)=max(|p(m)|,[p(=m)|)-
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and

(4.7)

o (n,7) = Z r(n+j)r(=jr — j2)r(a + Ja) - - . 7(=Jav—1 — J2u )7 (Jor + 1)
o 1se-rjouF#EN |n_]1||n_j2||n_]2u|

Consider the operator

(4.8) o: r=(r(m)) € P(Z)— (o(n,r)) € *(Z),

where

(4.9) o(n,r) = Zay(n, r).
v=1
So, in view of (4.3)—(4.9), the following statement completes the proof of

Theorem 12.

Proposition 13. If Q) is a submultiplicative weight, then for each sequence
of non-negative numbers,

(4.10) > [r@2n)P(Q2n)’ <oo = Y |o(n,7)[*(2(2n))* < .

Proposition 13 is proven in Sect. 4.2 as a corollary of some basic proper-
ties of the operator o. O

The proof of Theorem 11 follows from the properties of the operator o
also, but it is much more complicated. Set

¢(n) = 18(n, zn)l;

then Theorem 11 will be proven if we show that

(411) ) _l¢(n) P<oo = Y [p(2n)P(Q(2n))* < co.

Under the above notations we have, by (4.4), that

(4.12)  |p(— 2n)|<|ﬁnzn|+Z\S§3nzn < [¢(n |+Zaynr

v=1
In the same way, changing n to —n one can see that

(4.13) |p(2n)| < |B-n H-Z |S3(—n, z-0)| < [C(= H—ZUV n,r)
Thus, by (4.12) and (4.13), we obtam with £(n) = max({(n), C(—n)),
r(2n) <&(n —|—Zaynr (n) +o(n,r).

Thus, in view of the above d1scuss1on, Theorem 11 would be proven if we
prove the following statement.



1D DIRAC OPERATORS 27

Theorem 14. Let Q be a submultiplicative weight (see (3.1) and (3.3))
such that either Q slowly increasing (i.e., (3.4) holds), or Q is a rapidly
increasing weight of the form Q(n) = exp(p(logn)), where ¢ has the prop-
erties (3.10), (3.11) and (3.10). If & = (£(m))mez and r = (r(m))mez are

two sequences of non-negative numbers such that

(4.14) r € *(Z), r(m)=0 for oddm,

(4.15) r(2n) < &(n)+o(n,r), In| > n.,

then

(4.16) D 1Em)Q@2n)P < 0o =Y " [r(2n)Q(2n)] < .

The remaining part of this section is devoted to the proof of Theorem 14.
Some of the steps of this proof are interesting by themselves (e.g., Lemma 15
and Proposition 16 give a proof of Proposition 13). Therefore, the claims
that follow below are formulated and proven as independent statements,
although they are steps in the proof of Theorem 12.

2. Throughout the paper we assume that the weights are submultiplica-
tive. The following property of the operator o(n,r) reveals why this as-
sumption is so important.

Lemma 15. If Q) is a submultiplicative weight such that
Qk+m) <Qk)Qm) Vk,meZ,

(i.e., (3.8) holds with C' = 1) then, for each sequence of non-negative num-
bers r = (r(m))mez,

(4.17) o(n,r)Q2n) < o(n,7) where 7= (r(m)Q(m))mez.
Proof. Since the weight €2 is submultiplicative, we have, for each 2v-tuple
(J15- -+, Jov), that

Q(2n) < Q(n+ j1)QU—j1 — J2)2J2 + J3) -+ Q(—Javs1 — Jou) 22 + 1),
and therefore,
r(n+j0)r(—j —j2) - - r(J2 +1)Q20) < F(n+ j1)T (=51 — J2) - - T(Jav + 1)
Thus, in view of (4.7), we obtain

o,(n,r)Q(2n) < o,(n,T) v=12,...,

so, by (4.9),

o(n,1)Q2n) =Y 0,(n,1)Q2n) <Y 0,(n,7) = o(n, 7).

v=1
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Next we use the properties of the operator o to prove the following crucial
estimate.

Proposition 16. Under the above notations

(4.18) > Jo(n,r))? < %Jr (R(N))>, N > N*,
In|>N
where
(4.19) R(N):= Y |r(n).
In|>N

Proof. By (4.7) the sequence (o(n,r)) is the sum of the sequences (o, (n, 7)),
and therefore, by the triangle inequality for /?>-norms, we obtain
1/2 1/2

(4.20) Z lo(n,r)]? < Z Z o, (n,7)|?
In|>N =1 \|nl>N

To estimate >, x |0, (n,7)[?, for fixed v € N, we divide the set of sum-
mation indices in (4.7)

J(”):{j:(jh‘"?le/): jl)"'anlj#n}
into several subsets by setting

a={a=(a,...,a9,): as € {0,1}}, |o|j=a;+ -+ ag,

and
o ) ) n—7js <Inl/2 ifa,=0
J%(n) = {(;1,...,j2y) € J(n) - ‘ 1n_§I - WQ e 2l }
Then
J(n) = J*(n),
aca
SO

%...:Z S

aca jeJe(n)
and therefore, the triangle inequality implies that
1/2 2y 1/2

(1.21) Sk <Y(Y T

[n|>N a€a \|n|>N [j€J%(n)

By the Cauchy inequality,

(4.22) Sl D ] £ Aum)Baln),

n[=N \ jeJ*(n) In|>N
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where
1
(4.23) Aan) = (n—71)2...(n— jou)?

JjEJ*(n)

20—al o

1 1 7'('2 21’_‘04 4 |a|
| = > ) <(3) &)

_ 2 _ 2

iz R nimyz R 3 N
and
(4.24) Ba(n) = Y |r(n+j)Plr(—ji — i)+ Ir(jaw +n)]*
jeJ*(n)

In order to estimate -y Ba(n) we change the indices of summation to

1 =N+ J1, l2 = —J1 = J2,- sl = —Jou—1 — Jou, lov+1 = Jou + N
Then
(4.25) D Ba(n) <Y fr(in)]? - r(ins)
n|>N iel™

where I* = [*(N) is the set of indices i = (i1, ...,42,11) given by
I = L(a) X -+ X Iy, (),
where

Z, if a,=1

IS(Q):{{%: i >N} if a,—0 or s=hL2v4l

and

- Z if a_1=1 or a;=1
]S(a)_{{isz lis| > N} if ag.1=0 and a,=0 "’ 2ss <2

Indeed, a; = 0 (or ag,+1; = 0) means that |n — j;| < |n|/2 (respectively,
In — jau| < |n|/2). Thus

lir] = |n+ ji| = [2n — (n — j1)| = |2n| = |n]/2 > |n| > N,
and the same argument shows that |ig, 11| > N. Fix an s such that 2 < s <
2v. If ay_1 = ay, = 0 then
In—js—1l < Inl/2,  |n—js| <nl/2,
thus
lis| = |js—1 +Js| = 12n— (n = js—1) — (n = jis)| = |2n| — 2(|n[/2) > |n] > N.

Now we have
2v+1

(42600 Y Ba(n) < J] D Ir(@)lP < (RO (r|?)> 1,

|n|>N s=1 js€ls(a)
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where
(4.27) v(a) = card{s : I{(a) # Z} > 2v + 1 — 2|a.
Indeed, one can easily see by the definition of I5(«) that

y(@)=(1—a) +(1—an)+ Y (1-a)(l-ac)

2v
>(1—a)+(1—az)+ > (1-a,—a, 1) =2v+1-2a
5=2
Taking into account (4.22), (4.23), (4.26) and (4.27), we obtain

(4.28) 2

S s(%) (%)mamwnw ()7

[n|=N \j€J*(n)

< K2u+1 (p<N))2|a|+’y(a)) < K2u+1(p(N>)2u+1’

where
(V)= 4 ROV, K= TP+ )
= — s = — T .
Obviously p(N) — 0 as N — o0, so there is N* such that
(4.29) p(N) < (8K)™" for N > N*.

Since card(a) = 2%, the inequalities (4.21), (4.28) and (4.29) imply, for
N > N*, that

1/2
Yo D o] <D 4 (Kp(N))
v=1 \|n|>N v=1
< A(Kp(N)P? S22 < 8(p(N)) < p(N).
v=0
Thus, by (4.20),
1 2
S Jotnr) < F(p(N))? <+ (RIN))?
In|>N
which completes the proof. O

Proof of Proposition 13. Suppose that 2 is a submultiplicative weight (we
may assume that (3.3) holds with C' = 1) and r = (r(n))nez is a sequence
of non-negative numbers such that r(m) = 0 for odd m and

(4.30) D (r(2n)Q(2n))* < oc.
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Lemma 15 implies that
(4.31) o(n,7)(2n) < o(n,7), where 7= (r(m)Q2(m)).

Therefore, in view of (4.30), we have 7 € ¢*(Z), so, by Proposition 16, there
exists N, > 0 such that

2

Y iy <2t | X FmP) <o

[n|>N. |n|>N.
Thus, by (4.31), we obtain that
> (o(n,1)2n))* <D (o(n,7))* < o0,
which proves Proposition 13.
3. Two elementary lemmas.

Lemma 17. If (B(n))° and (R(n))]" are decreasing sequences of positive
real numbers such that

(4.32) B(n) .0,  R(n)\,0,
(4.33) R(2n) < C1B(n)+ Ci(R(n))*, C, >0, n=1,2,...,
and
(4.34) B(n) < CyB(2n), Cy>0,n=1,2,...,
then there exists a constant C > 0 such that
(4.35) R(2n) < CB(n), n=12,....
Proof. By (4.32) there exists n; such that
1
R(n) < Yela? for n>mn;.
Therefore, by (4.33) and (4.34), we obtain
R(4n) 1 R(2n) 1 R(2n)
4. < — < — > nq.
(4:36) Ben) = T B = T2 Bmy e
Consider the sequence
(4.37) X, = R(2""'ny)/B(2"n), k=1,2,....

From (4.36) it follows that

1
(438) XkJrl S Cl+§Xka k: 1,2,....
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One can easily derive from (4.38), by induction, that

k
X < Cry 27 4270,

=0
thus the sequence (X}) is bounded:
(4.39) X, <20 + X,
Fix an arbitrary n > ny. Then we have
2Fn, < mn < 2Min,
for some k > 0. Since R(m) is decreasing, (4.34), (4.37) and (4.39) yield
R(2n) < R(2"™ny) = X, B(2Fn,) < X,.C,B(2"™n,y) < CB(n),
with C' = Cy(2C, + X3), i.e., (4.35) holds. O

The next lemma explains that, due to Abel’s transform, a sequence
(z(n)) € ¢! belongs to a weighted ¢'-space generated by a weight T'(n)
if and only if the sequence (X (N)),

X(N)= Y |a(n),
[n|>N
belongs to the weighted ¢!-space generated by the weight T(N)—T (N —1).

Lemma 18. If (T'(n)), n € Z is a weight sequence then the following con-
ditions are equivalent:

(7) D le)|T(n) < oo;

(id) (ii.a) X(N)T(N)—0 as N — oo, X(N) =Y oy lz()];
(i1.D) Y. X(n)[T(n)—T(n—1)] < oco.
Proof. (i) = (ii). If (i) holds, then
X(N)T(N) < Y |e(n)|T(n) =0,
In|>N
thus part (a) of (ii) holds. Moreover, if 0 < M < N then

(4.40) Y. x| T(n) =) (le(=n)| + [a(n))T(n)

M<|n|<N n=M
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By (i) the left-hand side of the above identity goes to 0 as M — oo. Since
X(N+1)T(N) < X(N+1)T(N+1)—0,
we obtain, by part (a) of (ii), that
N

> X(n)(T(n)—T(n—1)) -0 as M — o,

n=M+1

thus the series in (ii.b) satisfies the Cauchy convergence condition.

The implication (ii) = (i) follows from (4.40) also. Indeed, by part (ii.a)
X(M)T(M) — 0 as M — oo, thus the Cauchy convergence condition for
the series in (ii.b) implies the Cauchy convergence condition for the series

in (i).
UJ

4. Now we prove Theorem 14 in the case where € is a slowly increasing
submultiplicative weight.

Proposition 19. Suppose Q) is a slowly increasing (i.e. Q € (3.4)) submul-
tiplicative weight. If r = (r(n))nez and & = (£(n))nez are two sequences of
non-negative numbers such that

r(n) =0 for odd n, rel?
and
(4.41) r(2n) < &(n)+o(n,r),
where o is the operator defined by (4.8), (4.9) and (4.7), then

(442) D> KM (Q2n)* <o = D [r(2n)]*(22n))* < o

Proof. Since the weight (2 is slowly increasing we have, by (3.5), that
(4.43) da>0: Q(m)<|m|* for|m|> 1.
For convenience the proof is divided into two steps.

Step 1. Proof of the claim in the case where a < 1/4.
By (4.41),

(4.44) dolren)P <2 km)PF+2 ) lo(n,n)P,

n|>N [n|>N [n|>N
and therefore, by Proposition 16, we obtain for N > 4 (since (Q(N))? <
N2 < N/2)

(4.45) R(2N) < 2X(N) + ———
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where
(4.46) X(n)= ) lEm)*
[n|=N
On the other hand we have
en = X(N)QN)?< Y Kn)P(Qn)? -0,
In|>N
and therefore,
(4.47) X(N)=en/(QN))* with ey — 0.
Consider the sequence (B(N)) given by

1
4.48 B(N):=X(N)+ ———+-
(1.48) (V) = X(N) + s
Since the weight Q is slowly increasing, (4.47) and (4.48) imply that
(4.49) sup B(N)/B(2N) < oo, B(N) < C/(Q(N))2.
N

By (4.45) we have
R(2N) < B(N) +2(R(N))?,

so, in view of (4.49), Lemma 17 gives us that

C
. < < —_— .
(4.50) R(2N) £ CuB(N) < Crigrss
On the other hand, by (4.44) and Proposition 16, we obtain
(4.51) R(2N) < 2X(N)+4/N +2(R(N))>.

Notice that (4.43) with a < 1/4 implies (Q(N))*/N — 0. So, since € is
slowly increasing weight, (4.50) and (4.51 yield
Cy

(4.52) RN) < 2X(N) + s

Now (4.47) and (4.52) imply that
(4.53) R2N)Q(N)> -0 as N — oo.
Moreover, (4.52) implies

(4.54) > RE2N) ((QN))? — (2N - 1))?) < .
Indeed, by Lemma 18 (since (&,) € (3(Q2)) we have that
D X(N) (V) — (2N ~ 1)) < oo.
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On the other hand
(QN))? — (QN —1))%) 1 N
2 Q) <2 ((ﬂ(zv mEY)E <Q<N>>2) =0

N

thus (4.54) holds. So, in view of (4.53) and (4.54), by Lemma 18 >_ |r(m)[*(Q2(m))? <
00, i.e., (4.42) holds if a < 1/4.

Step 2. Proof of the claim in the case where a > 1/4.
If Q(m) < |m|* with a > 1/4, then we choose kg so that a/ky < 1/4, set

(4.55) Qr(m) = (Qm)) ko k=1,... ko,

and prove that the claim holds for Q; by induction in k. Since €;(m) <
Im|*/4, by Step 1 the claim holds for k = 1.

Assume that r = (r(m)) € (*>(Q) for some k, 1 < k < ko. Multiplying
both sides of (4.41) by Qx(2n) and using that Qj is submultiplicative, we
obtain

(4.56) 7(2n) < &(n) + o(n, 7),
where

F(m) = r(m)Q(m), &(m) =&(m)Q(2m), m € Z.
Since (r(m)) € £2(Qx) and (&,,) € £3(2) we have that

7= (F(m) €, (E(m)) € (Quy-i) € £2().

)
From this by Step 1 it follows that (#(m)) € £*(Qy), thus r = (r(m)) €
(1)
Hence r = (r(m)) € £2() for k = 1,...,ko. By (4.55), Q, = Q. This
proves Proposition 19.
U

5. Finally, we prove Theorem 14 for rapidly increasing weights of the
form Q,(|n[)) = exp(p(log |n)).

Proposition 20. Suppose (My)52, is a Carlemann sequence (see (3.25) -
(8.27)) such that My, = k\Ej, with

(4.57) Vk(Ey)? /By, — 0,
(4.58) 3r € (0,1) : f: ((Ex)?/Ex)" — 0.
k=1

If r = (r(n))nez and & = (§,)nez are sequences of non-negative numbers
such that

r(n) =0 for odd n, r e



36 PLAMEN DJAKOV AND BORIS MITYAGIN

and

(4.59) r(2n) <¢&(n) +o(n,r), [n| =n.,
where o is the operator defined by (4.8) - (4.7), then
(4.60)

k= l&ll2n]* <CM, VE = |rlle =) Ir@n)||2n* < CM, V.

Proof. By Proposition 19,

€y <00 = |7|lx < oo, Vk € N.
Set
(4.61) 17 |lx = Xe M|l |lo, k=0,1,2,....

The lemma will be proven if we show that the sequence (Xj) is bounded.

Multiplying (4.59) by [2n|**! and summing for |n| > N, > n, (now
N, > n, is arbitrary, but later it will be chosen large enough) we obtain
(4.62)

Pl < D lr@)li2nl* + Y Km)l12e + Y o(n,r)|2n/*!

In|<N. In|>N. In|=N.

< CL2N)™ A+ (€l + Z Z 20|10, (n, 1),

v=1 |n|2N.

where C} = max,, |[r(m)|.
Next we fix ¥ € N and estimate the sum

Z |2n|kJrl (n,7).

In|>N.

Observe that by (4.7)
(4.63) S, = Z 2n[F+1 Z r(n+ ji)r(=j1 — ja) - . 7(Jow + n)

In|> N, STy n In — jilln = ja| ... [0 — Ja2u|

As in the proof of Proposition 16 we divide the set of indices in the above
sum into subsets

Jn)={j= (1, Jow): Jroo-juw#Enp =) Jn)

aca

where a is the set of all 2v-tuples @ = («, ..., a9,) with «; € {0,1}, and

o . . n—7js <Inl/2 ifa,=0
J (n):{(jl,...,jgl,)EJ(n): gn_§}>}n}§2 ey }

By the definition of J%(n) we have
[n= il = ol = (Inl/2) > (Nof2)! for 5 € J(n).
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With this estimate for the denominator in (4.63) we obtain

(4.64) S, <> (N/2)70 N> 20 e (n gy e (o + ).

aca [n|>Ny J*(n)
Set
(4.65) d={a€a: |a|=|a;+ agy|>v}, d"=a\d,

and split the sum in (4.64) into two subsums:

(4.66) =Y Y

a€a a€ca’ acal’
First we estimate ). .. . Taking into account that card[a] = 2% we
obtain
(4.67) d < B/N)Y Z 120" (n + 1) ... 7 (jow + n).
aca’ N J1yeeey

By the binomial formula
20" = |(n 4 j1) + (=51 = J2) + (2 + Js) + -+ + (o + 0)[*H
E+1 s s . s
> ( 8 )|n+yl| =yl Loy
|s|=k+1
thus (4.67) implies

8\" k41
Sos(w) (T Walrb i

*

aca’ |s|=k+1
8\" , 8\" k+1
~(x) et () 2 (T il
|s| =k+1

Obviously there exists N; > 0 such that

> B/N)Y v+ DY <1/2 for N, > Ny

v=1
Thus we have
(4.68)

k+1

>y < —Hr||k+1+z (v) = (Tt el
v=l aca, ls| =k +1

(where the notation a/, is used to show the dependence of a on v).

171520,
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Next we estimate Consider the expressions

a€ca’ *
(4.69) i1 =n+j1, fo = —J1 — Jor .- i = —Jou—1 — Jous lou41 = Jow + 1
(these formulas are used in the proof of Proposition 16 to change the indices
of summation). It is easy to check by the definition of J%(n) that if j €
J%(n) then

a;=0= |21| = \n+j1\ > |n|, a9, = 0= |Ii2y+1| = |j2y +n! > |7L|
and

045_1:&5:0:>|i5|:|j5_1 +j$|>|n|7 2<s<2v

(see for details the proof of Proposition 16).

Let v(a)) denotes the number of expressions i, in (4.69) such that |is] > n
for j € J*(n). Of course, y(«) is the same function that is used in the proof
of Proposition 16, so, by (4.27), we have

Y(o) > 20 +1—2|al.
In particular, since |o| < v — 1 for a € a”, we obtain
Y(a) >3 for a€ad”

Choose indices s1, s2 so that the corresponding expressions iy, and s, in
(4.69) satisfy

lis,| > |nl, Jis,| > [n[ for j = (i1, jav) € J*(n).

Set

k+1 k k
(4.70) k1 =ko = % for odd k, ki = 3 ko =1+ 5 for even k.

Then
| < ig, ["]is, "2 for j e J%(n).

Thus, changing the indices of summation by formulas (4.69) we obtain by

(4.64)

|ev]
(wm) 3> <Ni) S ST 2 iy (B i [ () - i),

aca aca [n|>Ny J*(n)
5 2|af
<Y (V) 27T il )
aca’ * I>(Ny)

where I*(N,) = I x --- x I§, | with
I ={meZ: |m|>N.} if |ig| >n Vje Jn),

and I$ = Z otherwise.
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Set
(4.72) R(N.)= > |r(n)l, p(N.)=+/2/N,+ R(N
[n|>Nx«

With these notations (4.71) implies

2o
Z - < Z (\/>) ok+1 Z 711y 17| | (R(IV: )) ” ||21/+1 (o

a€ca a€ca T (Ny)

< D (NP |
a€a’
where K = max(1, ||r||p). Since

card[a"] <2V, 2lal+7y(a) > 2v+1
(by (4.27)) we obtain

(4.73) Do < KPP T2 e s .

a€ca

From (4.72) it follows that p(N,) — 0 as N, — o0, so there exists Ny > 0
such that

2Kp(N,) <1/2 for N, > Ns.
Thus (4.73) implies that

(4.74) SN <l for N, > N

v=1 aca’

Now we add together the above estimates. From (4.62), (4.64), (4.68)
and (4.74) it follows that for N, > max (N, N»)

Irllir < CL@ND 4 [1€llkgr + 25 7l 17,

./ 8\ k+1
2 () 2 (Tl
V= 5| =k +1

Substituting the norms of r by (4.61), and estimating from above the norm
of £ by (4.60), we obtain (with My = k!E), and after dividing with (k +
DB ]lrlo):

200 @NJMT L ke kilkel BB

4.75 X,
T8 Xt < o Gy D)1 Ben GRS
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> 8|yr\|g)” E, ...E,
+22( d o XX
N* E 0 2v )
= sl=k+1
S < k +1

where k; and ky are given in (4.70).
Obviously the first term in the above estimate of X1 goes to 0 as
k — o0, so it is bounded. The same is true for the third term. Indeed,
if £+ 1 is even, say k+ 1 = 2m, then k; = ky = m, and by the Stirling
formula we have in view of (4.57) that
ommim! B E,

) By = VU ER) B — 0.

If k+1isodd, say k+1 = 2m+1, then ky = m, ks = m+ 1, and we obtain

omprm{(m + 1)1 B, En omm!m!  EnEn, [2m+2 e 0
. — . . —
(2m +1)! Fomi1 2m)!  Eaym |2m+1 egpmin ’

because the expression in the square brackets is bounded. Thus we have

(4.76)
20, (2N,)H+! o kil By By )
D = su . + 20 + 2F+2 AR ) o
P <Hr||o (k+ 1) By 1) B

By Lemma 9 the assumption (4.58) implies that
E, ... E i
3Q >0 : su u) < Q¥
Q Y ( B Q

1

Therefore the double sum in (4.75) does not exceed the expression

Ey... By \'7 = (8)r]2Q%\”
2 sup max (M> Xeg - Xsy, | - Z (M) :
v>1 |5| =k+1 Erq1 N,

v=1
If
N, > N3 :=40||r2Q?,

then the sum in the above expression is less than 1/4. so in view of (4.76)
we obtain that

By . By \'7
Xpy1 <max | 2D, sup max <M> Xg -+ Xs,
vzl || =k+1

Hence by Lemma 10 (with T = 2D, F, = (E;)'™7 we obtain that the
sequence (X}) is bounded, which completes the proof of Proposition 20. [
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Now we complete the proof of Theorem 14 for weights of the form Q,(n) =
exp(p(|n])), where ¢ has the properties (3.10), (3.11) and (3.14). Let £ =
(£(m))mez and r = (r(m))mez be sequences with non-negative terms such
that

(4.77) r(2n) < €&(n)+o(n,r), n>n..

We have to prove that

(4.78) D (€ (2n)° <00 = > (r(m)Qy(m))* < oo.
Set

£=(&(m)), &@2m)=¢&(m), Eypi =0
By part (a) of Lemma 9,

3 (Em)Qu(m)* <o = 3C>0: [€] = ¢ < CMylpn),

where ¢;(t) = ¢(t) —t and (Mg(p1)) is the Carlemann sequence generated
by @1 (see the text after (3.4) prior Lemma 8).
By Proposition 20 there exists C' > 0 such that

Il = Il < OMi(p1) = |7l < CMi(pr) k=0,1,2,....
On the other hand part (b) of Lemma 8 yields
(4.79) Il < CMi(pr) Vb = ) (r(m)Qs(m))* < oo,

with @(t) = ¢1(t) — 4t = ¢(t) — 5t.
Consider the sequences

P=(r(k)Qp(k), &= (E(R)Qp(2F)) .
Multiplying (4.77) by €;(2n), we obtain, by Lemma 15, that
(4.80) #(2n) < £(n) 4+ o(n, ).
By (4.79) we have that 7 € (*(Z). Since Q,(m) = Qu(m) - |m|°, our hypoth-
esis yields

(4.81) S (EwzmP) = 3 (em)0,@m) < .

In view of (4.80) and (4.81), Proposition 19 can be applied to the sequences
#,€ and the weight Q(n) = |n|®, so we obtain 3 (#(m)|m|*)* < co. Thus

> (r(m)Qp(m))* =Y~ (#(m)m)” < oo,

which completes the proof of Theorem 14. Therefore, Theorem 11 has been
proven as well.
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5. CONCLUSIONS AND COMMENTS

1. If L is a Dirac operator of the form (2.4), not necessarily selfadjoint,
the left side inequality in (2.58), Theorem 5, does not hold. But in any
case, |\ — A | could be estimated from above if we use the basic equation
(2.13) and Lemma 4. More precisely, the following is true.

Lemma 21. If L is a Dirac operator of the form (2.1), then

5.1 A — A7 <2 max [S¥%(n, 2)| + max |S*(n,2)|, n#n,.
G:1) A=Al <2 max |82 (n,2)|+ max |$(m2)]. A

Proof. Indeed, with a,,(2) = S*(n, z) = S*(n, z) and
(5.2) (=z—an(2),

the equation (2.13) becomes

(5.3) ¢? = S"(n,2)S*(n, 2).

By Lemma 4, there exists n, > Ny, where Nj is the constant from Lemma 1,
such that

dan(2)| _ 1

dz 2
Thus (5.2) defines in the disc |z| < 7/2 a holomorphic mapping ((z) =
z — oy (2) such that

IN

for |z| <7/2, |n| > n..

1/2 < |d(/dz| < 3/2.
From here it follows that

1 _ _ _

where, in view of Lemma 1, |2F| < 7/2 for |n| > n,. So, taking into account
that [N\ — A | = |zF — 2|, we obtain that

1
S = AL S 16— G < 2N - Al

where ¢t = ((z]) and ¢, = ((z,).

n

On the other hand, (5.3) implies that

1G] = 15,2257 (n, 5[ < 2 1520, 28 4 1 8%, )]

Therefore,

G = Gl < UG+ 1G] < max [S™2(n, 2)] + max [S*(n, 2)];

|z[<m/2 |2|<m/2

hence (5.1) holds.
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Theorem 22. Let L be a Dirac operator of the form (2.1) with potential
P(x) = > p(2n)e®® and Q(x) = > q(2n)e™®. If Q is a submultiplicative
weight, then

(5.4)

> (@)l +la2n)]?) (20) <00 = Y INT-AL[F(2(2n))* < oo
Proof. Set

(5.5) r(m) = max(|p(=m)|, [p(m)|, |g(=m)|, lg(m)])
In view of (2.36) -(2.39) we obtain by (2.25)
(5.6) Iii§2 1S (n, 2)| < o(n,7), |Z|n£)/<2 1S% (n, 2)| < a(n,7),

where r = (r(m) and o(n,r) is defined by (4.8) and (4.7). Now the claim
follows from Proposition 13.
O

Under rigid assumptions on 2, which, for example, exclude such weights
Q as Q(m) = exp(a|m|), or Q(k) = [log(e + |k])]*, a > 0, the claim (5.4)
can be found in [13] or [14].

2. The present paper deals only with the case of subexponential growth
of the weight Q, i.e., Q(m) < €™ a > 0. The case of superexponential
weights (2 could be analyze as well. We will present such analysis elsewhere.
See such analysis of Hill-Schrodinger operators in [5].
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