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1. Introduction

Let G be any finite abelian group of order v. Let D = {x,...,2;} be a
multiset of elements from G (not all elements distinct). A difference of these
elements is called non-trivial if and only if it is of the form x; — z;, for ¢ # j,
otherwise trivial. In particular the identity element 0 occurs exactly k times
as a trivial difference but it can also be a non-trivial difference, if some of the
elements of D are equal.

Definition 1.1. A multiset D = {zy,...,x;} is called a regular difference
cover with parameters (v, k, ) if and only if every element z € G (including
the identity element) appears exactly A times as a non-trivial difference, i.e.,
2 =x; —xj, 1 # j, of elements of D.

It may be observed that if the requirement “non-trivial” is omitted in the
above definition, i.e., if every element z € G appears exactly A times as a
difference, i.e., z = x; —x; for any ¢ and 7, of elements of GG, then it follows from
the orthogonality relations of characters of the group G that D must necessarily
be a union (as multiset) of the whole group G a certain number of times. The
above notion of regular difference covers differ from that of difference sets or
difference lists in the requirement that the non-trivial differences cover all the
non-identity elements of G a constant number of times in the difference sets or
difference lists. However, in regular difference covers they cover all elements
of G including the identity a constant number of times. For instance, for
G =77 =< g >, the list (multiset) {e, e, g, g%, ¢g*} can easily be checked to be
a difference list but is not a regular difference cover. See, for example, [4] for
difference sets and [1] for difference lists.

In the literature, difference covers have been studied in a more general
context, where the list of differences is simply required to cover all elements of
G (not necessarily with constant number of times) and the main object was
to find minimal size of D covering all of G as a list of differences. See, for
example, [6], [15], [8], [11], [10], [7], [12].

This work is motivated by the work of T. Bier [5] and [3], in which the
regularity condition was introduced, (i.e., the parameter A was introduced. In
3], the approach of using group rings and characters was followed and some
basic properties of regular difference covers were established. In this paper we
study multiplier theorems for regular difference covers, give their applications,
characterize all possible regular difference covers with A = 2 and also construct
several new infinite families of regular difference covers.

We shall now give some preliminaries and also fix notations.

Let R be a commutative ring with unity 1 and let G be a group. We let RG
denote the group ring of G over R. We identify each multiset S of elements
of G with the group ring element geG S99, where s, denotes the multiplicity



(possibly zero) with which the element g appears in S.

The homomorphism ¢ : RG — R, given by €(3_ cca49) = > cqay 18
called the augmentation mapping of RG and its kernel, denoted by Agr(G) ,
is called the augmentation ideal of RG. By [14, Proposition 3.2.10], the set
{9 —1|g € G,g # e} is a basis of Agr(G) over R.

For A=} _;a,9 € RG and for any integer ¢, we define AW = > gec agg.
With these notations, it follows that a multiset D of G is a regular difference
cover with parameters (v, k, A) if and only if

DDEY = ke + \G (1.1)

in ZG.

Let GG be a finite abelian group of exponent m. A character x of G is a
homomorphism of G into the multiplicative group of complex m* roots of
unity. It is well known that the characters of G form a group G'* that is
isomorphic to G. The identity element of G* is the principal character yo that
maps each element of GG to 1. The characters of G can be extended by linearity
to the group ring ZG. Thus each character of G yields a ring homomorphism
from ZG into the ring of algebraic integers in the cyclotomic field obtained by
adjoining a primitive m * root of unity to the field Q of rational numbers. We
let (., denote the complex m ™ root of unity e*™/™.

It is easy to see that D is a (v, k, \) regular difference cover in an abelian
group G if and only if

K2 =Fk+ v, if x = xo
k? le#X(b

and that if D is a (v, k, A) regular difference cover, then k(k — 1) = Aw.

Let G be a finite abelian group and let NV be a normal subgroup of order
n of G. Let 0 : G — G/N be the natural homomorphism. Then applying o
on both sides of equation 1.1, we obtain the following Proposition, which will
be used often.

X(D)]* = {

Proposition 1.2. Let D be a (v, k,\) reqular difference cover in an abelian
group G. Then o(D) is a (v/n, k,n\) reqular difference cover in G/N.

Remark 1.3. Let D = > 7  s;g;, s; > 0, be a regular difference cover
with parameters (v, k, \) in an abelian group G = {g1 = €, 92,...,,}. Then
> iy s = k. Also, the identity element e is represented as a non-trivial dif-
ference exactly Y . | s;(s; — 1) times. It follows that >"7 | s;i(s; — 1) = X and
hence Y7, s? = k + \. These conditions will be used later.

=11

2. Multiplier Theorems



Multipliers for regular difference covers can be defined as in the case of
difference sets, namely:

Definition 2.1. Let D be a (v,k, \) regular difference cover in an abelian
group G. An automorphism o of G is said to be a multiplier of D if o(D) =
D+ g, for some g € G. An integer t, relatively prime to the order of GG, is said
to be a numerical multiplier, if the automorphism o : x +— tx is a multiplier of
D.

We now prove a multiplier theorem for regular difference covers. The proof
is similar to the proof of Theorem VI.4.6 of [4], which we give below for the
sake of completeness.

Theorem 2.2. Let D be a (v, k, \) reqular difference cover in an abelian group
G such that (v, k) = 1. Let t be an integer such that t = p’ (mod v*) for some
f, for every prime divisor p of k, where v* is the exponent of G. Then t is a
numerical multiplier for D (it follows that (t,v) =1).

Proof. We first claim that D® DY = AG (mod k). For this, it is sufficient
to show that D® DY = A\G (mod ¢%), for every prime divisor q of k such
that k = ¢°k’, (k',q) = 1. Suppose not; then D® DY — \G = ¢*.B, where
B € ZG, B 2 0 (mod ¢) and b < a. Suppose that e is the smallest positive
integer such that t* = 1 (mod v*). Now D®) = D and hence

(DODED —AG)H (DI DD — NGO ... (DEI DT — \GEH)
= (DDEYDODEDY (DT DY (mod G)
= k° (mod G) ,

as (DU DE)Y = ke+ MG, and 0 < r < e—1. Thus (DWDED-N\G)(D) DD —
AG®) .. (D(te)D ) \GE ) )) = k*+ G = k°+aG, where 3 € ZG, a € Z.
Also, e(DWDEY —\G) = k2 — v = k, Where € : ZG — Z is the augmentation
homomorphism. Hence, from above, k¢ = k° + av, so that a = 0. Thus

—te— 1

(DYDY — AG) (DI DD — AGW) ... (D) D —AGETD) = ke

Hence
tefl ’

¢*B.BY ... B"T) = k¢ = ¢(k')°
implies that B.B® ... B®) =0 (mod ¢). But t = ¢/ (mod v*), implies that
B = B@) = B4 (mod ¢), by [4, Lemma V1.3.7]. Thus, B.B? ... Bif(e=1) =
BUta/+-+a’"Y = 0 (mod ¢) and hence B = 0 (mod ¢), by [4,Lemma 6.3.7],
which is a contradiction. Thus DODEY = kQ + MG, Q € ZG. Multiplying
both sides by D, we get D® (ke + AG) = kQD + AGD, so that

DY =DQ | (2.1)
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as GD = GD® = kG. Taking augmentation on both sides, k = ¢(D®) =
ke(q), so that e(Q)) = 1 and hence Q—1 € Az(G). It follows that (Q—1)G = 0,
i.e., QG = G and also Q7'G = G. By (2.1), D&Y = DEVQY and on multi-
plying D and D=9, we get ke + A\G = (ke + AG)QQY, ie., ke = kQQY,
e, QQUY =e IfQ = > geq Ua9s then e = QQY implies that > gecls =1
and hence Q = g for some g € G. Thus, D® = D.g, g € G, so that t is a
multiplier.

Remark 2.3. In fact one can show that if D is a regular difference cover
with parameters (v, k, A\) and if p is a prime divisor of k such that (p,v) =1
and p > A, then p is a multiplier for D. However, if k = p®k’, (p, k') = 1, then
A = p°k’ (p®k’ — 1) /v and hence A > p®. Thus, such a p does not exist. Also, it
is possible to prove a multiplier theorem for regular difference covers, similar
to McFarland’s multiplier theorem for difference sets ([4,Theorem VI.4.10]),
but Theorem 2.2 above is most suitable for applications.

Remark 2.4. Let G =< g > be the cyclic group of order 11. Then D =
2e + 292 +2¢° +2g" + 2¢% + 2¢'° is easily seen to be a regular difference cover
in G with parameters (11,12,12). One can check that 3 is a multiplier for D
but the prime 2 is not a multiplier for D. However, (11,12) = 1 and 2|12.
Thus, every prime divisor of k£ need not be a multiplier for regular difference
covers with parameters (v, k, A). Therefore, a conjecture like the “ multiplier
conjecture for difference sets ” is not feasible for regular difference covers.

Let G be a finite abelian group of order v. Recall that GG is a basis of ZG
over Z. We enumerate the elements of G in some order : G ={e =¢1,..., 9.}
The regular representation ¢ : G — GL(ZG) is defined by assigning for every
g € G, the linear mapping g, which acts on the above basis by multiplication,
i.e., 04(gi) = gg;. The matrix corresponding to g, with respect to the above
fixed basis is a permutation matrix and hence the matrix corresponding to g4
is the transpose of the matrix corresponding to g,. We thus get a homomor-
phism ¢ : G — GL(v,Z). Extending p by linearity to ZG, we get the regular
representation ¢ : ZG — My, (7).

Definition 2.5. Let D be a (v, k, \) regular difference cover in an abelian
group G. Let M be the matrix of the regular representation of D € ZG (hav-
ing fixed the enumeration G = {e = ¢1,...,¢,} of elements of G). We shall
call M to be an ”incidence matrix ” of D.

As in the proof of Lemma I1.2.3 of [4], it follows that M M7 has one eigen-
value k% and v — 1 eigenvalues k. Thus det M M7T = k*+! and that M is non -
singular.

Let ¢ be a numerical multiplier of a regular (v, k, \) difference cover D
in an abelian group G. Then D) = Dg, for some ¢g; € G and (DY) =



0o(Dg;) = 0o(D)o(g;) = MQ, where @ the permutation matrix o(g;). On the
other hand, for any g; € G, (Dg;)) = D(t)g§ = Dgig5. Since g — ¢' is an
automorphism of G, it follows that this automorphism permutes the translates
D = Dgy,Dgs, ..., Dg, (as g — g;g permutes elements of G). Thus, o(D®) =
PM , for some permutation matrix P, and hence M = P~'M (). The number
of fixed rows (respectively columns) of M, on multiplication by P~ and Q
respectively is the trace of P~ (respectively the trace of ). As M is non -
singular, Q = M~'PM and trace Q = trace P = trace PT = trace P~!.Thus,
the number of elements of G fixed by the automorphism g — g¢' is same as
the number of translates Dg; of D fixed by g — g*. Since e is fixed, it follows
that there exists at least one translate Dg; which is fixed by the automorphism
g — g'. We have thus proved:

Proposition 2.7. Lett be a numerical multiplier of an abelian (v, k, \) reqular
difference cover D. Then there exists at least one translate Dg; of D which is
fized by the automorphism g — g' of G, i.c., (Dg;)® = Dg;.

Remark 2.8. Using regular representations, one can prove the analogue of
the result of McFarland and Rice for regular difference covers, on the lines of
the proof of Theorem VI.2.6 of [4].

Remark 2.9. When considering a hypothetical abelian (v, k, A) - regular
difference cover, Proposition 2.7 and Remark 2.8 allow us to assume that D
is fixed by every numerical multiplier. Hence D must then be the union (as
a multiset) of (several copies of) orbits on G under any group M (usually a
cyclic group) of numerical multipliers.

We shall now give some applications of the multiplier theorem for regular
difference covers. However, we first Characterize all cyclic regular difference
covers with parameters (k(k — 1)/2, k,2), which, as claimed by Bier [5], exist
if and only if £ = 3 or k£ = 4. We have not been able to verify the details of
his proof.

We first show:

Proposition 2.10. Suppose that D is a cyclic reqular difference cover with
parameters (v,k,2). Then k is not divisible by square of any odd prime.

Proof. Suppose that p is an odd prime such that p*|k. As v = @, |

Let S be the Sylow p— subgroup of G of order p®. Let G = ST for some
subgroup 7" of G. By Proposition 1.2, £ = o(D), the image of D under
o:G— G/T is a (p* k,2v/p") regular difference cover in S. Since p is self
conjugate modulo |S|, by a result similar to Lemma 1.2 of [2], it follows that
X(E) = 0 mod(p), for every non-principal character x of S (as p?|k). So, by
Ma’s Lemma, £ = pX+ < g > Y, where order of gisp, g € Sand X,Y € ZS.

It follows that EEY) = 0 (mod p) and as EEY = ke + ;—Z, D f)—g, which is



not possible. Hence k is not divisible by the square of any odd prime.

If v is even, applying the (real valued) character of order 2 to the equation
DDV = ke+ \G, it follows that k = (x(D))? must be a perfect square.Thus,
it follows that if D is a regular cyclic difference cover with parameters (v, k, 2)
and if v is odd, then k is a product of distinct primes. Also, in case v is even,
k has to ve a perfect square and Proposition 2.10 implies that & = 22" and
v = 22n71(22n _ 1)

A proof similar to that of Theorem VI.15.11 0f [4] yields the following ex-
ponent bounds.

Theorem 2.11 (Turyn’s Exponent Bound). Assume the existence of a (v, k, \)-
reqular difference cover D = deG 5q9 1n an abelian group G. Suppose that
T = maxyeq Sq. Let p be a prime divisor of v and denote the Sylow p—subgroup
of G by S. Let U be any subgroup of G with UN S = {e} and assume that p**
divides k for some a > 1. If p is self conjugate modulo the exponent of G /U,
then exp S < %]S’\T.

Applying the above result to hypothetical cyclic regular difference cover
with parameters (22"1(22"—1), 22" 2), one observes that as A\ = 2, Remark 1.3
yields that T = 2. Hence, taking U = {e}, 227! < 2%.22"_1.2, ie., 22nt < 2m,
so that n < 1. Hence the only difference cover of this type would have param-
eters (6,4,2). Combining all the above observations, we have:

Proposition 2.12 If D is a reqular difference cover with parameters (v, k, \),
then either v =06, k =4 or k is a product of different primes.

In order to characterize all regular difference covers with parameters (v, k, 2),
we first prove:

Lemma 2.13. Let G = P x H be an abelian group of order v = pw, where
P = {a), ola) = p, |H| = w, p is a prime and w is a positive integer rela-
tively prime to p. Let t be an integer such thatt =1 mod w and t = 0 mod p.
Suppose there exists D € Z.G such that

DDY =n 4+ \G
with pln and ple(D). Then
DO pEY — pX

where X € ZG satisfies PX = %P + AG.
Proof: Note that t = p? mod pw for some positive integer j. So

DYDY = D DEY = D1 4 Axo(D)” ~'G = 0 mod p,
ie. DODED = pX for some X € ZG.
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Let p : G — H be the projection such that p(a) = 1 and p(h) = h for all
h € H. Since p(D) = DY = p(DW),

n+ ApH = p(D)p(D)Y = p(DYDY) = pp(X).

Thus PX = %P + A\G.

Lemma 2.14 With the notation and conditions of Lemma 2.13 above, suppose
in addition that 0 < X\ < p. Then

(n® + Anp)(p — 1)
Ap(p — A)

+ p.

. — V-l . _ : :
Proof: Let X =3 7" > Gaiga’g where aqiq are integers. Since

PPXXED = DODEIDDEY = (n ApH) (n+AG) = n*+AnpH+(An+A?v)G,

we have )
- 9 n* + Anp + An + X
Z Z Uoig = D2 :
1=0 gecH

By PX = %P + AG, we have

G AN ifg#1
Zaaig = n+Ap lf g= 1
i=0 p

Note that

% ) o (n+>\p>2 n? + 2 np + \2p?
aai = P =
i=0 p? P’

and since 0 < A < p, for g # 1,

\ (9 B 1) N n? +2)\n?])9+)\2p2 < n? —|—)\np—i;)\n—|—)\2v.
p p p
and the lemma follows.

We are now ready to show :

Theorem 2.15. Cyclic (v, k,2) regular difference covers exist if and only if
(v, k) =(3,3) or (6,4).



Proof. By Proposition 2.12, either v = 6,k = 4 or k is a product of distinct
primes. Suppose there exists a cyclic (v, k,2) difference cover with £ > 10.
Then v = (k? — k)/2. Let p be the largest prime divisor of k. Note that p > 5.
By Lemma 2.14,

K2 =k _ (K + 2kp)(p— 1)

(*)

2 - 2p(p — 2)
k2 4+ 2k
LAk
2(p —2)
This implies that
3p—2 2p(p—2) 3p—2 2p—2 9
o< 3P p(p )S p (p ):5+___§9&
p—3 k(p—-3) " p-3 p—3 p—3

which contradicts the assumption k£ > 10.

However, if (v, k, 2) regular difference cover exists, then k£ < 9. Now, regu-
lar difference covers with parameters (10, 5,2) does not exist (5 is not a square)
and one with parameters (15, 6,2) does not exist because the one with param-
eters (3,6, 10) does not exist (not possible to find s;’s with s; + s3 + s3 = 6,
s? 4+ 53+ s2 = 16). Also, k = p = 7, does not satisfy the inequality (*) above.
Regular difference covers with parameters (28, 8,2) and (36,9,2) do not exist
as 8 is not a square and by Proposition 2.11 respectively. Thus, only choices
left are (3, 3,2) and (6,4, 2) and one checks easily that regular difference covers
with these parameters exist (D = 1 + 2g for (3,3,2) and D + 2 + h + h* for
(6,4,2)). This completes the proof of Theorem 2.15.

Having investigated regular difference covers with parameters (k(k—1)/2, k, 2),
we now turn to regular difference covers with parameters ((k—1)/2, k, 2k) and
apply multiplier theorem. The multiplier Theorem 2.2 does not yield any
any significant information about regular difference covers with parameters
((p—1)/2,p,2p), where p is a prime; as even though p is a multiplier for the
regular difference cover with parameters ((p — 1)/2,p,2p), but p = 1 (mod
(p—1)/2) and hence orbits on G by the automorphism group generated by the
mulpilier p are of length 1. We thus investigate the regular difference covers
with parameters ((pg — 1)/2, pq, 2pq), where p and ¢ are distinct primes.

If D is a regular difference cover with parameters (v, k,\) and if M =
0(D) is the matrix of D in the regular representation, then as observed earlier
MM?T = kI, + Ayx,. Working exactly as in the proof of Lemma 11.4.5 of
4], it follows that Bruck-Ryser-Chowla type result holds for regular difference
covers. Namely, if there exists a regular difference cover with parameters
(v, k, ), with v odd, then the Diophantine equation

22 =k + (=1)7 A2
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has a non-trivial solution in integers.

For distinct primes p and g, if a cyclic regular difference cover with param-
eters (’%_1, pq,2pq) exists then a simple application of the above result yields
that in case p and ¢ are odd, then either p = 1 (mod 8), ¢ = 3 (mod 8) or

p =1 (mod 8), ¢ =7 (mod 8) and in both cases p is a square modulo ¢. For
instance p = 73, ¢ = 23 is one such pair. We show:

Example 2.16. The regular difference cover with parameters (839,73 x
23,2 x 73 x 23)does not exist. From Theorem 2.2, it follows that both 73
and 23 are multipliers for D and hence D must be a union of orbits of the
automorphism induced by either 23 or 73 in the cyclic group of order 839. The
order of either of 23 or 73 modulo 839 is 419. There is one orbit of length 1
and two of length 419, say, C'; and Cy for the automorphism induced by the
prime 23 in the group of order 839. Suppose that D = a.e +b.C| + ¢.Cy, where
a,b > 0. Then by Remark 1.3,

a+419b + 419c = 73 x 23 = 1679

a? +4190% +419¢> =73 x 23 +2 x 73 x 23 =3 x 1679 .

One checks easily that as 0 < b < 3 and 0 < ¢ < 3, there is no solution to the
above equations. Thus regular difference covers with parameters (839,73 x
23,2 x 23 x 73) does not exist.

Example 2.17. The regular difference covers with parameters (33,34, 34) do
not exist. As, by Theorem 2.2, 17 is a multiplier. The order of 17 modulo 33
is 10. There are one orbit of size 1, one orbit of size 2 and three orbits of size
10. Since the hypothetical difference cover has to be a union of orbits, there
must exist non-negative integers a, b, ¢, d, e satisfying

a+2b+10c+ 10d + 10e = 17 x 2 = 34

a? 4 2b% + 10¢% + 10d® + 10e* = 34 + 34 = 68

or, after setting a = 2a,
a1 + b+ 5¢c+ 5d + 5e = 17

2a7 + b 4 5¢° + 5d* + 5e* = 34 .

It follows that 0 < ¢,d,e <2 and a; + b = 2 (mod 5) and 2a} + b* = 4 (mod
5). Thus either a; = 0 (mod 5) and b = 2 (mod 5) or a; = 3 (mod 5) and
b =4 (mod 5). For a; = 3 and b = 4 and also for a; = 0 and b = 2, one checks
easily that the above equations have no solutions. Hence the required regular
difference covers do not exist.

10



Example 2.18. Regular difference covers with parameters (81, 82, 82) does
not exist. As before, 41 is a multiplier. The orbit lengths are 1,2,6,18 and
54. If the hypothetical regular difference cover exists, there should exist non-
negative integers a, b, ¢, d, e such that

a+2b+ 6¢+ 18d + Hbde = 82

a® + 2b% + 6¢% + 18d° + H4e? = 164 .

The above two equations have a unique solution a = 6,6 =5,c=2,d =0,e =

1. Thus D should be
D:6e+5<g27+954)+2(99+918+936+g72+g63+g45)_‘_(g_{_92_{_”_)

Checking the character values using Mathematika on the computer shows that
D is not a regular difference cover. Hence regular difference covers with pa-
rameters (81,82,82) do not exist.

In a similar manner, Theorem 2.2 can be used to show the non-existence
of regular difference covers with parameters (109,73 x 3,2 x 73 x 3) and many
more.

3. Constructions of new regular difference covers

In this section we shall construct several new families of regular difference
covers. In [3], regular difference covers with parameters (m(m — 1), m? m(m+
1)) and regular difference covers with parameters (p",p",p" ') (p an odd
prime) of the form F = e+ 2D were constructed, where for p” = 3 (mod 4), D
is a difference set with parameters (p™, (p™ — 1)/2, (p" — 3)/4) and for p" =
(mod 4), D is a partial difference set with parameters (p”, (p" — 1)/2, (p" —
5)/4, (0" — 1)/4).

For several families of difference sets D, it is possible (though not easy) to
choose positive integers a and b such that £ = aD+b(G — D) is a regular differ-
ence cover with suitable parameters. A significant feature of this construction
is that for a chosen abelian group G, it is possible to construct infinitely many
regular difference covers in G with size and regularity parameter (i.e., the
number of times it covers () as large as desired.

Suppose that D is a difference set in a group G with parameters (v, k, \)
and let £ = aD + b(G — D), where a and b are positive integers. Then for any
non-principal character x of G, x(F) = ax(D) + bx(G — D) = (a — b)x(D)
and hence

X(E)X(E) = (a = b)x(D)x(D) = (a = b)*(k = X) .

11



Thus E will be a regular difference cover in G if and only if (a — b)*(k — \) =
X(E)x(E) = |E| = ak + b(v — k). For further use we record this observation
as:

Lemma 3.1 Let D be a difference set with parameters (v, k, \) in an abelian
group G. Then, for positive integers a and b, E = aD + b(G — D) is a regular
difference cover in G with parameters (v, ak + b(v — k), (ak + b(v — k))(ak +
b(v — k) —1)/v) if and only if (a — b)*(k — \) = ak + b(v — k).

We now have:

Theorem 3.2.(a) (Planar Regular Difference Covers) Let D be a planar
difference set with parameters (n> +n+1,n+1,1). Then

E = (4n® 4+ 6n® + 4n)D + (4n® + 8n* + Tn + 2)(G — D)

is a regqular difference cover with parameters (n®> +n +1,4n® + 12n* + 17n3 +
12n2 + 4n, (4n° + 12n* + 17n3 + 12n% + 4n)(4n3 + 8n® + 5n — 1)).

(b) (Paley Regular Difference Covers) Let D be a Paley difference set
with parameters (q,(q—1)/2,(q—3)/4), where q is a prime power, ¢ = 3 (mod
4). Then

E = (164> + 12¢ — 4)D + (16¢* + 20qg — 4)(G — D)

is a regular difference cover with parameters (q,16¢*(q + 1),16q(q + 1)(16¢> +
1642 — 1)).
(c) (Menon - Hadamard Regular Difference Covers) Let D be a Menon

- Hadamard difference set with parameters (4u?,2u® — u,u* — u). Then

E = (4u* —2u—1)D + (4u* 4+ 2u — 1)(G — D)

is a reqular difference cover with parameters (4u?, 16u?, 4u®(4u — 1)(4u + 1)).
(d) (Singer Regular Difference Covers) Let D be a Singer difference set

g -1 ¢?-1 g1
g—1 7 g-17 gq-1

with parameters ( ), d> 2, q aprime power. Then

qd+1 —1 qd+1 -1
E = <2qd + 4qdl.?> D+ <q(1 +2¢1) 4+ (2 + 4¢7Y) (q_—l>) (G—D)

d+1_q K(K-1)(g—1)
q - ,K, q

is a reqular difference cover with parameters T >, where

K = qd—1[4q2d+2 + 4qd+3 _ 4qd+2 _ 8qd+1 + q4 _ 2q3 _ 3q2 + 4q + 4]/(q _ 1)2
(e) (McFarland Regular Difference Covers) Let D be a McFarland differ-

d+1_1

ence set with parameters (qd+1 (1 + q—) ,q? <qd+i> ,q? <qd_1)), where q

q—1 q—1 q—1
15 a prime power and d is a positive integer. Then

E=q"2q+¢* + - +¢") +2(¢" +¢—1))D
+ 4" 2q+ ¢+ ™) =21+ g+ ¢")(G - D)

12



qd+11—1> K KE-
q— )

1s a reqular difference cover with parameters (v = ¢i*! (1 +
where K = 4¢°%(2q + ¢® + - - - + ¢%*1)2.

Proof. For each of the families in (a), (b), (c¢), (d) and (e), using Lemma 3.1,
it is enough to check that for the given choice of ‘a’ and ‘b’, (a —b)*(k —\) =
ak+b(v—Fk), where D is the difference set under consideration with parameters
(v, k, A).

Example 3.3 Let D = g + g% + g* be the (7,3, 1) difference set in the cyclic
group G =< g > of order 7. Then E = 64(g + ¢*> + ¢g*) +80(e + ¢ + ¢° + ¢°)
is a (7,512,37376) regular difference cover. Also, let D = g+ ¢* +g¢* +¢° +¢°
be the difference set with parameters (11,5,2) in the cyclic group G =< g >
of order 11. Then E = (16 x 112 +12x 11 —4)(g+ ¢> + g* + ¢° + ¢°) + (16 x
1124+20x 11 —4)(e+¢*+ g%+ g7 + ¢+ ¢'°) is a (11,23232,49063872) regular
difference cover.

Remark 3.4. Usually, for a (v, k, A) difference set D in an abelian group G,
there are infinitely many choices for a and b such that £ = aD +b(G — D) is a
regular difference cover. In fact, if @ and b are such that £ = aD+b(G — D) is
a regular difference cover with parameters (v, ak+b(v—Fk), (ak+b(v—k))(ak+
b(v — k) —1)/v), then for

c=Ak—-N)+2v+4(a—0b)(k— ) —2k

d=4(k = Nv+4(a—b)(k — \) — 2k,

E' = (a+c¢)D+ (b+d)(G — D) is also a regular difference cover in G with
parameters (v, (a+c)k+ (b+d)(v—k),((a+ )k + (b+d)(v—k))((a + c)k +
(b+d)(v—k)—1)/v). Indeed, one checks that

X(EWX(E') = ((a = b) + (¢ = d)*(k = A)
=ak +b(v — k) +40*(k — \) +4(a — b)v(k — \)
=(a+c)k+ (b+d)(v—EFk)

Remark 3.5. In general, for a partial difference set D with parameters
(v, k, A\, ), it is not possible to choose positive integers a and b such that
E = aD + b(G — D) is a regular difference cover. Indeed, proceeding as in
Lemma 3.1, F will be a regular difference cover if and only if for any non-
principal character y of G,

X(E)X(E) = (a = b)*Xx(D)x(D) = ak + b(v — k)
i.e., if and only if

o ak+bv—k)

13



The right hand side of the above is a fixed number, whereas, usualy, for partial

A—pt/ (A—p)2+4y

difference sets, non-principal characters take two different values 5 ,
where vy =k —p,ife ¢ D and vy =k — Xif e € D (see [9] or [13]).

As partial difference sets D do not yield regular difference covers of type
E = aD+b(G— D), we now examine whether it is possible to construct regular
difference covers of type ae + bD from partial difference sets. We observe:

Lemma 3.6. Let D be a (v, k, \, 1) partial difference set with D = D™V and
e¢& D. Then E = ae+ bD will be a (v,a + bk,b*u) reqular difference cover if
and only if 1 — X > 0, and either b(u — \) = 2a and a® + b*(k — p) = a + bk
or i — A =2ab and a®* + k — u = a + bk.

Proof. Using properties of partial difference sets, as given in [9] or [13], it
follows that

EECY = a* + 2abD + V* D?
= a® + 2abD + b*(AD + u(G — D) + (k — p)e)
= (a® + (k — p)b*)e + (2ab + B*N\)D + b*u(G — D).

Hence EEY = (a + bk)e + aG, for some positive integer a if and only if
2ab + 0’ = b*p and a® + (k — p)b* = a + bk.
Also, writing EEY differently, we get

EEY =% 4+ 2abD + b (uG + (A — ) D + (k — p)e)
= (a®+k — p) +b*uG + (2ab + (A — p))D.

Thus, EECY = (a + bk)e + oG if and only if a®> + k — u = a + bk and
2ab+ (A —p) =0.

J. Davis in [9] has constructed partial difference sets in Z2, with parameters
(", (t+ fp)(p* = 1).p* + (t+ fp)* = 3(t + fp), (t+ fp)* — (t+ fp)), 3 <t <
p+1,1 < f<p—1(Theorem 3.3 of [9]). Using these partial difference sets,
we observe:

Proposition 3.7. Let D be the partial difference set as above. Then E =
ae+bD 1is a reqular difference cover if and only if t = 7%1, f= ’%1 and hence

D is a partial difference set with Paley parameters (p*, p42_1, p44_5, p44_1).

proof. For the above partial difference set v = p*, k = (¢t + fp)(p? — 1),

A= p*+(t+1p)*=3(t+fp), p = (t+fp)*—(t+fp). Hence u—A = 2(t+fp)—p*.
As p — X is odd, we will never get u — A = 2ab, for any a,b. Thus, we have to
find positive integers a and b such that

b(u—A)=2a and a*+b*(k—p)=a+0bk.

14



Substituting the values of k, p — A and b — p and eliminating a, we get

b 2[(u—A) + 2K 202t +2fp—1)
(= A2 Ak —p) P ‘

Thus, p?[2t + 2fp — 1, where 3 < t < p+land1 < f < p-1. So
2t+2fp—1=0 (mod p) implies that 2¢ = 1 (mod p) and hence t = (p+1)/2
and f = (p — 1)/2. Thus D is the partial difference set with parameters
(p*, (p* — 1)/2,(p* — 5)/4,(p* —1)/4) and b = 2, a = 1 is the only solution,
i.e., D = e+ 2D is the only regular difference cover of this type.

Using Theorem 3.4 and Corollary 3.2 of [9], we immediately get:

Corollary 3.8. Let D be either the partial difference set in ZZ;Q with parameters
(P>, (p* —=1)/2, (p*" =5) /4, (P> —1)/4) or the partial difference set in Z)$ X Z,",
with a + b a power of 2 and with parameters (p*ati (piatib — 1) /2 (piatsd —
5)/4, (p'@™ —1)/4). Then E = e+ 2D is a reqular difference cover with pa-
rameters (p*",p*", p*" — 1) in Ly, or with parameters (platib platdb platdd 1)
in Zog < .

Remark 3.9. We finally note that it is not possible either to construct regu-
lar difference covers of the form F = ae + bD from the partial difference sets
D, constructed in [13] with parameters (p?,ra(pt — 1), p" + 12 — 3ry, 12 — 19),
ro = Ip!=%, 1 <1 < p°, s is a positive divisor of ¢, s < t, for any prime p > 2.
Indeed, using Lemma 3.6, we need to find positive integers a and b such that
b(pe—A) = 2a and a® + b*(k — p) = a+ bk. Tt follows that b = 2(2Ip'~* —1)/p".
As s|t and 1 < s < t, it is not possible to choose any integer b satisfying the
above requirements, for any odd prime p.
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