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Abstract
Let I = [a,b] with —co < a <b< oo and 1 <p < oo. Let

x) = / ft)dt, witha <z <b

be the Hardy operator on interval I and let we have the following Sobolev
Embeddings on interval I and on unit circle T:

Eo WO1 P(I) — LP(I)
E, : P — LP(D)
B+ WhLD — 2°0)
B WD) — I7(1)
B, : W'W(T) - 17(T)
Es W"'P(I)/span{1} — LP(I)/span{1}
E, W"'P(T)/span{1} — L”(T)/span{1}.

Exact values of the Approximation numbers and n-widths for the
Hardy operator and these Sobolev embeddings are shown.

We also show the optimal n-dimensional linear map for approximation
of the Hardy operator and the Sobolev embeddings and the optimal n-
dimensional subspace for approximation of the Hardy operator and the
Sobolev spaces in L?, together with corresponding extremal functions.
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1 Introduction.

Let in this paper I = [a,b] be an interval with —oo < a < b < 0o and T be the
unit circle realized as the interval [—m, 7] with identified points —7 and 7. We
also assume that 1 < p < oo and denote p’ = ;25 and by ||.[[p,r and [|.[|,,r the
usual norm on the Lebesque space LP(T) and on LP(I).



1.1 Definitions of spaces and embeddings

Let we define on bounded interval I = [a, b] the Hardy operator T, by
T.f(x) = / f(t)dt, wherea <xz,c<b.

In the case when ¢ = a we can shortly use the notation T instead 7,. By
BLP(I) = {f; f € LP(I) and || f||p,r < 1} we shall mean the unit ball in L?(I)
space and by T.BLP(I) = {T.f; f € BLP(I)} image of BLP(I) under T,. It is
well-known that for bounded interval I the operator T, : LP(I) — LP(I) is a
compact bounded operator.

By WLP(T) (or respectively by W1P(I)) we understand the Sobolev space of
functions on T (or on I) (i.e. the set of all absolutely continuous functions on T
with || f'||,.r < oo, or respectively on I with ||f'||,; < 00). Let we remind that
| f'l,r and || f’[|,.r are pseudonorms on W1P(T) or respectively on W1 (I).

By VVO1 "P(I) we understand, as usual, the space of all absolutely continuous
functions on I with finite norm || f’||,,; and 0 boundary value at a and b.

By WL1P(I) we mean the space of all absolutely continuous functions on I
with finite norm || f’||,,r and 0 boundary value at a.

And by Wi{fd(I ) we mean the space of all absolutely continuous functions
on I with finite norm || f’||,,r and 0 value at the middle of interval I.

Let we define unit balls on our Sobolev spaces:

BWyP(I) = {f; ] € Wy (1) and || f'[lp.r <1},

BW,:2 (1) = {f; f € Wyly(I) and || f'|lr < 1}

BWyP(1) = {f: f € Wyr(1) and [|f'lp.r <1},

BW'P(I) = {f; f € W'(I) and ||f'|,.; < 1},
)

BWYP(T) = {f; f € W"P(T) and || f'|,r < 1}.

(
Since each function g € BWP(I) can be express as g(x) = [ f(t)dt + c,
where c is a constant then we have

BWLP(I) =TBL?(I) + const., (1)

and also we can see that

BW'(T) = BWOI’p([—ﬂ',ﬂ']) + const., (2)
BWYP(I) = BW,P(I) 4 const. + x * const., (3)
BWM(I) = TBLP(I), (4)

BWLP(I) = TLBLP(I)  where ¢ = (b+a)/2, (5)

w__"

here is used as equation for sets.



For 1 < p < oo we shall consider in this paper the following Sobolev embed-
dings
Eo: WyP(I) — LP(I),
)

B s WhP(1) — LP(D),
Emia : Wiia(I) — LP(I),
and also these unbounded Sobolev embeddings:
By WhP(I) — LP(T),
Ey : WHP(T) — LP(T),
and their variations:
By : (1) / span{1} — LP(I)/ span{1},
Ey : WHP(T)/span{1} — LP(T)/span{1}.

By W1P(I)/span{1} we mean the factorization of the space WP(I) with
respect to constant functions equipped with norm || f’||,. Then we have f €
WP (I)/span{1} if and only if || f| .1 = infeer || f — ¢llp.r and || f/||,.7 < oo. In
a similar way we define LP(I)/span{1}, W1P(T)/span{1} and LP(T)/span{1}.

The norms of Ey, E, and FE,,;q are defined by

||E0|| — ||f||p,1
1150, f(@)=f®)=0 IL.f Ip,1
IEl= s e
171,150, (@)=0 lf[lp.1
HEmidH _ ||f||p,1

17 llp.r>0. F(bta)/2)=0 | [lp,1

For unbounded FE;, E5 we have

|ELll = sup ”f/|”’I: ’
100 1 Ip.1

|Ez|| = sup Hf/”p*TZ 7
1 o0 1 lp,T

and next we shall study approximation of these unbounded embeddings by linear
maps and by linear subspaces.
The norms of E3 and Ej are defined by:

15| = ||f/ p,I ’
fewtp(I)/span{1} ||f ”PJ
. Il

fEWLP(T)/span{1} ||f/||P’T '

Since |I] < oo it is well-known that all these embeddings are compact (see
for example, [EE], Theorem V.4.18).



1.2 Definitions of widths and approximation numbers

Let we recall the definitions of n-widths and the approximation numbers (for
more see [PI], [EE], [ET] and [T]).

Definition 1.1 Let X be a normed linear space with norm ||.||x and let A be
a central symmetric set in X.
The linear n-width of A with respect to X is given by

dn(A4,X) =infsup || — P,(2)||x
Pnozea
where the infimum is taken over all continuous linear operators P, of X into
X of rank n (i.e. range of P, is of dimension n). Continuous linear operator
P, of rank at most n, for which 6,(A,X) = sup,c4 ||x — Pn(x)||x is called an
optimal linear operator for 6,(A, X).
The Kolmogorov n-width of A with respect to X is given by

dn(A, X) = inf inf —
(4, X) =ipfsup inf iz —yllx
where the infimum is taken over all n-dimensional subspaces X, of X. Subspace
X, of X with dimension at most n, for which d,(A, X) = sup,e 4 infyex, ||z —
yllx is called an optimal subspace for d,(A,X).

The Gel’fand n-width of A with respect to X is given by

d*(A,X)=1inf sup |z
Ln zeANL,
where the infimum is taken over all closed subspaces Ly, of X of codimension at
most n. Subspace L, of X with codimension at most n, for which d"(A,X) =
sup{||z||;x € AN Ly} is called an optimal subspace for d"(A, X).
The Bernstein n-width of A with respect to X is defined by

bn (A, X) = sup sup{A > 0; X,,11 N (A BX) C A}
Xn+1
where BX is the unit ball of X and the outer supremum is taken over all sub-
spaces Xp41 C X such that dim X, 41 = n 4+ 1. Subspace X, 41 C X with
dimension n + 1 for which X,11 N (b,(A,X) BX) C A is called an optimal
subspace for b, (A, X).

Definition 1.2 Let X and Y be normed linear spaces with norms ||.|x and
|.lly and T be a linear operator (possibly unbounded) from X to Y. The nth-
approzimation number of T is defined

an(T) =1inf sup || Tf — Pflly
Ifllx<1
where the infimum is taken over all bounded linear maps P : X — 'Y with rank
less that n. Bounded linear operator P from X to Y of rank at most n — 1

for which an(T) = supyp <1 ITf — Pflly is called optimal linear operator for
an(T).



In this definition of approximation numbers we allow an unbounded linear op-
erator, this helps us to deal with unbounded embeddings F; and Es. For more
about approximation numbers see [EE].

Let we state the relation between n-widths and the approximation numbers

Observation 1.3 Let Y, X be linear spaces such that' Y C X and let BY =
{y;y €Y, |lylly <1} and T : Y — X be a linear operator (possibly unbounded),
then

where T BY is the image of unit ball in'Y under T'.

Proof: For proof see [PI]. O

1.3 Known results

Let we recall some known results about extremal problems for the Hardy oper-
ator and n-width and the approximation numbers. From papers [Le], [S], [BS]
or [EL] we have the following lemma about extremal problem for the Hardy
operator.

Lemma 1.4 LetT f(z) = [ f(t)dt be the Volterra operator and let T : LP(0,1) —
L?(0,1) where p > 1 and 0 <1 < co. Then

1T flp, 0.0

T :=
£l oy >0 1 llp,0.0

=2C(p)l

/1/ /v’ / g .
where C(p) = %% - %pll/ppyp M, where p' is the dual exponent

of p and B is the classical beta function. Extremals are all non-zero multiples
of cosp(™%), where m, = B(1/p,1/p') = Sty @nd T(cosp)(x) = sin,(z).

(Historical remark: As far as we can find, this lemma was the first time
proved by V.I. Levin [Le] and then in more general form by E. Schmidt [S].
Recently the lemma was independently proved again in [BS] and in [EL].)

In this lemma cos, and sin, are the p-goniometric functions which are gen-
eralizations of the usual sin and cos functions (see [Li2] and [DM] for more).
sin,(.) is defined as the unique (global) solution to the initial-value problem

(P =2Y + ——— P2 = 0

p'pr=t

u(0) =0, u'(0) = 1.

Or can be defined by using the following inverse functions.
For s € [0,p/2] we have

2s

. p [P dt
arcsmp(s) = 5 o m,



(note that this integral converges for all s € [0,p/2] ).

Note that as arcsin,, : [0,p/2] — [0, 7, /2] is strictly increasing then its inverse
function sin, : [0, 7,/2] — [0, p/2] is also strictly increasing.

We extended sin, from [0, 7, /2] to R as a 2, periodic function by the usual
way as in the p = 2 case.

We define cos,, as cos,(t) := < siny, (t).

And then we have that

Py? Py [sing ()P = (2)” for all
(§> | cosp(t)|P + | sin, (t)] :(5) orallt e R,
and

Tp = Tp! -

We note that in this paper we are using the definition of 7, sin, and cos,
functions from the paper [DM] which is slightly different from the definition of
mp and the sin, function used in [Lil] and in [Li2].

We can learn more about these functions from historical paper [Lu] or from
more recent paper [Li2] or [DM].

sin, function plays important rules also in characterization of eigenvalues for
p-Laplacian eigenvalue problem as we shall see.

Let us recall the definition of the p-Laplacian eigenvalue problem with Dirich-
let and Neumann boundary conditions and results about characterization of
their eigenfunctions and eigenvalues.

Definition 1.5 For 1 < p < oo, A > 0 and T > 0 we define the p-Laplacian
eigenvalue problem by this equation:

(Ju'|P~2u"Y + Mu|P~2u =0, on (0,T), (6)
with Neumann boundary condition:

W(0)=0, (T)=0, (7)

u(0) =0, u(T) =0. (8)

The set of eigenvalues for p-Laplacian eigenvalue problem with Neumann
boundary condition is given by Ao(7") = Ao = 0 and

2nm, L |
)\n(T):)\n:( 7 ) = for each n € N.

The corresponding eigenfunctions are ug(t) =¢, ¢ € R and

T T
Uy (t) = — sin, (nTTp (t — %)) for each n € N.

nmp



The set of eigenvalues for p-Laplacian eigenvalue problem with Dirichlet
boundary condition is the same as it is for the problem with Neumann boundary
condition:

2 |
Mn(T) =\, = ") _~_ foreachn e N.
T ) pprt

And the corresponding eigenfunctions for for p-Laplacian eigenvalue problem
with Neumann boundary condition are:
T
vp(t) = P sin,, (%t) for each n € N.
(for more see [Lil] and [DM)])
The following lemma and remark will play important role in next.

Lemma 1.6 Suppose the same condition as in Lemma 1.4 then

Tf — Tf T,
sup inf ITf C||p,(o,l) — C(p)l = ITf df||p,(o,1)
£ lpon>0€R [ fllp 0.0 £ 0.0 >0 I £llp0.0)

where C(p) is as in Lemma 1.4, d = 1/2 and supremum is reached for f(x) =

cos, (72 (z — L)) with ¢ = sin,, (%2).

Proof: The first identity can be obtained from Lemma 1.4, see [BS] and [EL]

for the exact proof. The proof of the second identity can be found in [EHL]. O
The following remark is obvious consequence of Lemma 1.6.

Remark 1.7 Let I = [a,b], —0c0 < a < b < oo and 1 < p < oo then for

¢(x) = sin (§:Z> we have

||¢ p,1 =C T
||¢l||p,l (p)| |7

where C(p) is as in Lemma 1.4.

In paper [TB] we have the following lemma about exact value of the Kol-
mogorov n-width,

Lemma 1.8 Let 1 < p < oo, then

da(BW(0,1), 7(0,1)) = C(p),

where C(p) is as in Lemma 1.4.



Let us introduce different partitions of the interval [a, b] into subintervals for
our next use.

I(n) = {Ii;IO - {a,aﬂ’;ﬂ I, = {b—b;n“,b}, )

I = [a+ (b2—na)(2i_1)’a+(?>2—na)(2i+1)] for0<i<n}
J(n) {Ji;Jo a,a+ 2b +a1]

e e )
S(n) :{ [ (i = 1) >7a+i(b;a)} for1§z‘gn}
K(n) :{KZ,K - {b ‘ 2n+“1 b], |

K = [a+2;(s+il),a Q(Z;i)ibl“)] forogz‘gnl}

From the main theorem of [EL] or from combination of papers [EHS] and
[BS] we have the following lemma about precise behaviour of approximation
numbers for embeddings Fy, E; and Fs.

Lemma 1.9 Let I = [a,b] be an bounded interval, n € N.

(i) Then
|I| Il e 1/p' sin(m/p)
E = — . p L — = —
an(Eo) =~ . Clp) ="~ . p"""p o NG
Moreover, the bounded linear operator
Pof(x }jf@xI ) + Ox1rour, (), (10)

where {I;}7—o = I(n) (see (9)) and ¢; is the middle point of I, is the
optimal linear operator for a,(FEy).

(ii) Then

|I| | /v 1y sin(w/p)

E . C(p) = . /" = .
an+1(Er) = n (p) n pop 2w )\}L/p
Moreover, the bounded linear operator

Pif(z) = fdi)xs, (@), (11)
i=1

where {S;}_; = S(n) (see (9)) and d; is the middle point of S;, is the
optimal linear operator for ani1(Er).



(iii) Then

_ U _ M e 1y sin(m/p)
an(EB)*;-C(P)*;-p p -wa~
Moreover, the bounded linear operator
n
Pif(z) = f(di)xs, (@), (12)
i=1

where {S;}_, = S(n) (see (9)) and d; is the middle point of S;, is the

optimal linear operator for a,(E3).

Here X, corresponds to n-th eigenvalue of p-Laplacian problem (6) on interval
I and C(p) is as in Lemma 1.4.

In [BMN] we can find the following result about partial characterization of
the Bernstein n-widths for Es (see the Main Theorem in [BMN] for p = q).

Lemma 1.10 Letn € N and 1 < p < co. Then

by (BW(T), L7 (T)) = 22

n

where v(p) = (2) A(p) and A(p) is the value of the extremal problem

l2()llp,01) = sup  x() € BWP([0,1]) z(35) =0.

(From Lemma 1.6 or from [S] we have that A(p) = C(p), where C(p) is as in
Lemma 1.4.)

And in [DJ] we can find the next statement about partial characterization
of the Kolmogorov, Gel'fand and Linear n-widths for E5 (see Theorem 4.1 in
[DJ] with Q(z) = 2 and with corresponding G(x) = xr_()).

Lemma 1.11 Let n € N. Then for 1 <p < oo
don (BWP(T), LP(T)) = d*"(BW*(T), L*(T)) =

= 0o (BWYP(T), LP(T)) = Au(p, G) < bop_1(BWHP(T), LP(T)).

Where G(z) = xr_(z) and M, (p, G) := sup{||G * h||p,m;h € D, ,,}, where D,,,
is the class of functions h(x) such that ||h||pr <1 and

h(z + %) = —h(x), forxzeT

h(z) >0, forze [—7‘(‘,% - 77) .



2 Preparation.

2.1 Approximation numbers

In this section we shall extend results from [EL] and [EHS] for the Approxi-
mation numbers. At first we shall look at approximation numbers (or linear
widths) of the Hardy operator and the Sobolev embedding F,.

Lemma 2.1 Let n € N and I = [a,b] be an bounded interval. Then

|1

an1(Ta) = ani1(Ey) = C(p)n n 1/27

where C(p) is as in Lemma 1.4. Moreover, bounded linear operators

Pri(z) / F(E)dt) X, () + O (2), (13)

or

Zf e)X.1; (%) + 0x.1o (), (14)

where {J;}0 = J(n) is a partition of I (see (9)) and e; is the middle point of
Ji, are optimal linear operators for the Hardy operator T, or respectively for the
Sobolev embedding F, .

Proof: In this proof we shall write T instead Tj,. From the definition of T and
WLP(I) we can see that a,11(T) = an+1(F,) (see (4)), then to finish the proof
is enough to study a, (7).

Let us mention that rank of Pr is equal to n. Take J(n) = {J;}7, partltlon
of interval I (see (9)) and denote [a;, b;] = J;, then |[a;, ;]| = |[es, bi]| = 2n+1
for i > 0. Let f € L?(I) by Lemma 1.4 we have:

b—
77O tanin) < (g ) 20O Do

) Ol aren

and

ITf(.) = Tf(ei)

b)) S

_|_
ITFC) = THE) o < (

) O ler

10



for 0 < 4 < n. From this we obtain

Irf - PTprI_Z”f (PLf)(ely, s

= S (IO = THEE (g ey + ITFC) = THEDIE 1)

i=1
HITfII” i
(b ? - p p p
< [(557) 200 [ 3 (M0 + 1 ) 15
(o
<

p
o 1) 20| 1115
)

Then an41(T) < supseo(ry (1T = Prflpa/Ifllp) < 7555C ).

Let us prove the other inequality for a,i1. Let us have a partition of I,
{Ji}1g = J(n) where J; = [a;,b;] and b; —a; = (b—a)/(n+1/2) for 1 <i<n
and by —ag = (b—a)/(2n + 1). Take 0 < v < 1, then from Lemma 1.4 and
Lemma 1.6 there exist functions ¢;(z), only non-zero on J;, such that:

i fc T T i .
infeer [T = cllp.u; >~C(p)|J;| for 1 <i<n
||¢i||P7Ji

and

H ¢0||107J0 > 20( )|JO|
H(bO”P Jo

Let P, be a bounded linear operator mapping LP(I) onto with rank equal to
n, then there exist constants {A;}7_,, not all equal zero, such that for g =
Ez:O Ai¢; we have P,g = 0. Then we have:

ITg = Paglly; = I1T9l,,

= S Telr, = / Mgl + 3| / Ni(t)dt + / a(t)dt|”
i=0 a i=1 V4 e

> [ bl g+ Do it | [ Aterar el
i=1 @i
> ey () ool
= oan+1) 700 10RT
£3 e () g
n+1/2 Hp i

i=1

p
= ey () e
n+1/2 Pl

From this we obtain that a,41(T) > ni_l(;z(}'(p). And by this we prove the
theorem. [J

11



Now we shall prove a version of the previous lemma for the Sobolev embed-
ding Fpi4-

Lemma 2.2 Let n be an odd integer, I = [a,b] be an bounded interval and let
c=(b+a)/2. Then

an+1(Te) = ant1(Emid) = an(1c) = an(Emid) = C(p)%7

where C(p) is as in Lemma 1.4. Moreover, for n odd, the bounded linear operator

n

d;
PTCf(x) = Z </ f(t)dt> XS; (fE) + Oxs(n,+1>/2 (.’t), (15)

i=1;i gt
or N
Pf@) = Y f(d)xs.(@)+Oxs, (@), (16)
i=1yi£ 24t

where {S;}7 = S(n) is a partition of I (see (9)) and d; is the middle point of
S;, are optimal linear operators for the Hardy operator T, or respectively for the
Sobolev embedding E,;q between all n and n — 1 dimensional linear operators.

Proof: From the definition of T, and WL (I) we have that a,i1(T.) =
an+1(Emia) (see 5). Then it is enough to study only a,(T%).
Let n be odd. Take a partition of I, S(n) = {S;}_; (see (9)) and denote

[ai,b;] = S; and d; = (a; + b;)/2 (note that |S;| = %) . Define

n d;

i=1yiA 24t

Rank of Pr. is equal n — 1. Let f € LP(I) and by Lemma 1.4 we have for
i# (n+1)/2:

: b—a
[ 0t < (*50) CONlnian

: b—a
[ 0dtoray < (“20) €O nior

and for i = (n+1)/2:

b—a
1T Ol < ( )c<p>||f||p,(di,b,.>,

n

n

b—a
1T lpon) < ( )c<p>||f||p,<ai,d,;>.

12



From this we obtain as in the previous lemma:
n .
1T = Prflf =31 [ s
i=1 i

S (1 0l a4 1 [ 00 )

i=1yi£ 24t

+ITefI1P
;07(an+1 7bn+1)
2 2

< [Cbn@)cwﬂﬂézovwmmﬂ+nﬂi@mﬂl
[l e,

Then for odd n we have a,(T,) < C’(p)%.

Now we shall prove the other inequality for the approximation numbers. Let
n be odd. Let us have a partition of I, {S;}?; = S(n) where S; = [a;, bi],
b; — a; = |I|/n and d; is the middle point of S;, for 1 < i < n, and dnTH =c
Take 0 < v < 1, then from Lemma 1.4 and Lemma 1.6 for each ¢ = 1,...,n;
i # (n+1)/2, there exist functions ¢;(z) € LP(I), only non-zero on S;, such

that: )
infoer ||Tc¢i -
||¢z ||p,si

and there exist functions ¢_(z), ¢4 (x) € LP(I) non-zero on (GnQi,C) and on

« )
. > S0

(c, b%) respectively such that:

T2 o0

> vC(p)|Si
||¢L||p,(anT+1,c>

and
||TC¢+||p,(C,bL+1)

B

o+

Let P, be a bounded linear operator mapping LP(I) onto with rank equal to n,
then there exist constants, not all zero, {)\i}i#(n+1)/2 and A_, Ay such that for

g= Z#(HH)/Q Aidi + A_¢d_ + Aoy we have P,g = 0.

> 7C(p)|Sil-

pv(Qb n;»l )

13



Then we have:

1Teg = Paglly.r = 1Tegllp

n

o 1Tl A 1Tegly oy o + 1T (e
z‘:M;é"—“ ? 2

- I [ niydt + / o(t)

a;
= 1 7£n+1

+||/A 612

p

Lo T ||/ )\+¢+||§,(c,b%)

> Z 1nf H/ Aigi(t)dt +of]? .
i:l;i;ﬁ”“
+ / e R / A0+l (b
c 2 ¢ 7
N - > \[\ Al
> > Oy INilPllesll} s

i:l;i?ﬁ%
pC p |I| A p P
7 C) IS

) (' ') |A+|P||¢>+||p<cb

= reer (L) gl

From this we obtain that for odd n we have a,1(T,) > %C’( ). Then we have
from monotonicity of a,, that for odd n: C(p )| | < a1 (T2) < an(T.) < C(p)%
and by this theorem is proved. [

Next we shall focus our interest on the Approximation numbers for the
Sobolev embeddings on T.

11+1)

Lemma 2.3 Let n be an odd integer, then

2

any1(E2) = C(’p)mv

where C(p) is as in Lemma 1.4. Moreover, for given odd n, the bounded linear
operator

En: [f(a;) + f(bi)] S il

Prf(z) = 5 Xs: (@) + | > [f(a:) + f(b)](=1) 3| xsa (), (A7)
i=1 i=1

where {S;}7 = S(n+1) be a partition of I = [a,b] = T = [—m, 7] (see (9) with

S; = lai, b;] with ag = by, and a;+1 = b;) is an optimal linear operator for the

Sobolev embedding E5 between all n dimensional linear operators with rank < n.

14



Proof: Let n be an odd integer. Take {S;}7" = S(n
[-7,7] = T = I = [a,b] and denote [a;,b;] = S;.

f(al) = f(b7z+1)-

+ 1) as a partition of
Since f € WYP(T) then

We can see that rank Pr = n. Since n is odd then we have

n

> @) + fO)l(-1) =

i=1

f(an+

and we can rewrite Pr in the following form:

n+1

1) + f(bnt1)

)= 3 T B ) (19
Let f € WLP(T) then
n+1 n+1 f(b)
If— qufn,,T—ZHf Pef|l? . —anf 2 g

From [S] we have

If - f(az)Jrf( i) 1

Then from (18) follows:

21

If = Pefl e < Co (2

which means
2

any1(E2) < C(p)

5.5, < (CEPILIPIFG,s,

for1<i<n+1.

) 11

n+1"

As in the first part of this proof n is an odd integer and we have partition

{831 = S(n +1) of [-7,7]. From Lemma 1.4
v < 1 there exist functions ¢;, ¢ = 1,...,n + 1 su
¢i(x) >0 for z € S; and ¢;(z) =0 for x € S; and

2T
16:l2p > (wC(p)

Let P : WhP(T) — LP(T) be a linear operator
n+1

) o

follows that for any fix 0 <
ch that (bz(az) = ¢1(bz) = 0,

of rankn. Then there exist

g =Y .1 Xi¢; where \; are constants, not all equal to 0, such that P(g) = 0.
Then:
n+1 n+1
lg=Pgllr = 1D Xdilllr =D [Ndill? s
i=1 i=1
n+1 P
2
> N|C Al
> 3 (Wniew) T ) e,
o \Pud 2 \?
— NP o = e
(0122 ) X el = (0w 2 ) o

i=1

15



which give us
27

n+1

C(p)

< apg1(Eo).
O

Lemma 2.4 Let n be an odd integer, then

27
n+1’

an(Ey) = C(p)

where C(p) is as in Lemma 1.4. Moreover, for given odd n, the bounded linear
operator Py : WHP(T)/span{1} — LP(T)/span{l} defined by as in Lemma 2.3
is an optimal operator for the Sobolev embedding E3, among all linear operators
with rank <n — 1.

Proof: Let n be an odd integer and {S;}?H' = S(n + 1) be a partition of
[-m,m] = T = I = [a,b] as in the proof of Lemma 2.3. We can rewrite Pr
operator from Lemma 2.3 in the following way:

Pef() = OO

. Z( (00 + 10) [f(aﬁgf(bl”)mi(x)

1=

n [ Flar) + 0, <>i;]—w>mﬂ<x>.
i=1

3

From this we can see that rank of Pr as an linear operator from W7 (T)/span{1}
into LP(T)/span{1} is equal n — 1. Let f € W1P(T)/span{1} then

= + f(b)
inf |If = Prf - cpr <If=Peflyr= Z If— 71 7 s,
From [S] and Lemma 1.6 we have for any 1 <i <n+ 1:
flag) + f .
I AL L U
£l s,y <1 ||f|\W1,p(Si>§1 R

_ sup inf ||f — M _ C”p,&

1Fllw.p(s,) <1 2R 2

= sup  (C@)ISiD” 11155,

”f”wl,p(si)fl
2m ,
Il.f = Prflloer)) spanf1y < C(p) 1 1 Mlp.-

and then

16



And we have
2

n+1
Now we shall prove the other inequality for approximation numbers. From

Lemma 1.4 follows for any 1 > v > 0 existence of functions ¢;, i = 1,...,n + 1;
such that ¢;(a;) = ¢;(b;) =0, ¢;(x) > 0 for € S; and ¢;(x) = 0 for = ¢ S; and

an(E3) < C(p)

ot = (012 ) o1

Let us define functions ¢, i = 1,...,n; by ;(x) = ¢;(x) + a;¢n(x) such that
infeer [[¢i(2) — cllp = [[¢i(2)[lp,-

Let P : WYP(T)/span{l} — Lp(']T)/span{l} be a linear operator of rank
equal n— 1. Then there exists g(x) = Y7 A (x) € LP(T)/span{1} with not
all \; equal to 0, such that P(g) = 0. Then

lg=Pglpr = IIZMZ& )5

Xﬂ&@ns+uiyamn 255,10
=1 1=1
or 1P &
[VC(p) J le\ilp
Y
+ o] IIZM@ .0

2 p
e 2] 11

which gives us

§ an(ES)-

O

2.2 n-widths

In this section we shall obtain lower bound for n-widths. We start with the
Hardy operator and then with Sobolev spaces on intervals.

Lemma 2.5 Letn € N, I = [a,b] and 1 < p < oo then

]
n+1/2’

bu(T.BLP(I), LP (1)) = bu(BW, P (), L7 (1)) = C(p)

where C(p) is as in Lemma 1.4.

17



Proof: The first equation follows from (4). Next we shall prove the right-
hand inequality. Let n € N and let us have for interval I = [a,b] partition
K(n) = {K o with [a;,b;] = K; (see (9)). Define on K; functions ¢;(x) =
smp(b ) Xlas,b;] (%) for 0 < i <n—1and ¢, (v) = sinp(ﬁﬂp).)([ambn](z).
Put

X1 =span{¢;,0 <i < n} (19)

then we have X,, 1 C WhP(I).
Let f € X,41 then f(z) =Y Xi¢i(x). From Remark 1.7 we have

_ C(p)m ' AP A ||P
= (i) o wpel

pK; —
(SO
= () 1

Let f € Xpp1 C WEHP(I) and || f'||,.7 < 1 then || f|l,.r < C(p) L From that

£ = Z il [l 15

=0

n+1/2
we have 1
X, . BX Bwhr
an( (cor L) - ox) cowl
and then b,(BW2?(I), L*(I)) > C(p) 25 00

Lemma 2.6 Let n be an odd number, I = [a,b], c = “TH’ and 1 < p < oo then

b(T.BLP(I), LP(1)) = b, (BWr,(1), 7(1)) > C(p) 2

mid n
where C(p) is as in Lemma 1.4.

Proof: Let n be an odd integer and {I;}}*, = I(n) be a partition of the
interval I (see (9)) with [a;, b;] = I; (We can see that b(,,41)/2 = A(nt1)/241 = C)-

Define on I; functions ¢;(x) = smp< )’X[a,,bi] () for 1 <7 < n-—1.

b; 7(11

For i = 0 we put ¢o(z) = sin, (%‘gﬁ;soﬁp) Xlao,bo] () and for ¢ = n we put

O (@) = siny (552%5-7p ) Xfa, 0,1 (). Pt

X1 = span{¢;;0 < i < n} Cc W (I). (20)

mid
Then for f € X,41 we have f(z) = Y. Xiti(z) and from Remark 1.7 and
Lemma 1.4 we have:

n

1152 = DIl 1, = ol ol

=0

n—1
b0 alPleally r + > INlPlleally ;=
i=1

- (2w’ Zmpnqsn = (22 g

18



Then as in proof of Lemma 2.5 we have:

mid

b (BWE2 (1), LP(I)) = by (Emia) > C’(p)% for n-odd.

O
Now we shall focus on Sobolev spaces W, **(I) and WP(I).

Lemma 2.7 Letn € N, I = [a,b] and 1 < p < oo then

I 1
wke [P > | p) = ——

where C(p) is as in Lemma 1.4 and A, is n-th eigenvalue of p-Laplacian on T
with Dirichlet or Neumann boundary condition.

Proof: Let n be an integer and I = [a,b] with partition S(n + 1) = {S;};4}
(see (9)). Denote S; = [a;,b;] for 1 < i < n+ 1 and then define functions

¢;(x) = sin, (ﬁw,,) Xla:,b,] (7). Let us denote
Xny1 =span{¢;;1 <i <n+1} (21)

then we have X,,11 C Wol’p(l) and dim X,,11 =n+ 1.
Let us have f € X, 41 then f(x) = E?jll Ai¢i(x) where A; € R. According
Remark 1.7 we have:

n+1 pn+l
IWN—ZMW@M=( ”0§jwwms=(”m)wn

From this and the definition of b, follows that b, (BW,*(I), LP(I)) > 1. €@,
O

Lemma 2.8 Letn € N, I =[a,b] and 1 < p < oo then

b (BWP (D). 22(1) 2 L) = 7

where C(p) is as in Lemma 1.4 and X, is n-th eigenvalue of p-Laplacian on I
with Dirichlet or Neumann boundary condition.

Proof: Let n > 1 be an integer and I = [a,b] with partition I(n) = {I;}I,
(see 9). Denote I; = [a;, b;] for 0 <4 < n and define functions

r — a;

¢i(x) = siny, (b

i — @i

7rp> Xlaibi] () for 1 <i<n—1,

. T — 2ag + by
do(z) = sin, (2b02aoﬁp> Kao,bo] (T)

19



and
T — ap

¢n($) = Sinp (2bn_2an7rp> 'X[arubn](z)'

X1 =span{¢;;0 < i <n} c WHP(I). (22)

Then for f € X,,4+1 we have f(z) =Y ;" \i¢;(z) ,where \; € R. From Lemma
1.4 and Remark 1.7 we have:

T }jmwmm1=< m)}juwwm1=<()m)mﬂp

According the definition of b,, we have b,,(BW1P(I), LP(I)) > cwlll

Let us define

Lemma 2.9 Letn € N and 1 < p < co then

ba(BWP (1) span{1),L2(1) span{1)) > C) 5 = 7
n+1

where C(p) is as in Lemma 1.4 and X, is n-th eigenvalue of p-Laplacian on I
with Dirichlet or Neumann boundary condition.

Proof: Let n > 1 be an integer and I = [a,b] with partition I(n) = {I;}I,
(see (9)). Denote I; = [a;, b;] for 0 < i < n and define functions

xr — a;

¢;(x) = sin, < ﬂp) X[ai,bi](x) forl1<i<n-—1

bi—(u
. x — 2ag + by
¢o(x) = sin, (Mﬂp> Xlao,bo] (%)

T —an

Pn(z) = siny (Mﬂp> X[an bn] (T)-

For 0 <i < n —1 let us define functions ;(z) = ¢;(z) + G;dn(x) with 5; € R
taken such that ||¢;]/p,r = infeer [|1s — ¢||p,7. Let us define

and

X, =span{;;0 <i<n—1} c W'P(I)/span{1}. (23)

Then for f € X,, € WYP(I)/span{l1} we have f(z) = ZZ o Aiti(x) ,where
Ai € R. According Lemma 1.4 and Remark 1.7 we have:

11151

n—1 n—1
wawaZMwm,+mewmwl
1=0 1=0

I n—1 n—1
_ ((”|><§]AW¢WL+§]AW@WWH )

- (S
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And then from the definition of b,, we have

bus (BW (1) span{1}, 22(1)/ span{1}) > C(p) 2]

O
Next we shall focus on Sobolev spaces on T.

Lemma 2.10 Let n be an integer and 1 < p < oo then

2
b, (BWYP(T), LP(T)) > C ,
( (T), LX(T)) = C(p) =
where C(p) is as in Lemma 1.4.
Proof: Let n be an integer and T = [—7, 7] is an interval with partition S(n +

1) = {8} with S; = [a;,b;] (see (9)). Let us define functions ¢;(x) =
sing (555 ) Xas,0,] (2), 2 = 1, ...,n + 1. We define

Xpt1 =span{g;;1 <i<mn+1} (24)
and then we have X, ;1 C WLP(T) and dim X,,;1 =n + 1.

Let f € X,,41 then f(z) = Z;jll Xi¢i(x) where A; € R. Then from Remark
1.7 we have

n+1 p n+1 p
C(p)2rm C(p)2r
I = SN s, = (S5 ) Y el s, = (S50 ) 1

i=1 n+1 =1 n+

From this follows the lemma. I

Lemma 2.11 Let n be an integer and 1 < p < oo then

2
bus (BW'(T)/ span{1}, L¥(T)/ span{1}) > C(p) ==
where C(p) is as in Lemma 1.4.
Proof: Let n be an integer and T = [—, 7] is an interval with partition S(n +

1) = {8} with S; = [a;,b;] (see (9)). Let us define functions ¢;(z) =
sing (55 ) Xas0,] (2), @ = 1,...,n + 1. We introduce functions ¢;(z) = ¢;(z) +
Bidn+1(x) for 1 < i < n, take B; such that ||[¢;]|pr = infeer ||9; — ¢||p,T. Let us
define
X, =span{¢;;1 <i<n} (25)

and then we can see that X,, ¢ WP(T) and dim X,, = n.

Let f € X,, then f(z) = Z?:Jrll Xitp;(x) where \; € R. Then from Remark
1.7 we have

- C(p)2m\? &
P _ ) 1P — ) !
910 = S P11 s = (ST ) 22 I

=1
- (CW”) Ta.

p =
p,SiUSn 11

n—+1
From this follows the lemma. O
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3 Main results

In this section we shall use results from previous sections to formulate our main
results about approximation numbers and n-widths for our embeddings and
Sobolev spaces.

At first we shall provide results for embeddings and Sobolev spaces on in-
terval I = [a,b] and then on unit circle T.

Theorem 3.1 Let I = [a,b] be a bounded interval, 1 < p < oo and let us denote
by o, any of the following n-widths d,,, d", 0,, by, then we have:

(1) For every n € N:

I 1
an41(Eo) = 0,(BWy (1), LP(I)) = C(P)n|+| 1 \/p
n+1

- the operator Py (see (10)) is the optimal operator for a,

- the Range of the operator Py, (see (10)) is the optimal subspace for
dn717

- the space X,,+1 (see (21)) is the optimal subspace for by, .
(2) For everyn € N:

i (B) = ou(BW(D), (1)) = O) 1) =

- the operator Py (see (11)) is the optimal operator for a1,

- the Range of the operator Py, (see (11)) is the optimal subspace for
dy,

- the space X,11 (see (22)) is the optimal subspace for b,,.
(3) For everyn € N:

ani1(Es) = 0, (BW'P(1)/ span{1}, L' (I)/span{1}) = c<p>n'ﬂ1 ~ Af/p :
n+1

- the operator Py (see (12)) is the optimal operator for a,

- the Range of the operator Py, (see (11)) is the optimal subspace for
dn717

- the space X, 11 (see (23)) is the optimal subspace for b,,.
(4) For everyn € N:
an+t1(Ea) = ant1(Ta) = Un(BW;’p(I)v LA(I)) =

1|

= 0n<TaBLp(I)7Lp(I)) = C(p)n + 1/2
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- the operator Pr (see (13)) is the optimal operator for ani1(Ty) and
the operator P, (see (14)) is the optimal operator for an,i1(E,),

- the Range of the operator Pr (see (13)) is the optimal subspace for
dn (T BLP(I), LP(I)) and the Range of the operator P, (see (14)) is
the optimal subspace for d,,(BWP(I),LP(I)),

- the space X, 11 (see (19)) is the optimal subspace for b, (BWP(I), LP(I))
(see (4))-

(5) Forn odd and c = (a+b)/2:
an+1(Emid) = an—i—l(T(z) = an(Emid) = an(Tc) =
= 0u(BW,.y(1), LP(1)) = o (T.BLP(I), LP(I)) =
2]

= 0,1 (BWYP (I), LP(I)) = 0,1 (T,BLP(I), LP(I)) = C(p) -

mid
- the operator Pr, (see (15)) is the optimal operator for a,(T.) and
an+1(Te) and the operator P, (see (16)) is the optimal operator for
an(Emid) and anJrl(Emid)
- the Range of the operator Pr, (see (15)) is the optimal subspace for
dp(T.BLP(I),L*(I)) and d,—1(T.BLP(I),LP(I)) and the Range of

the operator P, (see (16)) is the optimal subspace for d,(BWP ..(I), LP(I))
and dn_y (BWy,;,(I), LP(1)),
- the space X, 11 (see (20)) is the optimal subspace for b, (BW?P . .(I), LP(I))

and for by_1(BWPY . (I),L*(I)) (see (5)).

Proof: Part (1) follows from Lemma 1.9 (i), Lemma 2.7 and Observation 1.3.
Part (2) can be obtained from combination of Lemma 1.9 (ii), Lemma 2.8
and Observation 1.3.
Part (3) is consequence of Lemma 1.9 (iii), Lemma 2.9 and Observation 1.3.
Part (4) follows from Lemma 2.1, Lemma 2.5 and Observation 1.3.
Part (5) turn to be consequence of Lemma 2.2, Lemma 2.6 and Observation
1.3. 0
Let us state our results on the unit circle T.

Theorem 3.2 Let T be the unit circle, 1 < p < co and let us denote by o, any
of the following n-widths d,,d", d,,b,, then we have:

(1) For every n € N:

2
n+1

on(BWP(T), LP(T)) = C(p)

For every odd n:

21
n+1

an+1(E2) = O'n(BWLp(T)v LP(T)) = C(p)
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For every even n:
an+1(Er) = 0, (BW'P(T), L¥(T)) = d(BW'#(T), LP(T)) =

= (BT, L(T)) = C ()

- for n even the operator Pr (see (17)) is the optimal operator for
an(F2) and when n odd then the operator Pr (see (18)) is the optimal
operator for a,(E2).

- for n even the range of the operator Pr (see (18)) is the optimal
subspace for d,(BWYP(T), LP(T)) and d,(BWYP(T), LP(T)), for n
odd the range of the operator Pr (see (17))

- forn even the space X, 11 (see 24) is the optimal subspace for b,(BW P (T), LP(T).

(2) For every n € N:

2

on—1(BW'P(T)/span{1}, L?(T)/ span{1}) > )

For every even n:

2

tn+1(Ey) = o (BW'P(T)/span{1}, L(T)/ span{1}) = )

For every odd n:
ant1(B1) = 6,(BWP(T)/span{l}, LP(T)/span{1}) =

= dn(BW"P(T)/span{1}, LP(T)/ span{1}) =
21
n—+1

= d"(BW"P(T)/span{1}, L?(T)/span{1}) = C(p)

Proof: Proof of the part (1) of the Theorem: The first inequality follows from
Lemma 2.10. The first equation is consequence of Lemma 2.10, Lemma 2.3 and

Observation 1.3.
For the second equation: From Lemma 1.11 we have that the right-hand side

is equal to A, /2(p, G) which is defined by: A, (p, G) := sup{||G*h|lp1: h € Dy p}
where D, , is the class of functions h(z) such that |||, <1 and

h(x—l—z) = —h(z), forz e T
n

h(zx) >0, for x € [7777% — 7r) ,

and G(z) = xmr_. Since G * f corresponds to the Hardy operator then from

Lemma 1.4 follows that -

Ma(p, G) = Clp)

and then the second equation is proved.
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Proof of the part (2) of the Theorem: The first inequality follows from
Lemma 2.11. The first equation is consequence of Lemma 2.11, Lemma 2.4
and Observation 1.3. The second equation can be obtained from the second
equation of the part (1) via techniques and modifications used in Lemma 2.11
and Lemma 2.4. O

Remark 3.3 We can see that for the full description of n-widths for periodic
functions (i.e. for Ey and E4 embeddings) only information about exact values
of by, for even n in the case Ey and odd n in the case E4 are missing. We only

have:
C(p) » , C(p)
ntl < b (BW'P(T), LP(T)) < . for n even
and
f_(f; < bn(BWI,P(T)/Span{ILLP(’]I‘)/span{l}) < :f)l for n odd.

Only for p =2 can be shown that b,, are equal to the upper bound.

The last note in our paper corresponds to relation of our results for the
Sobolev embedding Es with Lemma 1.10 (i.e. with the Main theorem from
[BMN])).

From Lemma 1.6 we can see that A(p) from Lemma 1.10 is equal to C(p)
from Lemma 1.4. Then Lemma 1.10 is giving us that

bon—1(BWP(T), LP(T)) = 3%,
T n
which is in contradiction with our Theorem 3.2 and showing us that the Main
theorem from [BMN] is not correct.
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