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ABSTRACT. We consider vector fields X on a closed manifold M
with rest points of Morse type. For such vector fields we define the
property of exponential growth. A cohomology class ¢ € H'(M;R)
which is Lyapunov for X defines counting functions for isolated
instantons and closed trajectories. If X has exponential growth
property we show, under a mild hypothesis generically satisfied,
how these counting functions can be recovered from the spectral
geometry associated to (M, g,w) where g is a Riemannian metric
and w is a closed one form representing . This is done with the
help of Dirichlet series and their Laplace transform.
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1. INTRODUCTION

1.1. Vector fields with Morse zeros and Lyapunov cohomology
class. Let X be a smooth vector field on a smooth manifold M. A
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point z € M is called a zero or rest point of X if X (z) = 0. Denote by
X :={z € M|X(x) =0} the set of rest points.

Recall that:

(i) A parameterized trajectory is amap 6 : R — M so that §'(t) =
X (0(t)). A trajectory is an equivalence class of parameterized
trajectories with 0, = 0y iff 0,(t + a) = 62(t) for some real
number a. Any representative 6 of a trajectory is called a
parametrization.

(ii) An instanton from the rest point x to the rest point y is a
trajectory with the property that for one and then any param-
eterization 0, lim; ,_ 0(t) = x, lim; ., 6(t) = y, and which
is isolated among these trajectories. 3

(iii) A parameterized closed trajectory is a pair § = (0,T), with
6 a parametrized trajectory so that 8(t + T) = 6(t). A pa-
rameterized closed trajectory gives rise to a smooth map 6 :
S1:=R/TZ — M. A closed trajectory is an equivalence class
of parameterized closed trajectories with (01,77) = (6o, T3) iff
91 = 92 and T1 = Tg.

Recall that a zero z € X is called Morse zero if there exist coordi-
nates (t1,...,t,) around x so that X = 22;.1:1@-8% — 2> tia%.
The integer ¢ is independent of the chosen coordinates (t1,...,t,). It is
referred to as the Morse index of x and denoted by ind(z)." Therefore
X =[], &, with &, the set of rest points of index g.

For any Morse zero x the stable resp. unstable set is

Wi = {y| lim Wy(y) =z}

where W, : M — M denotes the flow of X at time ¢. The stable and un-
stable sets are images of injective smooth immersions i : W — M.
The manifold W~ resp. W is diffeomorphic to R"@) regp. Rr—nd(@),

Convention. Unless explicitly mentioned all the vector fields in this
paper are assumed to have Morse, hence isolated, rest points.

Definition 1. A vector field X is said to have the exponential growth
property at a zero x if for some (and then any) Riemannian metric g
there exists a positive constant C' so that Vol(D,(z)) < e, for all
r > 0. Here D,(z) C W, denotes the disk of radius r centered at
x € W, with respect to the induced Riemannian metric (i, )*g on
W_ . A vector field is said to have the ezponential growth property if it
has the exponential growth property at all of its zeros.

LA Morse zero is non-degenerate and its Hopf index is (—1)"~.
2By abuse of notation we denote the source manifold also by Wik,
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We expect that every vector field which has a Lyapunov cohomology
class, see Definition 2 below, and satisfies the Morse-Smale property,
see Definition 3 below, has the exponential growth property, cf. the
conjecture in section 3.2. For the sake of Theorem 4 we introduce in
section 6.1, cf. Definition 9, the strong exponential growth property.
Both concepts are superfluous if the conjecture is true.

Definition 2. A cohomology class € € HY(M;R) is called Lyapunov
class for a vector field X if there exits a Riemannian metric g and a
closed one form w representing &, so that X = —grad, w34

In this paper we will show that a vector field X and a Lyapunov
class £ for X provide counting functions for the instantons from x to y
when ind(z) — ind(y) = 1% and counting functions for closed trajecto-
ries. Moreover these counting functions can be interpreted as Dirichlet
series.

If the vector field has exponential growth property these series have
a finite abscissa of convergence, hence have a Laplace transform. Their
Laplace transform can be read off from the spectral geometry of a
pair (g,w) where g is a Riemannian metric and w is a closed one form
representing &.

We will describe these counting functions and prove our results under
the hypotheses that properties MS and NCT defined below are satis-
fied. Generically these properties are always satisfied, cf. Proposition 2
below.

Also in this paper, for any vector field X and cohomology class & €
H'(M;R) we define an invariant p(¢, X) € RU {£oo} and show that
if ¢ is Lyapunov for X then exponential growth property is equivalent
to p(&, X) < oo.

Definition 3. The vector field X is said to satisfy the Morse-Smale
property, MS for short, if for any =,y € X the maps 7, and Z;j are
transversal.

In this case the set M(z,y) = W, N W, with 2,y € & is the
image by an injective immersion of a smooth manifold of dimension

3An alternative definition is the following: There exists a closed one form w
representing & so that w(X) < 0 on M \ X and such that in a neighborhood of any
rest point the vector field X is of the form — grad, w for some Riemannian metric
g. It is proved in section 3 that the two definitions are actually equivalent.

4This implies that w is a Morse form, i.e. locally it is the differential of a smooth
function whose critical points are non-degenerate.

®Not all vector fields admit Lyapunov cohomology classes.

6This is the only case when, generically, the instantons can be isolated.
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ind(z) —ind(y) on which R acts freely with quotient a smooth manifold
7 (x,y) of dimension ind(x) —ind(y) — 1. The manifold 7 (z,y) is called
the manifold of unparameterized trajectories from z to y. If ind(z) —
ind(y) = 1 it will be zero dimensional. In this case the unparameterized
trajectories are isolated and referred to as instantons from z to y.

Choose O = {O,},ex a collection of orientations of the unstable
manifolds of the critical points, with O, an orientation of W_. Any
instanton [0] from z € X, to y € X, has a sign ¢([0]) = °([0]) = £1
defined as follows: The orientations O, and O, induce an orientation
on [f]. Take €([f]) = +1 if this orientation is compatible with the
orientation from x to y and €([f]) = —1 otherwise.

Let 6 be a parameterized closed trajectory and let W; denote the
flow of X at time ¢. The closed trajectory [f] is called non-degenerate
if for some (and then any) ¢, € R and parameterization § = (8, T)
the differential Dg\Wr @ To)M — Tyuy)M is invertible with the
eigenvalue 1 of multiplicity one.

Definition 4. The vector field X is said to satisfies the non-degenerate
closed trajectories property, NCT for short, if all (unparameterized)
closed trajectories of X are non-degenerate.

Any non-degenerate closed trajectory [0] has a period p([0]) € N and

a sign €([0]) := £1 defined as follows:

(i) p([é]) is the largest positive integer p such that 6 : S* — M
factors through a self map of S! of degree p.
(i) €([0]) := sign det Do)V for some (and hence any) to € R and
parameterization 0.
A cohomology class £ € H'(M;R) induces the homomorphism ¢ :
H,{(M;Z) — R and then the injective group homomorphism

§:Te = R, with I'¢ := Hy(M;Z)/ ker €.

For any two points z,y € M denote by P, , the space of continuous
paths from x to y. We say that o € P, is equivalent to 3 € P,,,
iff the closed path 37! % o represents an element in ker £&. We denote
by 759573, = 75§y the set of equivalence classes of elements in P,,. Note
that I'c acts freely and transitively, both from the left and from the
right, on 75§y The action % is defined by juxtaposing at x resp. y a
closed curve representing an element v € I'¢ to a path representing the
element & € 75§y

"Here * denotes the juxtaposition of paths. Precisely if o, 3 : [0,1] — M and

B(0) = (1), then S*a : [0,1] — M is given by «(2t) for 0 <t < 1/2 and 5(1 — 2t)
for 1/2 <t < 1.
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Any closed one form w representing ¢ defines a map, w : P, — R,

by
w(a) ::/ a*w
[0.1]

which in turn induces the map w : 75§y — R. We have:

whyxa) = &) +w(a)
wl@xy) = w(@) +&()
Note that for w’' = w + dh we have ' = @ + h(y) — h(x).

Proposition 1. Suppose & € H'(M;R) is a Lyapunov class for the
vector field X.

(1) If X satisfies MS, v € X, and y € X,_; then the set of instan-
tons from x to y in each class & € 73§7y is finite.
(ii) If X satisfies both MS and NCT then for any v € T'¢ the set of

closed trajectories representing the class vy is finite.

The proof is a straight consequence of the compacity of space of
trajectories of bounded energy, cf. [5] and [8].

Suppose X is a vector field which satisfies MS and NCT and suppose
¢ is a Lyapunov class for X. In view of Proposition 1 we can define the
counting function of closed trajectories by

Z5 :Te — Q, Zﬁ((y)::zme(@.

[Olevy

If a collection of orientations O = {O,},cx is given one defines the
counting function of the instantons from x to y by

Ly Phy =L L@ =) (o). (1)

[flea

Note that the change of the orientations O might change the function
]Ifif’g but only up to multiplication by +1. A key observation in this

work is the fact that the counting functions ]Iif’g and Z5 can be
interpreted as Dirichlet series.

As long as Hypotheses MS and NCT are concerned we have the
following genericity result. For a proof consult [5] and the references
in [7, page 211].

Proposition 2. Suppose X has ¢ € H'(M;R) as a Lyapunov coho-
mology class.
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(i) One can find a vector fields X' arbitrarily close to X in the
C'—topology which satisfy MS and have & as Lyapunov coho-
mology class. Moreover one can choose X' equal to X in some
netghborhood of X and away from any given neighborhood of
X.

(i) If in addition X above satisfies MS one can find vector fields
X' arbitrary closed to X in the C'—topology which satisfy MS
and NCT, and have £ as Lyapunov cohomology class. Moreover
one can choose X' equal to X in some neighborhood of X.

(iii) Consider the space of vector fields which have the same set of
rest points as X, and agree with X in some neighborhood of
X. Equip this set with the C'-topology. The subset of vector
fields which satisfy MS and NCT is Baire residual set.

1.2. Dirichlet series and their Laplace transform. Recall that a
Dirichlet series f is given by a pair of finite or infinite sequences:

(M < X < 0 < M < en )

aq Qs ce Qg Qp+1

The first sequence is a sequence of real numbers with the property
that A\, — oo if the sequences are infinite. The second sequence is a
sequence of non-zero complex numbers. The associated series

LINE) = e

has an abscissa of convergence p(f) < oo, characterized by the follow-
ing properties, cf. [17] and [18]:

(i) If Rz > p(f) then f(z) is convergent and defines a holomorphic
function.
(ii) If Rz < p(f) then f(z) is divergent.

A Dirichlet series can be regarded as a complex valued measure with
support on the discrete set {A1, Ag,...} € R where the measure of \;
is equal to a;. Then the above series is the Laplace transform of this
measure, cf. [18]. The following proposition is a reformulation of results
which lead to the Novikov theory and to the work of Hutchings—Lee
and Pajitnov etc, cf. [5] and [8] for more precise references.

Proposition 3.
(i) (Novikov) Suppose X is a vector field on a closed manifold M

which satisfies MS and has & as a Lyapunov cohomology class.
Suppose w is a closed one form representing £. Then for any
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x € X, andy € X, the collection of pairs of numbers

0w = {(-2(0), B04@) | E04(@) £ 0,0 € P, |
defines a Dirichlet series. The sequence of \’s consists of the
numbers —w(&) when I},74 (&) is non-zero, and the sequence
a’s consists of the numbers I,7* (&) € Z.

(ii) (D. Fried, M. Hutchings) If in addition X satisfies NCT® then
the collection of pairs of numbers

25 = { (-6, Z5() | Z5() # 0.7 € T}

defines a Dirichlet series. The sequence of \’s consists of the
real numbers —€(7y) when Z (7y) is non-zero and the sequence
of a’s consists of the numbers 75 (v) € Q.

We will show that if X has exponential growth property then the
abscissa of convergence will be finite, hence the above Dirichlet series
will have Laplace transform and the main results of this paper, Theo-
rems 3 and 4 below, will provide explicit formulae for them in terms of
the spectral geometry of (M, g,w). To explain such formulae we need
additional considerations and results.

1.3. The Witten—Laplacian. Let M be a closed manifold and (g,w)
a pair consisting of a Riemannian metric g and a closed one form w.
We suppose that w is a Morse form. This means that locally w = dh,
h smooth function with all critical points non-degenerate. A critical
point or a zero of w is a critical point of A and since non-degenerate,
has an index, the index of the Hessian d2h, denoted by ind(x). Denote
by X the set of critical points of w and by &} be the subset of critical
points of index ¢.

For t € R consider the complex (Q2*(M),d}(t)) with differential
di(t) : QI(M) — QI1(M) given by

di(t)(a) := da+ tw A a.
Using the Riemannian metric g one constructs the formal adjoint of

di(t), d2(t)* : QIt (M) — QI(M), and one defines the Witten—Laplacian
AL(t) : QI(M) — QI(M) associated to the closed 1-form w by:

AL(t) :=d9(t) o dl + di () o d%(2)

81t seems possible to prove the above proposition without the hypothesis MS and

NCT, of course with properly modified definition of the counting functions Hf”yo’g

and Zi.We will return to this matter in a future paper.
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Thus, AZ(t) is a second order differential operator, with A%(0) = A4,
the Laplace-Beltrami operator. The operators AZ(t) are elliptic, self-
adjoint and nonnegative, hence their spectra Spect Ad(t) lie in the
interval [0, c0). It is not hard to see that

AL(t) = AT+ (L + L*) + 2| |jw||* 1d,

where L denotes the Lie derivative along the vector field — grad, w, Lt
the formal adjoint of L and ||w||? is the fiber wise norm of w.

The following result extends a result due to E. Witten (cf. [19]) in
the case that w is exact and its proof was sketched in [5].

Theorem 1. Let M be a closed manifold and (g,w) be a pair as above.
Then there exist constants Cy, Cy, Cs, T > 0 so that fort > T we have:
(i) Spect A4(t) N [Cre~ 2 Cst] = 0.
(ii) #(Spect AL(t) N[0, Cre ")) = #X,.
(iii) 1 € (Cre= %t Cst).
Here $A denotes cardinality of the set A.

Theorem 1 can be complemented with the following proposition,
proved also by Mityagin and Novikov, cf. [14], whose proof is included
in Appendix A.

Proposition 4. For all but finitely many t the dimension of ker A%(t)
15 constant in t.

Denote by €% (M)(t) the R-linear span of the eigen forms which cor-
respond to eigenvalues smaller than 1 referred bellow as the small eigen-
values. Denote by € (M)(t) the orthogonal complement of €% (M)(t)
which, by elliptic theory, is a closed subspace of Q*(M) with respect to
C>—topology, in fact with respect to any Sobolev topology. The space
QF (M)(t) is the closure of the span of the eigen forms which corre-
spond to eigenvalues larger than one. As an immediate consequence of
Theorem 1 we have for t > T :

(Q(M),d(t) = (n(M)(1), du(t) © (A (M)(2), du(t)  (2)

With respect to this decomposition the Witten—Laplacian is diagonal-
ized

AL(t) = AL an(t) ® AL (1) (3)

and by Theorem 1(ii), we have for ¢t > T'
dim 04, (M) (1) = £,

The cochain complex (€, (M)(t), d.,(t)) is acyclic and in view of The-
orem 1(ii) of finite codimension in the elliptic complex (2*(M), d,(t)).
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Therefore we can define the function

1

10gTan,1a(t)=10gT§{“{a()1252( 1) glogdet AL (1) (4)
q

where det A? | (t) is the zeta-regularized product of all eigenvalues of

Al 1. (t) larger than one.? This quantity will be referred to as the large
analytic torsion.

1.4. Canonical base of the small complex. Let M be a closed
manifold and (g, ¢’,w) be a triple consisting of two Riemannian metrics
g and ¢" and a Morse form w. The vector field X = —grad,, w has [w]
as a Lyapunov cohomology class.

Suppose that X satisfies MS and has exponential growth. Choose
O = {O,}zex a collection of orientations of the unstable manifolds
with O, orientation of W_. Let h, : W — R be the unique smooth
map defined by dh, = (i ) w and h, ( ) = 0. Clearly h, <O0.

In view of the exponential growth property, cf. section 3, there exists
T so that for ¢ > T the integral

It o(0)@)(@)i= [ ™()a, ac@n),

is absolutely convergent, cf. section 4, and defines a linear map:
Int% , o(t) : Q1(M) — Maps(&X,, R).

Theorem 2. Suppose (g,¢',w) is a triple as above with X of expo-
nential growth and satisfying MS. Equip Q*(M) with the scalar product
induced by g and Maps(X,, R) with the unique scalar product which
makes E, € Maps(X,,R), the characteristic functions of v € X, an
orthonormal base.

Then there exists T so that for any q and t > T the linear map
Int% , »(t) defined by (5), when restricted to Q4 (M)(t), is an isomor-
phism and an O(1/t) isometry. In particular Q% (M)(t) has a canon-
ical base {E9(t)|x € X,} with E(t) = (Intg(,wo( )Y EL).

As a consequence we have

AN E(0) =5 3 157900 - B2 (8), (6)

TEXy

where Iiff"‘*g . [T,0) — R are smooth, actually analytic functions,
cf. Theorem 3 below.

9Which, by the ellipticity, are all eigenvalues of AZ(t) but finitely many.
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In addition to the functions I;;**9(t) defined for t > T', cf. (6), we
consider also the function

log V(t) =1log Vygx(t) = > (—1)"log Vol{ E,(t)|z € X,}.  (7)

Observe that the change in the orientations O does not change the
right side of (7), so O does not appear in the notation V(¢).

1.5. A geometric invariant associated to (X,w, g) and a smooth
function associated with the triple (g, ¢’,w). Recall that Mathai—
Quillen [11] (cf. also [1]) have introduced a differential form V¥, €
QY (TM \ M;Oy) for any Riemannian manifold (M, g) of dimen-
sion n. Here O, denotes the orientation bundle of M pulled back
to TM. For any closed one form w on M we consider the form w A
X, € QUM \ X;0yp). Here X = —grad, w is regarded as a map
X:M\X —TM\ M and M is identified with the image of the zero
section of the tangent bundle.

The integral
/ wA X",
M\X

is in general divergent. However it does have a regularization defined
by the formula

R(X,w,g) = /M o A X, — /M B+ S (-1 ) (8)

TeEX
where
(i) f is a smooth function whose differential df is equal to w in a
small neighborhood of X and therefore wy := w — df vanishes
in a small neighborhood of X and
(i) E, € Q*(M;Oyy) is the Euler form associated with g.
It will be shown in section 5 below that the definition is independent
of the choice of f, see also [6]. Finally we introduce the function

log T;Ii’”’g(t) = log T,29.(t) —log V4 x () + tR(X,w, g) (9)

an,la

where X = —grad, w. Tun(t) = TX“9(t) is referred to as as the
corrected large analytic torsion.

1.6. The main results. The main results of this paper are Theo-
rems 3 and 4 below.

Theorem 3. Suppose X is a vector field which is MS and has exponen-
tial growth and suppose & is a Lyapunov cohomology class for X. Let
(9,4 w) be a system as in Theorem 2 so that X = — grad, w and w a
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Morse form representing &. Let Iiff’“”g [T, 00) — R be the functions
defined by (6). Then the Dirichlet series ]Ig)cf’yo’5 have finite abscissa
of convergence and their Laplace transform are exactly the functions
IX9099(t). In particular I,99(t) is the restriction of a holomorphic
function on {z € C|Rz > T'}.

Theorem 4. Suppose X is a vector field with & a Lyapunov cohomol-
ogy class which satisfies MS and NCT. Let (g,4',w) be a system as in
Theorem 2 so that X = —grad, w and w a Morse form representing £.
Let log TX<9(t) be the function defined by (9).

If in addition X has exponential growth and H*(M,tlw]) = 0 fort
sufficiently large® or X has strong exponential growth then the Dirichlet
series Zx has finite abscissa of convergence and its Laplace transform
is exactly the functions log TX<9(t). In particular log TX*9(t) is the
restriction of a holomorphic function on {z € C|Rz > T'}.

If the conjecture in section 3.2 is true, then the additional hypothesis
(exponential growth resp. strong exponential growth) are superfluous.

Remark 1. The Dirichlet series Zx depends only on X and ¢ = [w],
while ]If:fﬁ depends only on X and & up to multiplication with a
constant (with a real number r for the sequence of \’s and with e = +1
for the sequence of a’s).

Corollary 1 (J. Marcsik cf. [10] or [6]). Suppose X is a vector field
with no rest points, ¢ € H'(M;R) a Lyapunov class for X, w a closed
one form representing £ and let g a Riemannian metric on M. Suppose
all closed trajectories of X are non-degenerate and denote by

log Thu(t) :==1/2 Z(—l)‘”lq log det(AZ(t)).
Then

log Ton(t) +t/ wA X",
M
1s the Laplace transform of the Dirichlet series Zx which counts the set

of closed trajectories of X with the help of €.

Strictly speaking J. Marcsik proved the above result, see [10], in the
case X = —grad,w. The same arguments could also yield the result
in the generality stated above.

Remark 2. In case that M is the mapping torus of a diffeomorphism
¢ : N — N, M = N4 whose periodic points are all non-degenerate,

00r, more general, H

ing(M; Ag p) is free for p large enough, cf. section 6 for

definitions.
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the Laplace transform of the Dirichlet series Zx is the Lefschetz zeta
function Lef(Z) of ¢, with the variable Z replaced by e *.

Theorems 3, 4 and Corollary 1 can be routinely extended to the case
of a compact manifolds with boundary.

In section 2 we discuss one of the main topological tools in this paper,
the completion of the unstable sets and of the space of unparameterized
trajectories, cf. Theorem 5. This theorem was also proved in [5]. In
this paper we provide a significant short cut in the proof and a slightly
more general formulation.

In section 3 we define the invariant p and discuss the relationship
with the exponential growth property. Additional results of indepen-
dent interest pointing toward the truth of the conjecture in section 3.2
are also proved. The results of this section are not needed for the proofs
of Theorems 2-4.

The proof of Theorem 1 as stated is contained in [5] and so is the
proof of Theorem 2 but in a slightly different formulation and (appar-
ently) less generality. For this reason and for the sake of completeness
we will review and complete the arguments (with proper references
to [5] when necessary) in section 4. Section 4 contains the proof of
Theorem 2 and 3. Section 5 treats the numerical invariant R(X,w, g).
The proof of Theorem 4 is presented in section 6 and relies on some
previous work of Hutchings—Lee, Pajitnov [9], [8], [15] and the work of
Bismut-Zhang and Burghelea-Friedlander—Kappeler [1].

2. TOPOLOGY OF THE SPACE OF TRAJECTORIES AND UNSTABLE
SETS

In this section we discuss the completion of the unstable manifolds
and of the manifolds of trajectories to manifolds with corners, which is
a key topological tool in this work. The main result, Theorem 5 is of
independent interest.

Definition 5. Suppose & € H'(M;R). We say a covering m : M — M
satisfies property P with respect to £ if M is connected and 7*¢ = 0.

Let X be vector field on a closed manifold M which has ¢ € H'(M;R)
as a Lyapunov cohomology class, see Definition 2. Suppose that X is
MS. Let 7 : M — M be a covering satisfying property P with respect
to £. Since £ is Lyapunov there exists a closed one form w represent-
ing ¢ and a Riemannian metric g so that X = —grad,w. Since the
covering has property P we find A : M — R with 7w = dh.

Denote by X the vector field X := 7*X. We write X = 7~'(X) and

X, = 7 1(A,). Clearly Cr(h) = 7~'(Cr(w)) are the zeros of X.
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Civen # € X let if : W — M and i : W; — M, denote the
one to one immersions whose images define the stable and unstable
sets of # with respect to the vector field X. The maps z:; are actually
smooth embeddings because X is gradient like for the function h, and
the manifold topology on VV‘,;t coincides with the topology induced from
M. Clearly, for any & with 7(Z) = = one can canonically identify I/Vx:t
to W and then we have 7 o i = it

As the maps i and 7] are transversal, M(Z,7) := Wy N W, is a
submanifold of M of dimension ind(#) —ind(f). The manifold M(Z, )
is equipped with the action p : R x M(Z,9) — M(Z,y), defined by
the flow generated by X. If # # ¢ the action u is free and we de-
note the quotient M(z,y)/R by 7T (Z,y). The quotient 7(Z,7) is a
smooth manifold of dimension ind(Z) — ind(g) — 1, possibly empty,
which, in view of the fact that X - h = w(X) < 0 is diffeomorphic to
the submanifold h=*(c) N M(Z,9), where c is any regular value of h
with h(z) > ¢ > h(g).

Note that if ind(Z) < ind(g), and & # g, in view the transversality
required by the Hypothesis MS, the manifolds M(z,y) and 7 (z,7)
are empty. We make the following convention: 7 (Z,Z) := (). This is
very convenient for now 7 (z,§) # () implies ind(Z) > ind(g) and in
particular T # 3.

An unparameterized broken trajectory from & € X to § € X, is an
element of the set B(Z,7) := U,~o B(Z, J)k, where

B(&, )k == T (o, 51) % -+ X T (k- 1) (10)

and the union is over all (tuples of) critical points 7; € X with § = &
and Yr41 :g- . .

For & € X introduce the completed unstable set W7 1= J,oo(W; )i,
where -

W)k = JT o) x -+ x T (fk—1, 5) x W, (11)

and the union is over all (tuples of) critical points §; € X with gy = Z.

To study W we introduce the set B(Z; \) of unparameterized broken
trajectories from & € X to the level A € R as B(Z; A) := U0 B(Z5 A
where N

B(& N =T @o. i) % -+ x T (-1, 5%) X (W, Nh1(N)
and the union is over all (tuples of) critical points §; € X with gy = Z.
Clearly, if A > h(Z) then B(z; \) = 0.

Since any broken trajectory of X intersects each level of h in at
most one point one can view the set B(Z,7) resp. B(Z; A) as a subset
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of CO([h(§), h(%)], M) resp. C°([\, h(2)], M). One parameterizes the
points of a broken trajectory by the value of the function h on these
points. This leads to the following characterization (and implicitly to a
canonical parameterization) of an unparameterized broken trajectory.

Remark 3. Let Z,57 € X and set a := h(j), b := h(Z). The parame-
terization above defines a one to one correspondence between B(z,7)
and the set of continuous mappings v : [a,b] — M, which satisfy the
following two properties:
(i) h(v(s)) =a+b—s,v(a) =7 and v(b) = .
(ii) There exists a finite collection of real numbers a = sy < $1 <
- < 841 < 8 = b, so that vy(s;) € X and ~ restricted to
(8i, 8i+1) has derivative at any point in the interval (s;, s;11),
and the derivative satisfies
X
= s)).
5 (1))
Similarly the elements of B(Z; \) correspond to continuous mappings
v : [N, b] = M, which satisfies (i) and (ii) with a replaced by A and the
condition 7y(b) = g ignored.

v'(s) =

We have the following proposition, which can be found in [5].

Proposition 5. For any &, € X and \ € R, the spaces
(i) B(z,q) with the topology induced from C°([h(7), h(Z)], M), and
(ii) B(Z;\) with the topology induced from C° ([, h( )],M)

are compact.

Let i; : W, — M denote the map whose restriction to 7 (fo, 71) X

X T(Jp—1, Ur) X W;, is the composition of the projection on W,
with iy . Moreover let h; := h? o iy : Wy — R, where h¥ = h — h(%).

Recall that an n—dimensional manifold with corners P, is a para-
compact Hausdorff space equipped with a maximal smooth atlas with
charts ¢ : U — p(U) C R%, where R} = {(z1,...,2,) | #; > 0}. The
collection of points of P which correspond by some (and hence every)
chart to points in R™ with exactly k& coordinates equal to zero is a well
defined subset of P called the k—corner of P and it will be denoted by
Py. It has a structure of a smooth (n — k)—dimensional manifold. The
union OP = PLUP,U---U P, is a closed subset which is a topological
manifold and (P, dP) is a topological manifold with boundary 0P.

The following theorem was proven in [5] for the case that M is the
minimal covering which has property P.
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Theorem 5. Let M be a closed manifold, X a vector field which is
MS and suppose & is a Lyapunov class for X. Let m : M — M be a
covering which satisfies property P with respect to & and let h - M — R
be a smooth map as above. Then:

(i) For any two rest points &,§ € X the smooth manifold T (%, )
has B(Z,7) as a canonical compactification. Moreover there is
a canonic way to equip B(Z,y) with the structure of a compact
smooth manifold with corners, whose k—corner is B(Z,9)x from
(10).

(ii) For any rest point & € X, the smooth manifold W has W;
as a canonical completion. Moreover there is a canonic way to
equip WT with the structure of a smooth manifold with corners,
whose k—corner coincides with (W), from (11).

(ili) o5 W~ — M is smooth and proper, for all & € X.

(iv) hz : ch — R is smooth and proper, for all & € X.

Proof. In view of Lemma 4 in section 3, the set of Lyapunov classes
for X is open in H'(M;R). So we can find a closed one form w and

a Riemannian metric g such that X = —grad, w and such that w has
degree of rationality one. Consider the minimal covering on which
¢ = [w] becomes exact. Since ¢ has degree of rationality one!! the

critical values of h form a discrete set. In [5, paragraphs 4.1-4.3] one
can find all details of the proof of Theorem 5 for this special £ and this
special covering.

Note that as long as properties (i) through (iii) are concerned they
clearly remain true when we pass to the universal covering of M which
obviously has property P. One easily concludes that they also remain
true for every covering which has property P. So we have checked (i)
through (iii) in the general situation.

Next observe that iz; — h¥ o0 iz is certainly smooth as a compo-
sition of two smooth mappings. The properness of h; follows from
Proposition 5(ii). O

It will be convenient to formulate Theorem 5 without any reference
to the covering m : M — M or to lifts T of rest points x.

Let £ € HY(M;R) be a one dimensional cohomology class so that

7§ = 0. As in section 1 denote by P, , the set of continuous paths

from x to y and by PM the equivalence classes of paths in P, , with
respect to the followmg equivalence relation.

HRecall that the closed one form has degree of rationality & if the image of
[w](T') C R is a free abelian group of rank k.
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Definition 6. Two paths a, 8 € P,, are equivalent if for some (and
then for any) lift Z of x the lifts @ and  of @ and [ originating from
Z end up in the same point .

The reader might note that the present situation is slightly more
general than the one considered in introduction which correspond to
the case the covering 7 is the I's—principal covering with I'¢ induced
from ¢ as described in section 1. For this covering we have 75% = 75§y

Note that any two lifts #,7 € M determine an element & € 75%! and
the set of unparameterized trajectories from Z to y identifies to the set
T (z,y, &) of unparameterized trajectories of X from x to y in the class

Q.
Theorem 5 can be reformulated in the following way:

Theorem 6 (Reformulation of Theorem 5). Let M be a smooth mani-
fold, X a smooth vector field which is MS and suppose £ is a Lyapunov
class for X. Let M be a covering of M which has property P with
respect to . Then:

(i) For any two rest points v,y € X and every & € 75%1 the set
T (x,y,&) has the structure of a smooth manifold of dimension
ind(z) — ind(y) — 1 which admits a canonical compactification
to a compact smooth manifold with corners B(z,y,&). Its k—
CoTner is

B(x,y, @)k = UT(QO,ybdo) X X T(yk,ykﬂ,dl@)

where the union is over all (tuples of) critical points y; € X

and &; € Pﬁyiﬂ with yo = x, Ypa1 =y and Gy * -+ - *x Gy, = Q.
(ii) For any rest point x € X the smooth manifold W, has a canon-

ical completion to a smooth manifold with corners W_ . Its

k—corner is
W)k =T (o, 1. 40) X -+ X T (Yo, yp dr) X W,

where the union is over all (tuples of ) critical points y; € X
and &; € Pz%ym with Yo = .

(iii) The mapping iy : W, — M which on (W, )y is given by the
composition of the projection onto W, with i, : W, — M is
smooth, for all x € X.

(iv) Let w be a closed one form representing . Then the mappings
hy : W; — R which on (W, )i is given by the composition of
the projection onto W, with hy = W, — R plus W(Gg * -+ - x
Gg—1) is smooth and proper, for all x € X.
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The above results can be easily extended to the case of compact
manifolds with boundary.

2.1. Appendix to section 2. Given a compact smooth manifold M
with boundary OM we will consider only admissible metrics, i.e. Rie-
mannian metrics g which are product like near the boundary. In this
case denote by go the induced metric on the boundary. This means
that there exists a collar neighborhood ¢ : OM x [0,€) — M with ¢
equal to the identity when restricted to 9M x {0} and p*g = gy + ds>.

Convention. Unless explicitly mentioned in this paper all the vector
fields on a compact manifold with boundary are assumed to be tangent
to the boundary and have rest points of Morse type.

Definition 7. The vector field X has & € H'(M;R) as Lyapunov
cohomology class if the following conditions hold:

(i) There exists a closed one form representing ¢ and an admis-
sible metric so that X = —grad;jw. In particular Xpy =
— gradgo wanr, where wyy; denotes the pullback of w to OM.
(i) If we set

X' = {zeXNoM |indyy(z) =ind(z)}

X! = {zeXxnoM { indgr(z) = ind(z) — 1}

then X" resp. XY lie in different components OM_ resp. OM
of M.

This definition implies that X = X’ U X", where X" is the set of rest
points inside M and X" of the rest points on M which is the same as
the set of rest points of Xsp,. For x € X" denote by i, : W — M
the unstable manifold with respect to X and by j, : Wp,, , — OM the
unstable manifold with respect to Xgy,.

Remark 4.

(i) If x € X” then the unstable manifold of x with respect to X
and Xpys are the same. More precisely i, : W~ — M identifies
to j, : Waps, — OM followed by the inclusion of M C M.
(i) If z € XY then
(a) (W, Wgy,) is a smooth manifold with boundary diffeo-
morphic to (R¥, R*"!) with k = ind(x); and
(b) i, : W, — M is transversal to the boundary of M and
iy : (i;) 7' (OM) — OM can be identified to j, : Wy, —

xT

oM.
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Theorems 5 and 6 remain true as stated with the following speci-
fications. Set P, = W\ Wy, fory ? XY, and P, = W, for
ye X'UX". For x € X the k—corner of W then is

(W, ) = (WQ_M@)kfl U UT(yanla o) X - X T (Yp—1, Yr, Q1) X P

where the big union is over all (tuples of) y; € X and &; € ﬁy with

Yo = T.

iHYi+1

3. EXPONENTIAL GROWTH PROPERTY AND THE INVARIANT P

In this section we introduce for a pair (X, §) consisting of a vector
field X and a cohomology class ¢ € H'(M;R) an invariant p(¢, X) €
R U {£o00}. For the purpose of this paper we are interested in the case
this invariant is smaller than co. One expects that this is always the
case if £ is Lyapunov for X at least in the case X satisfies MS. If X
has ¢ as a Lyapunov cohomology class we prove that the exponential
growth and p < oo are equivalent. The discussion of this section is not
needed for the proofs of Theorem 2, 3 and 4.

Throughout this section M will be a closed manifold and X a vector
field with Morse zeros.

3.1. The invariant p. For a critical point x € X, i.e. a zero of X,
we let iy : W — M denote the smooth immersion of the unstable
manifold into M. If M is equipped with a Riemannian metric we
get an induced Riemannian metric g, := (i, )*¢g on W, thus a volume
density u(g,) on W, and hence the spaces LP(W, ), p > 1. Though the
LP—norm depends on the metric g the space LP(W, ") and its topology
does not. Indeed for another Riemannian metric ¢’ on M we find a

constant C' > 0 so that 1/C' < 5;/ (())((’;,/)) < C for all tangent vectors X

and Y which implies 1/C" < % < (' for some constant C’ > 0.
Given a closed 1-form w on M we let h¥ denote the unique smooth

function on W, which satisfies dh¥ = (i )*w and h¥(z) = 0. We
are interested in the space of 1-forms for which e"* € L'(W,"). This

condition actually only depends on the cohomology class of w. Indeed
we have h*t¥ = he + (i7)*f — f(x) and so |+ — h¥| < C” and
e=C" < ehi™ Jeht < € for some constant C” > 0. So we define

R, (X) = {[w] € H'(M) | "s € L'"(W,)}
and set R(X) 1= (\,ccp(x) Fa(X). Let us also define
po(&, X)) :=inf{t e R|t£ € R.(X)} € RU {£o0}
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as well as:

p(§,X) =inf{t e R |t£ € R(X)} € RU{£o0}.
Observe that p(&, X) = maxer p.(€, X).
Lemma 1. The sets R, (X) and R(X) are convex. Particularly

p(A& + (1= N)&, X) < max{p(&, X), p(&, X)}
forall 0 < X\ < 1.

Proof. Indeed let [wy], [w1] € HY(M), A € [0,1] and set wy := Aw;+(1—
Awp. Then he> = Ah€ + (1 —A)heo. For A € (0,1) weset p:=1/A > 1
and ¢ :=1/(1 — A). Then 1/p+1/q¢ =1 and by Holder’s inequality

w w w
[l = (e etV

Mgl eI

IN

lle
w1 «0 _
[l [ lle" T~

q

So, if [wo] and [wy] € R,(X) then [wy] € R,(X), and thus R,(X) is
convex. As an intersection of convex sets R(X) is convex too. U

Next we introduce:
B,(X) = {[w] € H'(M) | e"* € L®(W,)}

and set B(X) 1= (,ccrx) B2(X). Note if { is a Lyapunov cohomology
class for X then £ € B(X), cf. Lemma 4 below.
Most obviously we have:

Lemma 2. The sets B,(X) and B(X) are convezr cones. Moreover we
have R, (X) + B.(X) C R.(X) and R(X) + B(X) C R(X).

Next define
L(X) = {¢ € H' (M) | ¢ is Lyapunov class for X}
Recall from Definition 2 that £ € L(X) if there exists a closed one form

w representing § and a Riemannian metric g such that X = —grad, w.

Lemma 3. Let M be a smooth manifold, X a vector field, w a closed
one form and g a Riemannian metric. Suppose U C M 1is an open set
and

(i) the vector fields X and — grad,w agree on U and
(i) w(X) < 0 on a neighborhood of M \ U.
Then there exists a Riemannian metric g’ so that:
(i) X = —grad,w
(i) g and ¢' agree on U.
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Proof. Let N be an open neighborhood of M \ U so that w(X) < 0
and therefore X, # 0, + € N. For x € N the tangent space T,
decomposes as the direct sum T, M = V, & [X,] where [X,] denotes
the one dimensional vector space generated by X, and V, = ker(w(z) :
T.M — R). Clearly on U the function —w(X) is the square of the
length of X, with respect to the metric ¢ and X, is orthogonal to V,
and on N it is strictly negative. Define a new Riemannian metric ¢’
on M as follows: For z € U the scalar product in T, M is the same as
the one defined by g. For © € N the scalar product on T, M agrees
to the one defined by ¢g but make V, and [X,| perpendicular and the
length of X, equal to /—w(X)(x). It is clear that the new metric is
well defined and smooth. O

Corollary 2. Let X be a vector field on M and let £ € H'(M). Then
& 1s Lyapunov for X if and only if there is a closed one form w repre-
senting & and a Riemannian metric g such that the following hold:

(i) w(X) <0 onM\AX.

(ii) X = —grad,w on a neighborhood of X

Lemma 4. The set L(X) C HY(M) is open and contained in B(X).
Moreover L(X) is a convex cone.

Proof. The subset L(X) C H'(M) is open, for we can change the
cohomology class [w] by adding a form whose support is disjoint from
X and hence not affecting condition in Corollary 2(ii). If the form
we add is sufficiently small the condition in Corollary 2(i) will still be
satisfied.

We have L(X) C B,(X) for X = —grad, w implies that h{ attains
its maximum at x and is thus bounded from above.

Next note that both conditions (i) and (ii) in Corollary 2 are convex
and homogeneous conditions on w. Thus L(X) is a convex cone. [

Lemma 5. Suppose L(X) N R(X) # (. Then every ray of L(X), i.e.
a half line starting at the origin which is contained in L(X), intersects
R(X).
Proof. Pick & € L(X)NR(X). Since £ € R(X), Lemma 4 and Lemma 2
imply:

£+ L(X) € R(X) + L(X) € R(X) + B(X) C R(X) (12

On the other hand L(X) is open and & € L(X), so every ray in L(X)
has to intersect £ + L(X). In view of (12) it has to intersect R(X)
too.
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Corollary 3. Suppose & and & are Lyapunov for X. Then p(&, X) <
oo implies p(&, X) < oco.

3.2. Exponential growth versus p. Let z € X be a zero of X, W~
the unstable manifold, let g be a Riemannian metric on M and let
r = dist(z,-) : W, — [0,00) denote the distance to x with respect to
the induced metric g, = (i, )*g on W . Clearly r(z) = 0. Moreover let
By(z) :=={y € W |r(y) < s} denote the ball of radius s centered at x.

Recall from Definition 1 that X has the exponential growth property
at a zero z if there exists a constant C' > 0 such that Vol(By(x)) < e®*
for all s > 0. Clearly this does not depend on the Riemannian metric
g on M even though the constant C' will depend on g.

Lemma 6. Suppose we have C > 0 such that Vol(B,(x)) < e“* for all
5>0. Then e~ (C+I" ¢ LY W) for every e > 0.

Proof. We have

/_ —(C+e)r _ Z/ . —(C+e)r (13)
n+ n

On B,y1(7) \ Bn(z) we have e~ (€T < e=(C+9n and thus

/ e—(C-‘re)T < VOI(BTH—I( ))e—(C-l-e)n
n+1(2)\Bn (2)

C(n+1)€f(C+e)n — ecefen

IN

(&

So (13) implies

oo
/ e—(C’-i—e)r < 6Cze—en _ €C<1 . e—e)—l < 00
@ n=0

and thus e~ ¢+ ¢ LY (W,). O

Lemma 7. Suppose we have C > 0 such that e=¢" € LY(W). Then

T

there exists a constant Cy such that Vol(Bs(x)) < Coe®® for all s > 0.
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Proof. We start with the following estimate for N € N:
Vol(By41(z))e ¢+ —

N
= Y Vol(Bus(x))e U — Vol(B,(x))e ™"
n=0

o0

< Z(Vol(BnH(x)) — Vol(Bn(x)))e*C(”H)

n=0

= Z Vol(Bps1(x) \ Bn(x))e_c(”H)

< / e Cr :/ e Cr
; Brt1(z)\Bn(z) Wy

Given s > 0 we choose an integer N with N < s < N + 1. Then
Vol(B,(z))e=¢* < Vol(By41(x))e N = e Vol(By 41 (x))e W+ So
the computation above shows

Vol(B,(x))e " < ec/ e " = Ch < 00

W
and thus Vol(B,(z)) < Cpe®® for all s > 0. O

As immediate consequence of the two preceding lemmas we have

Proposition 6. Let x be a zero of X. Then the following are equiva-
lent:

(i) X has the exponential growth property at x with respect to one
(and hence every) Riemannian metric on M.

(ii) For one (and hence every) Riemannian metric on M there
exists a constant C > 0 such that e=¢" € LY(W).

Let g be a Riemannian metric on M, w a closed one form and consider
X = —grad,w. Assume X has Morse zeros and let = be one of them.
Recall that we have a smooth function hY : W, — (—o0,0] defined
by (i;)*w = dh¥ and h¥(x) = 0. The next two lemmas tell, that
—h¥ : W, — [0,00) is comparable with r: W — [0, 00).

Lemma 8. In this situation there exists a constant C,, 4 > 0 such that
r<1-0C,4he on W_.

Proof. The proof is exactly the same as the one in [5, Lemma 3(2)].
Note that the Smale condition is not used there. U

Lemma 9. In this situation there exists a constant C’:%g > (0 such that
—hy < C, 1
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Proof. Let v : [0,1] — W_ be any path starting at v(0) = z. For
simplicity set h := h¥. Since h(x) = 0 we find

1 1
) = | [ @ @) < lolls [ Ot = ol length)
with ||w||e the supremums norm of w. We conclude

[|wlloor (7(1)) = [lw|loo dist(z, (1)) > |[A(y(1))] = —h(¥(1))
and thus —h < C7, 7 with C, | := ||w]|s. O

Let us collect what we have found so far.

Proposition 7. Suppose & is Lyapunov for X and let © be a zero of
X. Then the following are equivalent.

(i) X has the exponential growth property at x with respect to one
(and hence every) Riemannian metric on M.

(ii) For one (and hence every) Riemannian metric on M there
exists a constant C > 0 such that =" € LY(W,).

(it}) pu(€, X) < oo,

Proof. The equivalence of (i) and (ii) was established in Proposition 6
without the assumption that ¢ is Lyapunov for X. The implication
(ii) = (iii) follows from Lemma 8; the implication (iii) = (ii) from
Lemma 9. U

Note that this again implies Corollary 3. We expect that these equiv-
alent statements hold true, at least in the generic situation. More
precisely:

Conjecture (Exponential growth). Let g be a Riemannian metric on a
closed manifold M, w a closed one form (and assume X = — grad,w is
Morse-Smale.) Let x be a zero and let i, : W, — M denote its unsta-
ble manifold. Let Vol(Bs(x)) denote the volume of the ball Bs(x) C W~
of radius s centered at x € W_ with respect to the induced Riemannian
metric (i;)*g on W_. Then there exists a constant C' > 0 such that
Vol(By(x)) < e for all s > 0.

3.3. A criterion for exponential growth. The rest of the section is
dedicated to a criterion which guarantees that the exponential growth
property, and hence p < oo, holds in simple situations.

Suppose v € X,. Let B C W_ denote a small ball centered at
z. The submanifold i, (W, \ B) C M gives rise to a submanifold
Gr(W, \ B) C Gr,(TM) in the Grassmannified tangent bundle, the
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space of g—dimensional subspaces in T'M. For a critical point y € X
we define

K. (y) = Gr (T,W, ) N Gr(W \ B)
where Gry(T,W,") C Gr,(T,M) C Gr,(TM). Note that K,(y) does
not depend on the choice of B.

Remark 5.

(i) Even though we removed a neighborhood of x from the unsta-
ble manifold W, the set K,(z) need not be empty. However
if we did not remove B the set K, (z) would never be vacuous
for trivial reasons.

(ii) If ¢ = ind(x) > ind(y) we have K,(y) = 0, for Gry(T,W, ) =0
since ¢ > dim(7,W,”) = ind(y).

(iii) If dim(M) = n = g = ind(z) we always have K,(y) = ) for all
yeX.

Proposition 8. Let & be Lyapunov for X and suppose K.(y) =0 for
ally € X. Then p,(€,X) < o0.

We start with a little

Lemma 10. Let (V, g) be an Euclidean vector space and V =V @V~
an orthogonal decomposition. For k > 0 consider the endomorphism
A, = krid® —id € End(V) and the function

5% Grg(V) = R, (W) := try,, (piy © Ay 0 iw),

where iy : W — V denotes the inclusion and py, : V. — W the

orthogonal projection. Suppose we have a compact subset K C Gry(V)
for which Gry(Vt)N K = 0. Then there exists k > 0 and ¢ > 0 with
0 < —¢ on K.

Proof. Consider the case k = 0. Let W € Gr, (V) and choose a g|w—
orthonormal base ¢; = (e ,e; ) e VT @&V, 1 <i <gq, of W. Then

(SAO Zg €Z,A0€z = Zg €; ¢ )-

So we see that 60 < 0 and 6% (W) = 0 iff W € Gr,(VF). Thus
64| < 0. Since §4* depends continuously on x and since K is compact
we certainly find k > 0 and € > 0 so that 5A“|K < —e. ]

Proof of Proposition 8. Let S C W denote a small sphere centered
at z. Let X := (i;)*X denote the restriction of X to W, and let ¥,
denote the flow of X at time ¢. Then

w5 x[0,00) = W, pla,t) = pux) = ()
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parameterizes W with a small neighborhood of x removed.
Let k > 0. For every y € X choose a chart u, : U, — R" centered
at y so that

.o,

i<ind(y y 1>ind(y)
Let g be a Riemannian metric on M which restricts to ), du; ® du;
on U, and set g, := (i, )*g. Then
VXly, =k Z du® Z du! ®6u
1<ind(y) 1>ind(y)

In view of our assumption K,(y) = 0 for all y € X Lemma 10 permits
us to choose K > 0 and € > 0 so that after possibly shrinking U, we
have

div,,(X) = tr, (VX) < —e<0 on o(S % [0,00))N (i;)*l(U Uy>.
yeX
(14)
Next choose a closed 1-form w so that [w] = { and w(X) < 0on M\ X.
Choose 7 > 0 so that

Tw(X) +ind(2)||[VX[l; < —e<0 on M\ |JU, (15

yex
Using X - hy <0 and
divy, (X) = tr,, (VX) < ind(2)||[VX]|,, < ind(z)||VX]]
(14) and (15) yield
X B¢ +div, (X) < —e< 0 on (S x [0,00)). (16)

Choose an orientation of W and let p denote the volume form on W,
induced by g,. Consider the function

Y [0,00) =R, (t):= / e > 0.
(Sx%[0,¢])

For its first derivative we find

Y(t) = / e Fign >0
w¢(S)
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and for the second derivative, using (16),

W) = / B iy ()i
ot

< e/ e i = —e) ().
(S

So (Inoy)')(t) < —e hence /(¢ ) < ¢'(0)e” and integrating again we

find

Y(t) < (0) +4/(0)(1 —e™") /e < ¥'(0)/e.
So we have e™% € L'(¢(S x [ 00)) and hence ™ € L'(W,) too.
We conclude p, (£, X) <7 < o0 d
Remark 6.

(i) In view of Remark 5(iii) Proposition 8 implies p, (£, X) < oo
whenever ¢ is Lyapunov for X and ind(z) = dim(M). However
there is a much easier argument for this special case. Indeed, in
this case W is an open subset of M and therefore its volume
has to be finite. Since ¢ is Lyapunov for X we immediately
even get p, (&, X) <0.

(i) In the case ind(x) = 1 we certainly have p,(&, X) < 0.

(iii) Throughout the whole section we did not make use of a Morse—
Smale condition.

Using Proposition 7, Proposition 8, Remark 5(ii) and Remark 6(ii)
we get
Corollary 4. Suppose & is Lyapunov for X and x a zero of X. If
1 < ind(z) < dim(M) assume moreover that K,(y) = 0 for all zeros
y of X with dim(M) > ind(y) > ind(z). Then X has the exponential
growth property at x and p,(&, X) < co.

4. PROOF OF THEOREMS 2 AND 3

Let X be a vector field with £ € H'(M;R) a Lyapunov cohomology
class. Recall that in Section 1 we have defined the instanton counting
function (or the Novikov incidence) I;;7¢ - 75§y — Z, cf. (1).

The following proposition is a reformulation of a basic observation
made by S.P. Novikov [13] in order to define his celebrated complex.
Proposition 9.

(i) For any x € X,, y € X,_1 and every real number R the set

{a e Ps \]IXOg &) #0,0(&) > R}

1s finite. Here w is any closed one form representing &.
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(ii) For any x € X,, 2 € X, 5 and 5 € PS_ one has

D IO a) - IO(B) = 0. (17)

where the sum is over ally € X;_1, & € 75§y and all 3 € 7552
with & * = q.
Formula (17) implicitly states that the left side of the equality contains
only finitely many non-zero terms.

Proposition 9 above is equivalent to Theorem 2 parts 1 and 2 in [5].
The proof, originally due to Novikov can be also found in [5].

The following proposition will be the main tool in the proof of The-
orem 2.

Proposition 10. Suppose t € R, w a closed one form representing &
and t > p(&, X). Then:

(i) For every a € QI(M) and every x € X, the integral

It ot)@)a) = | e (i)

W

converges absolutely.** In particular it defines a linear map
Intf%(’w’@(t) : QI(M) — Maps(X,,R).
(ii) The map Int% , o(t) : QU (M) — Maps(Xy, R) is surjective and

Ity o (du(D)a)(w) = Y POLNP(a) Inth, o(t)(a)(y)
yeXy, 02675“5&
(18)
where the right side of (18) is a potentially infinite sum which
18 convergent.

The proof of Proposition 10 is given in details in [5] section 5, (cf.
Proposition 4) and uses in an essential way Theorem 5 and Stokes’
theorem. Particular care is necessary in view of the fact that W are
not compact. The integration has to be performed on a non compact
manifold and Stokes’ theorem applied to non-compact manifolds with
corners.

The proof of Theorem 2 boils down to the verification of the following
claims:

12Recall that for an oriented n-dimensional manifold N and a € Q™(N) one has
la| := |a’| Vol € Q" (M), where Vol € Q"(N) is any volume form and o’ € C*°(N,R)
is the unique function satisfying a = a’ - Vol. The integral | y @ is called absolutely
convergent, if [  la| converges.
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Claim 1. For any t > sup{p(¢, X), T}, © € X,y and y € A, the
possibly infinite sum

Z H;(LO{(&)etD(d)
aePt,

is convergent and the formula

wo(E) = Y (LP4@)e™)E, (19)

r€Xgt1, &Eﬁﬁ,y

defines a linear map 0%, »(t) : C4(X) = Maps(&,,R) — C(X) =
Maps(&X,;1, R) which makes (C*(X), 6%, »(t)) a smooth (actually an-
alytic) family of cochain complexes of finite dimensional Euclidean
spaces. Recall that {E,},cx denotes the characteristic functions of
x € X and {E, },cx provide the canonical base of C*(X) which, implic-
itly equips each component C'(X) with a scalar product, the unique
scalar product which makes this base orthonormal. Recall also that
w: 75§y — R was defined in section 1 before Proposition 1 and makes
sense even when w is not a representative of & but still, its pull back
on M is exact.

Claim 2. The linear maps Int%  ,(f) are surjective and define a mor-
phism of cochain complexes.

Claim 3. There exists T' larger than p(w, X) so that for t > T the linear
map Int% , ,(t) when restricted to QZ (M)(t) is an isomorphism and
actually an O(1/t)—-isometry.

Everything but the O(1/t)-isometry statement in Claim 3 is a straight
forward consequence of Theorem 1 and Proposition 10 above. To check
this part of Claim 3 we have to go back to the proof of Theorems 3 and
4 in [5], section 6. We observe that if ¢ is large enough the restriction
of Int% , »(t) to the subspace H,(t) C Q7(M) defined in [5], section 4
page 172 (cf. Proof of Theorem 3) is surjective and then by Lemma 7 in
[5] so is the restriction of Int% , ,(t) to QZ,(M)(t). This because H,(t)
and Q4 (M)(t) are, by Lemma 7 in [5] section 6, as close as we want for
t large enough. Since the spaces Q2 (M)(t) and C9(X) have the same
finite dimension, by the surjectivity in Claim 2, Int% , ,(#) is an isomor-
phism and, as shown in [5] section 4 page 172 an O(1/t)-isometry. We
take as the base EY (t) the differential forms ES (t) = Int% , »(¢) " (E,).
This finishes the proof of Theorem 2. Theorem 3 is a consequence of
Theorem 2 and of Claim 3.

We conclude this section with the following remarks. Let X be a
vector field which has £ as Lyapunov cohomology class. Suppose X
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satisfies MS and p(&, X) < oco. Let w be a closed one form representing

.

For t > p(&, X) the finite dimensional vector spaces
C(X) := Maps(X,,R)
and the linear maps
53(7%0(75) : Maps(X,, R) — Maps(X,1,R)
defined by
wo(E) = > L24a)e”WE,
YEX, 1, GEPS
give rise to a cochain complex of finite dimensional vector spaces
C(X,w, 0)(t) := {CU(X), 6% o)},
and to a morphism of such complexes:
Inty o, () : (Q°(M),d,(t)) — C(X,w, O)(t)
One can show (implicit in Theorem 3) that Inty , ,(t) induces an iso-
morphism in cohomology.*?
Let w; and wy be two closed one forms representing the same co-

homology class & and let f : M — R be a smooth function so that
wy; — wo = df. The collections of linear maps

mi(t) : QI(M) — QU(M), m(t)(a) = etfa,
where a € Q4(M), and
s4(8) : CU(X,01,0) = CUX,w5,0),  s§(1)(Ey) := M WE,

where £, € Maps(&,, R) denotes the characteristic function of z € A,
define morphisms of cochain complexes making the diagram

(@ (M), oy (1) "2 ((0), oy (1)

Intg(,ow1 (t)J{ J{Int}yo,wz ()

$5(1)

C*X,0,w)(t) —— C*(X,0,ws)(t)
commutative for any ¢t > p(&, X).
Indeed because hy —h2 = (f — f(x))-i; is bounded,'* [, ez (i )*a

T x

. . 1,. .
is absolutely convergent iff [, "= (i} )*a is.

13This will not be used in this paper but in the case that X is the gradient of
a smooth function (i.e. coming from a generalized triangulation) in which case the
statement is a consequence of deRham’s theorem with local coefficients.

14h; is associated to w; and h2 is associated to ws.
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5. THE REGULARIZATION R(X, w,g)

In this section we discuss the numerical invariant R(X,w, g) associ-
ated to a vector field X, a closed one form w and a Riemannian metric
g. The invariant is defined by a possibly divergent integral but regu-
larizable and is implicit in the work of [1]. More on this invariant is
contained in [6].

In section 1.5 we have considered the Mathai-Quillen form ¥, €
Q"1 (TM\ M; Oy) of an n—dimensional Riemannian manifold (M, g).
The Mathai-Quillen form (see [11]) is actually associated to a pair V =
(V, ) consisting of a connection and a parallel Euclidean structure
on a vector bundle ¥ — M. If E is of rank k it is a kK — 1 form
Ve € Q" 1(E\ M;Op) with values in the pull back of the orientation
bundle Of of F to the total space of E. Here M is identified with
the zero section in the bundle E. If g is a Riemannian metric let
V9 := (V9,g) denote the Levi-Civita pair associated to g and write
U, = Ug,.

The Mathai—Quillen form has the following properties:

(i) For the Euler form Eg € QF(M;Op) associated to V we have
dVe = "B

(i) For two V' and V2 we have Ue, — Uy = 7% cs(V', V2) modulo
exact forms. Here cs(V?, V?) € QF1(M; Op)/dQF2(M; O)
is the Chern—Simon invariant.

(iii) For every x € M the form —W¢ restricts to the standard gen-
erator of H*Y(E, \ 0; Og), where E, denotes the fiber over
x € M. Note that the restriction of —W¥¢ is closed by (i).

(iv) Suppose E = TM, V9 is the Levi-Civita pair, and suppose
that on the open set U we have coordinates ', ..., 2™ in which
the Riemannian metric g|y is given by g;; = 0;;. Then, with
respect to the induced coordinates z!, ..., 2", &Y, ..., " on TU,
the form W, is given by

I'(n/2 : ‘ -
v, = 2<"n//2) Z(—1)l;md§1 Ao NdEA - N dET,
™5 (22;(€7)?)
cf. [11].

Let X be a vector field on M, i.e. a section of the tangent bundle
TM. We suppose that it has only isolated zeros, that is its zero set
X is a discrete subset of M. The vector field defines an integer valued
map IND : X — 7Z, where IND(z) denotes the Hopf index of the vector

field X at the zero x € X. This integer IND(z) is the degree of the
map (U,U\z) — (T, M,T,M\0) obtained by composing X : U — TU
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with the projection p : TU — T, M induced by a local trivialization of
the tangent bundle on a small disk U C M centered at x.

Choose coordinates around x so that we can speak of the disk U,
with radius € > 0 centered z. It is well known that we have:

IND, = —lim X", (20)
e—0 aU.
Indeed, by (ii) we may assume that g is flat on U.. Thus E, = 0
and W, is closed on U, by (i). Using (iii) we see that —W, gives the
standard generator of H" ! (TU\U,; Op.) and thus certainly IND(z) =
o f U X",

The vector field X has its rest points (zeros) non-degenerate and in
particular isolated, if the map X is transversal to the zero section in
TM. In this case X is an oriented zero dimensional manifold, whose
orientation is specified by IND(x). Moreover we have

IND(z) = signdet H € {£1},

where H : T,M — T,M denotes the Hessian. Particularly, if there
exist coordinates z!,..., 2" centered at = so that

X==>Y o2+ ' (21)

1<i<k i>k

we get IND(z) = (—1)*.

Let X' and X? be two vector fields and X := {X,},c_11] a smooth
homotopy from X! to X2 ie X, = X!for s < —14¢€ and X, = X?
for s > 1 — e. The homotopy is called non-degenerate if the map
X :[=1,1] x M — TM defined by X(s,z) := X,(x) is transversal to
the zero section of TM. In this case necessarily X' and X? are vector
fields with non-degenerate zeros and so are all but finitely many Xj.
Moreover all X have isolated zeros with indexes in {0,1, —1} and the
zero set X of X is an oriented one dimensional smooth submanifold of
[—1,1] x M. Note that we have

0X = ) IND(y)y — >  IND(z)z.

yeX? zeXx!

If X’ is a second homotopy joining X' with X2 then X’ — X is the
boundary of a smooth 2—cycle. Indeed, if we choose a homotopy of
homotopies joining X with X’ which is transversal to the zero section,
then its zero set will do the job.

Given a closed one form w on M denote by

[X,w ::/p;wv
X
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where py : X — M denotes the restriction of the projection [—1,1] x
M — M. It follows from the previous paragraph that Ix, does not
depend on the homotopy X — only on X!, X? and w, and therefor will
be denoted from now on by (X!, X% w).

Remark 7. If there exists a simply connected open set V' C M so that
X C Vfor all s € [—1, 1] then one can calculate Ix , as follows: Choose
a smooth function f:V — R so that w|y = df. Then

— ST IND(y)f(y) - 3 IND(2) f(x)

yeX? zeX

The proof of this equality is a straight forward application of Stokes’
theorem.

With these considerations we will describe now the regularization
referred to in Section 1.5, cf. (8). First note that for a non-vanishing
vector field X, a closed one form w and a Riemannian metric g the
quantity

R(X,w,g) = / wA XY, (22)
M

has the following two properties.
R(X,w +df g) — R(X,w, ) / /E,

for every smooth function f. If g* and ¢? are two Riemannian metrics
then

R(X,w,¢9%) — R(X,w,g") = / wAes(gh, %)
M

where cs(g', g2) = cs(V9',V9). This follows from properties (i) and
(ii) of the Mathai-Quillen form.

If X has zeros, then the form w A X*W,, is well defined on M \ X’ but
the integral | @A X*WU, might be divergent unless w is zero on a
neighborhood of X.

We will define below a regularization of the integral [ @A X",
which in case X = () is equal to the integral (22). For this purpose
we choose a smooth function f : M — R so that the closed 1-form
w' := w — df vanishes on a neighborhood of X', and put

R(X,w,g: f) ::/M\Xw A XU, —/ fE;+ ) IND(z)f(x) (23)

reX

Proposition 11. The quantity R(X,w,g; f) is independent of f.
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Therefore R(X,w,g; f) can be denoted by R(X,w,g) and will be
called the regularization of | @A X"V,

Proof. Suppose f! and f? are two functions such that w' := w — df?
vanishes in a neighborhood U of X, i« = 1,2. For every x € X we
choose a chart and let D.(z) denote the e-disk around z. Put D, :=
Usex De().

For e sufficiently small D, C U and f%— f! is constant on each D.(z).
From (23), Stokes’ theorem and (20) we conclude that

R(X,w,g; f*) = R(X,w,g; f') = > IND(x) (f*(z) = f*(z)) =

zeX

- _/M\X d((f> = fHAX"T,)

= —lim o, d((f> = 1A X"T,)
LAY W
==Y IND(z)(f*(x) — f'(x))
zeX
and thus R(X,w,g; f!) = R(X,w, g; f?). O

Proposition 12. Suppose that X is a non-degenerate homotopy from
the vector field X' to X? and w is a closed one form. Then

R(X* w,g) — R(X" w,g) = (X", X* w). (24)

Proof. We may assume that there exists a simply connected V' C M
with X; C V for all s € [—1,1]. Indeed, since both sides of (24) do not
depend on the homotopy X we may first slightly change the homotopy
and assume that no component of X’ lies in a single {s} x M. Then we
find —1 = tg,...,tx = 1 so that for every 0 < ¢ < k we find a simply
connected V; C M such that X; C V; for all s € [t;, t;11].

Assuming V' as above we choose a function f so that w' = w —
df vanishes on a neighborhood of every X, i.e. piw’ vanishes on a
neighborhood of X. Here py : [~1,1] x M — M denotes the canonical
projection. Moreover let py : [—1,1] x TM — TM denote the canonic
projection and note that pjw’ A X*p5W, is a globally defined form on
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[—1,1] x TM. Using Stokes’ theorem and Remark 7 we then get:

R(Xz,w,g) — R(Xl,w,g) —Ix, = / d(p’z‘w' A X*ﬁ’g\llg)
[~1,1]x M

= / pa(w' A Ey)
[-1,1]xM
=0

For the second equality we used dX*p;V, = p5E,. The integrand of
the last integral vanishes because of dimensional reasons. U

With little effort, using Stokes’ theorem and the properties of the
Mathai—Quillen form, one can proof

R(X,w+df,g) — R(X,w,g) = /fE +) " IND(z)

zeX

for every smooth function f, and
R(X,w,¢%) = R(X,w,¢%) = / wAces(g', g%)
M

for any two Riemannian metrics ¢' and ¢?. Its also not difficult to
generalize the regularization to vector fields with isolated singularities,
cf. [6].

6. PROOF OF THEOREM 4

The proof of Theorem 4 presented here combines results of Hutch-
ings, Pajitnov and others (cf. [8], [15]) with results of Bismut—-Zhang,
cf. [1], [6] and [3]. A recollection of these results, additional notations
and preliminaries are necessary. They will be collected in four prelimi-
nary subsections. These subsections will be followed by the fifth where
Theorem 4 is proven.

Recall from [3] that a generalized triangulation 7 = (f, ¢g) on a closed
manifold M is a pair consisting of a Morse function f and a Riemannian
metric g so that X = —grad, f satisfies MS.

6.1. Homotopy between vector fields. Let £ € H'(M;R), and
7 M — M be a covering so that 7*¢ = 0.

Recall that a smooth family of sections X := {X }sc-1,1), of the
tangent bundle will be called a homotopy from the vector field X! to
the vector field X? if there exists € > 0 so that X, = X! for s < —1+¢
and X, = X?fors > 1 —e.
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To a homotopy X := {X,}sc-1,1] one associates the vector field Y’
on the compact manifold with boundary'®N := M x [—1, 1] defined by

0

Y (z,5) := X(z,8) + 1/2(s* — l)g (25)

With this notation we have the following.

Proposition 13. If X is a homotopy between two vector fields X' and
X2 which both have & as a Lyapunov cohomology class. Then the vector
fieldY has p*¢& as a Lyapunov cohomology class, cf. Definition 7, where
p: N =M x|[—1,1] — M is the first factor projection.

Proof. Since X! and X? are both vector fields with ¢ as Lyapunov
cohomology class we can choose closed 1-forms w; representing ¢ and
Riemannian metrics g; on M such that X' = —grad, w;, © = 1,2
Choose an admissible Riemannian metric g on N inducing g; on the
boundaries; for example take

g:= (1= N)p g + \p*ga + ds?,

where A : [=1,1] — R is a non-negative smooth function satisfying

As) =

0 for s < —1+4€and
1 fors>1-—e

Next choose a closed 1-form w on N which restricts to p*w; on
M x [-1,—1 + €] and which restricts to p*wy on M x [1 — ¢,1]. This
is possible since w; and w, define the same cohomology class £ and
can be achieved in the following way. Choose a function A on M with
wg —wy = dh and set w := p*w; + d(Ap*h). Choose a function u :
[—1,1] — R, such that:

(i) u(s) =—2(s* = 1) foralls< —1+ecandall s > 1—e

(i) u(s) > {M} forall s € [-1+¢€,1—¢€ and all x € M.

-1

This is possible since {%} <0Ofors=—-1+ecands=1—¢e
2

Then @ := w + u(s)ds represents the cohomology class p*¢ and one
can verify that Y is a vector field which coincides with —grad; w in a

neighborhood of N and for which ©(Y) < 0 on N\ ). O

Let X be a homotopy between two vector fields X! and X? which
satisfies MS. Let Y be the vector field defined in (25). With the nota-

tions from the appendix to section 2 (the case of a compact manifold

15Gee the appendix to section 2 for the definition of vector fields on a compact
manifold with boundary.
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with boundary) we have
y=y"=y"uy!

with
V'=Xx'"x{-1} and Y =2x*x{1}.

Definition 8. The homotopy X is called MS if the vector field Y is
MS, i.e. X! and X? are MS and for any y € Y” and z € Y/ the maps
z; and ¢, are transversal. The homotopy X has exponential growth if
Y has exponential growth.

Proposition 14. Let X' and X? be two vector fields which satisfy MS
and X a homotopy from X' to X2. Then there exists a MS homotopy
X" from X' to X2, arbitrarily close to X in the C'—topology.

Proof. First we modify the vector field Y into Y’ by a small change in
the C'-topology, and only in the neighborhood of M x {0}, in order to
have the Morse-Smale condition satisfied for any y € J” and z € YV/.
This can be done using Proposition 2. Unfortunately Y’ might not
have the /-component equal to 1/2(s? —1)9/3s, it is nevertheless C''-
close, so by multiplication with a function which is C'-close to 1 and
equal to 1 on the complement of a small compact neighborhood of the
locus where Y and Y’ are not the same, one obtains a vector field Y
whose I-component is exactly 1/2(s* — 1)0/ds. The M —component
of Y defines the desired homotopy. By multiplying a vector field with
a smooth positive function the stable and unstable sets do not change,
and their transversality continues to hold. U

In view of Theorem 6 for compact manifolds with boundary we have
the following

Remark 8. For any y = (x,1) € Y the 1-corner of Wy_ is given by

A

AW, )=VuWiuv,
where
Vo ~ Wy
Vi~ |J  T(yea)x (W, \oN)

ueyj;,aeﬁy,v
ind(v)=ind(y)—1
U T(y,u, &) x W,

uey’’ ,dEﬁy,u
ind(u)=ind(y)—1

12

Vs

12



LAPLACE TRANSFORM, DYNAMICS AND SPECTRAL GEOMETRY 37

It is understood that W, represents the unstable manifold in M =
M x {1} if z € X2

In view of (25) we introduce the invariant p(§,X) € R U {£oo} for
any homotopy X by defining

p(§,X) = p(p*€,Y)

Clearly p(&,X) > p(&, X?) for i =1, 2.

Suppose X is a MS homotopy from the MS vector field X! to the
MS vector field X?2. For each X* choose the orientations O¢, i = 1, 2.
Observe that the set 75;5/@ identifies to 75(55/71)7(30/7,1). The orientations
O'! and O? define the orientations O for the unstable manifolds of the
rest points of Y. For 2! € X', 22 € X% and & € P,2,1 define the
incidences

D597 (a) == T179((a%, 1), (¢, =1)) (@). (26)
Suppose in addition that p(&,X) < co. For any t > p(£,X) and w a
closed one form representing & define the linear maps
ul(t) = uy o1 02, (1) Maps(X,,R) — Maps(X?,R)

and the linear maps

ha(t) == h§ o1 o2, (1) = QI(M) — Maps(X? |, R)
by
uZ)(t)(Exl) = Z ]I;(Q,O;,Ol (&>€tw(&)Ex2’ .CCl c qu (27)
aczheXQ
&Eﬁmz’zl
and

(% ()(a))(?) = /W eFu(ir)pta, o€ X2, and y = (2%,1).

The right side of (27) is a convergent infinite sum since it is a sub sum
of the right hand side of (19) when applied to the vector field Y.

Proposition 15. Suppose X', X? are two MS vector fields having &
as a Lyapunov cohomology class and suppose X is a MS homotopy.
Suppose that p = p(&,X) = p(p*&,Y) < 0o and w is a closed one form
with p*w exact; here p : M — M is the T—principal covering associated
with I'. Then for t > p we have:

(i) The collection of linear maps {ul(t)} defines a morphism of
cochain complezes:

() = W o ., () - C(X1, O, w)(t) — C*(X2, 0%, w)(t)

w
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(ii) The collection of linear maps hi(t) defines an algebraic ho-
motopy between Int's po () and uy ;1 o, (t) © Intie o2 ().
Precisely, we have:

P () o diy(t) + 0571 () 0 hiy(t) = uf,(t) 0 It o1 (1) — Itz o2, (¢)

Proof. Statement (i) follows from the equality
> EIC@ET G- Y B9 =0

/ 1 4 e 2 A
a:AEXAq+1, 0467?2’93/ z/EXq, a€7’z7z/
BEP 1 0 axB=4 BEP,1 4, GXxB=F

for any z € X/, z € &2, and ¥ € P.. which is a reinterpretation
of equation (17) when applied to the vector field Y, the rest points
(x,—1) and (z,1) and 4 € 75” = 75(,2’1),(17,1). The sign stems from the
fact that the sign associated to a trajectory from z to 2z’ changes when
it is considered as trajectory in M x [—1,1] instead of M x {1}.

To verify statement (ii) we first observe that:

(a) If y,u € Y the restriction of F, to 7 (y,u)(&) x W, & € Py,
when this set is viewed as a subset of W, is given by

F, opry,- +w(&).
(b) If y = (x,—1), x € &', via the identification of W to W,
we have Fy, = h,.

In view of the uniform convergence of all integrals which appear in
the formulae below, guaranteed by the hypothesis ¢ > p, the Stokes
theorem for manifolds with corners gives for any a € Q¢(M) and y €

(V¥)q
/ d(etch):/ etch—i—/ etch—F/ efre, (28)
WJ Vo i Va

A

where ¢ := (i, )*p*a € QI(W,").

Yy
In view of the Remark 8 we have
/ e = Inth, o, (1) (a), (29)
Vo
and

/ etFyC _ § HZ’S(@)Gtw(a) / etFu (z;)*p*a
V2 uéyi, &Eﬁy,u u
ind(u)=ind(y)—1

= —(8771(t) o hA(£))(a) (30)



LAPLACE TRANSFORM, DYNAMICS AND SPECTRAL GEOMETRY 39

and
[eme = = ¥ me@e [ ey
V1 veY!, aePy .y Wo:
ind(v)=ind(y)—1
= —(ud(t) oIt o, ())(a)- (31)
Moreover
(O AN = [ ) b o nD)
= [ e,y (32)
Wy
and the statement follows combining the equalities (28)—(32). O

The following proposition will be important in the proof of Theo-
rem 4.

Proposition 16.

(i) Let (f,g) be a pair consisting of a Morse function and a Rie-
mannian metric. Then the vector field —grad, f has any £ €
H'(M;R) as a Lyapunov cohomology class.

(i) Let X be a vector field which has MS property and has & as
Lyapunov cohomology class. Let T = (f,g) be a generalized
triangulation. Then there exists a homotopy X from X' =
X to X? which is MS and is C°—close to the family X, =
%X — %gradgf. One can choose X to be C'—close to a
family 1(s)X — (1 —I(s)) grad, f where [ : [-=1,1] — [0,1] is a
smooth function with I'(s) < 0 and '(s) = 0 in a neighborhood

of {£1}.

Proof of (i). Let w be a closed one form representing & with support
disjoint from a neighborhood of Cr(f). Clearly for C' a large constant
the form ' := w+ Cdf represents £ and satisfies w'(— grad, f) < 0. O

Proof of (ii). First consider the family X, := (152)X — (£2) grad, f.
Change the parametrization to make this family locally constant near
{#£1}, hence get a homotopy and apply Proposition 14 to change this

homotopy into one which satisfies MS. U

Definition 9. A vector field X which satisfies MS and has & as a
Lyapunov cohomology class is said to have strong exponential growth if
for one (and then any) generalized triangulation 7 = (f, g) there exists
a homotopy X from X to —grad, f which has exponential growth.

To summarize the discussion in this subsection consider:
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(i) a vector field X* = — grad, w with w a Morse form represent-
ing £ and ¢’ a Riemannian metric so that X! satisfies MS,
(i) A vector field X* = —grad,. f, 7 = (f,¢") a generalized tri-
angulation,
(iii) A homotopy X from X! to X? which is MS,

Since p(&, X?) = —oo, for any t € R we have a well defined morphism
of cochain complexes

Itz oo (1) : (°(M),du(t)) — C* (X2, 0% w)(t).

If X! has p(¢, X1') < oo, equivalently X! has exponential growth, then
for t large enough we have a well defined morphism of cochain com-
plexes

Int o1, ()« ((M), dy(t)) — CH(X', O w)(t).

If X has p(&,X) < oo then for ¢ large enough we have the morphism of
cochain complexes

u;(,Ol,O?,w(t) : C*(X17 Olaw)(t) - (C*(X27 027W)(t)

and the algebraic homotopy h§ 1 o2 (t) making the diagram below
homotopy commutative.

(M), do(t) —  ((M),du(t))

Int;l,ol,w(ﬂl llnt;;mm

Ul o1 o2, 1)
CH (X1, 00, w)(t) 209 Cx (X2, 02, w)(t).

6.2. A few observations about torsion. Consider cochain com-
plexes (C*,d*) of free A-modules of finite rank whose cohomology
H* := H*(C*,d*) is also a graded A-free module'® of finite rank. Here
A is a commutative ring with unit.

For two equivalence classes of bases, [¢] of C* and [h] of H*, Milnor,
cf. [12], has defined the torsion 7((C*,d*),[c],[h]) € AT/{x1} where
A" denotes the multiplicative group of invertible elements of A.

Recall that the bases m' = {m/,...,m}} and m” = {m/, ..., m}} of
the free A-module M are equivalent iff the isomorphism 7" : M — M
defined by T'(m}) = m! has determinant +1.

If the complex (C*,d*) is acyclic there is no need of the base h and
one has 7((C*,d*),[c]) € A*/{£1}. If a : A — B is a unit preserving
ring homomorphism, by tensoring (C*, d*), [c], [h] with B, regarded as

16 A ctually one can weaken the hypothesis free to projective but this is of no
interest in the present discussion.
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an A—module via a, one obtains ((C")*, (d')*),[c], [k] a cochain com-
plex of free B—modules whose cohomology is a free B—module and the
bases [¢], [I/]. Clearly

T(((C)", (d)7), [¢], [B]) = (= ((C7, "), [d], [2]))-

]
If A is the field R or C, hence (C*, d*) is a cochain complex of finite
dimensional vector spaces, and (-,-) are scalar products in C* one can
define the T-torsion, T((C* d*), (-,-)) € Ry, by the formula

log T((C*, d*), = 1/22 1)*1ilog det’ A,

where det’A; is the product of the non-zero eigen values of A; :=
(1) di+d=t- (d')f. Here (d')* denotes the adjoint of d* with respect
of the scalar product (-, )

If in addition scalar product ((-,-)) in cohomology H* := H*(C*,d"),
is given, one defines the positive real numbers Vol(H*, {-,-), {(-,-))) to
be the volume of the isomorphism ker d*/d*~1(C*~') — H®.'" Here the
first vector space is equipped with the scalar product induced from (-, -)
and the second with the scalar product ((-,-)).

If Ais R or C then any base c¢ resp. h induce a scalar product
(-, )e resp. ((,)n, the unique scalar product which makes the base
orthonormal. Although equivalent bases do not necessary provide the
same scalar products they do however lead to the same T—torsions.
This follows from the inspection of the definition. Moreover one has

[ ((C", d"), [d], A ])I =
= T(CdY), (- +Z ) log VOl(H", (-, )¢, ((+,)n)

Let u* : (Cf,d;) — (C5,d3;) be a morphism of cochain complexes of
free A—modules of finite rank which induce isomorphism in cohomology.
Then the mapping cone Cu* is an acyclic cochain complex of free A—
modules of finite rank.

Two equivalence classes of bases [¢;] of C} and [¢,] of C3 provide an
equivalence class of bases [c] of Cu*, and permit to define

(" [a], [e]) = (Cu, [d]).

If Ais R or C the scalar products (-, -); and (-, -)2 in Cf and Cj provide
the scalar product (-,-) in Cu* and permit to define

T(U*, <'7 ">17 <'7 >2> = T(Cu*7 <’7 >)

17Recall that the volume of an isomorphism 6 : (Vi, (-,-)1) — (Va, (-, -)2) between
two Euclidean vector spaces is the positive real number log Vol(6) := 1/2log det 6*-6.
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If the scalar products (-,-); := (-,-))¢,, ¢ = 1,2 are induced from the
bases ¢}, i = 1,2 we also have

(" [er), [ = T, ()1, (5 )2) (33)

It is a simple exercise of linear algebra (cf. [3]) to check that:

Proposition 17.

(i) Suppose u* : (CF,dY) — (C5,d3) is a morphism of cochain
complexes which induces the isomorphisms H*u in cohomol-
0gy. Suppose that H*(CY,dy) = H*(C5,d5) are free A—modules
equipped with the bases h, and h, and ¢, and c, are bases of
C# and C3. Suppose in addition that [](det Hiu)=)" = £1.18
Then:

T(u, [er], [e]) = 7(C5, [e], [ha]) - 7(CF [ar], [l ])

(il) Suppose A is R or C and (-,-)1 and (-, )2 are scalar products
on C} and C3. Then

lOgT(u*7<'7'>17<'7'>2> = (34)
= IOgT(( ik’ di)a <'a >1) - logT« ;7 d;)v <'v >2) + IOgVOIH*U

where log Vol H*u = >_.(—1)"log Vol H'w."? Moreover if u* is
an 1somorphism then

log T(u", ()1, (-~ -)2) = »_(—1)"log Vol 6"

We conclude this subsection by recalling the following result of Bismut—
Zhang, see [1] and [3].

Suppose that (M, g) is a closed Riemannian manifold X = — grad,, f
with 7 = (f, ¢') a generalized triangulation, p a representation of 7 (M)
and p a Hermitian structure in the flat vector bundle associated with
p. Consider Int* : (Q*(M, p),d,) — (C*(,p),d0,) and equip each of
these complexes with a scalar product, the first complex with the scalar
product induced from the Riemannian metric ¢ and the Hermitian
structure p and the second with the scalar product (:,-),, induced
from the generalized triangulation 7 and the Hermitian structure g,
cf. [3]. In this notation C(7,p) can be viewed as the vector space of
sections above X, of the vector bundle £, — M equipped with the
hermitian structure p. This is a finite dimensional vector space with a
scalar product.

18Here (det H'u) is calculated with respect to the bases h; and h,.
9ol Hiu is calculated with respect to the scalar product induced from (-, -);,
i = 1,2 in cohomology.
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Equip the cohomology of these cochain complexes with the induced
scalar product. Denote by H*Int the isomorphism induced in coho-
mology and write

logVH(p,p,g,7) = Z(—l)q log Vol(HY Int) (35)

Let w(y) be the closed one form induced by p as described in [1] and
[3]. We have the following result due to Bismut-Zhang, cf. [3].

Theorem 7. With the hypothesis above we have

logTan(M7g7p7 ,LL) = lOgT(C*(T’ p)’ 6019’ <.’ '>u,p)+
+logVH(p,p,g,7) + R(X,w(w),9)

6.3. A summary of Hutchings—Pajitnov results. We begin by
recalling the results of Hutchings cf. [§].

Let M be a compact smooth manifold, m € M a base point and
¢ € H'(M;R). Recall from section 1.1 that £ defines the free abelian
group I' and induces the injective homomorphism & : I' — R. Denote
by 7 : M — M the principal ['—covering canonically associated with z
and (M, m) — . To £ we associate

(i) the Novikov ring A¢ with coefficients in R which is actually a
field,
(ii) the subring A, C A, for any p € [0, 00), cf. below,
(iii) the multiplicative groups of invertible elements Ag C A¢ and
AZ , C e,

The Novikov ring A¢ consists of functions f : I' — R which satisfy
the property that for any real number R € R the cardinality of the set
{veT|f(y) #0,&(vy) < R} is finite. The multiplication in A¢ is given
by convolution, cf. [5]. We have also shown both in Section 1 and in
more details in [5] how to interpret the elements of A¢ as Dirichlet series.
In this context A, is the subring of A¢ consisting of those elements
whose corresponding Dirichlet series have the abscissa of convergence
smaller than p.

Note Z[I'] C A¢, C A¢ and H,\,(M; A¢) := Smg(M Z) @z A¢ is a
finite dimensional vector space over the field A¢. Let det H3 (M Ag)

sing
denote the one dimensional vector space over A¢ defined by

det HZy(M; Ag) = QA (Hi (M; Ag)) ™™
where V<O = V if i is even and V<@ is the dual of V if 4 is odd.
Let X be a vector field which satisfies MS and has ¢ as a Lyapunov
cohomology class and let X be the pullback of X on M. Choose O a

collection of orientations for the unstable manifolds of the rest points
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of X and therefore of the rest points of X. Denote by (N C% ) 06) the
Novikov cochain complex of free Ay modules (vector spaces since A¢
is a field) as defined in [5] and by H%(M;A¢) its cohomology. There
exists a canonical isomorphism

HVi: Hy(M; Ae) — H,

sing(M ; A§ )
described below.

The isomorphism HV : Note that for any two vector fields X! and
X2 which are MS and have ¢ as Lyapunov cohomology class there exists
by Proposition 14 homotopies X from X! to X? which satisfy MS. The

incidences, Hfjﬁl(o}) defined in subsection 6.1 provide a morphism
u;k(701702 : (NC}k(l’é, azj)l> — (NC;}Q’E, 862)

of cochain complexes which induces isomorphism between their coho-
mology. This cohomology isomorphism is independent of the homotopy
X, and will be denoted by

H*u(X', X?) : Hgo (M3 Ag) — Hia(M; Ag).

For any three vector fields X, ¢ = 1,2, 3 which satisfy MS and have
¢ as a Lyapunov cohomology class one has

Hu(X?, X?) - Hu(X? X1 = Hu(X?, X1Y).
Let 7 = (f,g) be generalized triangulation, and ¢ € H'(M;R).

Let X’ := —grad, f. By Proposition 16 X has ¢ as Lyapunov co-
homology class. The Novikov complex (NC%, ., d4) identifies to the

geometric cochain complex associated to 7 = ( 1 g), the pull back of
(f,g) to M, tensored (over Z[I']) by A¢. Recall that the geometric (or

Morse) cochain complex associated to (f,g) is a cochain complex of
free Z[I')] modules. This cochain complex is obviously a quotient of
C’S*ing(M ) tensored (over Z[I']) by A¢ which calculates H,,(M; A¢) and
we have an obvious isomorphism from Hg . (M;A¢) to the cohomology
of Hy, (M;Ag).

The composition of the this isomorphism with H*u(X, X’) provides
the canonical isomorphism HVy @ H(M;A¢) — HE,  (M; Ag).

Denote by E(M,m) the set of Euler structures based at m € M
cf. [2] or [6] for a definition, and let e € E(M,m). Recall that in the
presence of X an Euler structure e is represented by an Euler chain

200ne can introduce the concept of homotopy of from a homotopy X! to the
homotopy X? (between two vector fields X! and X? and prove in a standard way
that it induces an algebraic homotopy from the morphism induced by X! and X2,
hence the same isomorphism in cohomology.
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(cf. [6]) which consists of a collection of paths «a, from m to x € X,
Each such path provides a lift Z of x (i.e. 7(Z) = x) and therefore a
base {E,|z € X} with E, the characteristic function of i regarded as
an element of NV ngg, g 4= ind(z). Conversely, any lift s : X — X,
s(z) = & defines an Euler chain and therefore together with X an Euler
structure e. The path «, is the image by 7 of a smooth path from m
to z. Different Euler chains representing the same Euler structure
might provide nonequivalent bases. All theses bases will be named e—
compatible and denoted by e. Any lift s which defines with X the Euler
structure e will be also called e—compatible.

Choose an element oy € det Hf  (M;A¢) \ 0, and consider bases
h* in H*(NC% ¢, 05) which represent via the isomorphism HVy the
element oy. They all will be called og—compatible. Again the og—
compatible bases might not be equivalent, however an inspection of
Milnor definition of torsion [12] implies that the element

T((NC% ¢, 05), lel, [h]) € A¢ /{£1}

as defined in section 6.2 for e resp. h e-compatible resp. og—compatible
bases depends only on e and og; therefore denoted by 7¢(X, e, op).

If HE,,(M;A¢) = 0 there is no need of oy and we have 7¢(X,e) €
A; J{£1}.

Note that if X has exponential growth, in view of Theorem 3, the
complex (N ngg, 0%) contains, for p large enough, a subcomplex of free
A¢, modules (NC% ;. ,05), cf. [5] so that

(Ncg(,f,p7 ag?) ®A§,p A€ = (NC;I(@ ag’))

Moreover an e-compatible base will provide a base of of A¢ ,~modules
in this subcomplex. If H%, (M;A¢) = 0 then 7¢(X,e) € Al /{£1} for
p large enough. More general, if H  (M;Ag,) is a free A¢ ,~module
and oy € det H3 ,(M;Ae,) = &Q; (AN (Hi (M; Ag )P we will have
Tg(X, e, OH> € AZ'D/{ﬂ:l}

If the homotopy X has exponential growth then, for p big enough, we
have uy o1 02 (NC%1 ¢, On) C (NCa ¢ Otr2) and 7(ux o1 e, [€4], [€5])
which depends only on X', X* and e, lies in A/ /{£1}.

Note that for ¢ > p we denote by ev, : A, — R the ring homo-
morphism which associates to each f € A¢, interpreted as a Dirichlet
series f, the value of the Laplace transform L(f) at ¢, cf. section 1.2.
When applied to torsion it calculates the torsion of the corresponding
complex tensored by R.



46 DAN BURGHELEA AND STEFAN HALLER

Suppose now that X is MS and satisfies also NCT. As noticed in [8],
Zx € A¢ and then e#x € AZ. The main result of Hutchings can be
formulated as follows

Theorem 8. If X' and X? are two vector fields which are MS and
NCT and have € as a Lyapunov cohomology class then

e?x1 ~T§(X1,€,OH) = ¢x? ~7'5(X2,e, on).

The proof of this theorem is given in [8]. The author considers only
the acyclic case (in which case og is not needed). The acyclicity hy-
pothesis is used only to insure that the Milnor torsion (cf. [12]) 7¢(X, €)
can be defined. This can be also defined in the non-acyclic case at the
expense of the orientation oy. The orientation oy induces via v% an
orientation in the cohomology of the Novikov complex associated to X
and together with the Euler structure e a class of bases in the Novikov
complex. From this moment on the arguments in [8] can be repeated
word by word.

Let X be a homotopy from the vector field X! to the vector field
X? which is MS and suppose that both vector fields have ¢ as a Lya-
punov cohomology class. The incidences [0 cf. (26), induced from
X and the orientation © = O! U O? provide a morphism u§(701702 :
(NC%1,05,) — (NC%2,0,) which induces an isomorphism in coho-
mology as already indicated.

Choose bases ¢; in each of the Novikov complexes (NC%;,05:), i =
1,2, which are e-compatible. By the same inspection of the Milnor defi-
nition of torsion one concludes that 7(ux, [¢;], [e,]) € A /{£1} defined
in section 6.2 depends only on X!, X? and e. In view of Proposi-
tion 17(i) and of Theorem 8 one obtains

Proposition 18. If X? and X' are two vector fields which satisfy
MS and NCT and have £ as a Lyapunov cohomology class, e an FEuler

structure as above. Then
T(uy o1 02, [€1]; [€5]) = €2x% - e72x1,

Hence T(u}, e1],[es]) depends only on X', X? and is independent of e
and then can be denoted by T(X!, X?).

Suppose X? = —grad,, f, 7 = (f,¢") a generalized triangulation.
Corollary 5. 7(X!, X?) = e?x1.

It is not hard to see that Hutchings theorem is equivalent to this
corollary. In this form the result was also established by Pajitnov [15].
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Suppose X is a vector field with £ a Lyapunov cohomology class
which satisfies MS and in addition has exponential growth. The expo-
nential growth implies that any e-compatible base of N C’)quf is actually
a base of N C’g(,& , for p large enough. For t > p the R-linear maps
Evy : NCg(%?p — Maps(&,, R) defined by

B (f)i= D f@e ™

zer—1(z)

provides a morphism of cochain complexes Evy : (NC%., ,,05) —
C*(X, 0, w)(t) with Ev¥(E,) = e @ E, |

Here C*(X, O, w)(t) is equipped with the canonical base {E,} with
E, the characteristic function of € X'. The isomorphism Ev; factors
through an isomorphism from (NC%: ; ,, 95) ®ev, R to C*(X, O, w)(t).
If the Novikov complex (NC% ,,05) is acyclic so is C*(X, O, w)(t).

Lets: X — X bea compatible lift and e the associated e—compatible
base. A simple inspection of Milnor definition of torsion leads to

ev(r(X.60)) = ev(r((NCig,00)ild)) (36)
= T(C(X,0,0)(1), [E]) - e 2exNPWHE

Suppose now that X* i = 1,2, are two vector fields which have ¢
as a Lyapunov cohomology class and X is a homotopy between them.
Suppose in addition that X* and X satisfy MS and have all exponential
growth. Then we obtain the morphism of Novikov cochain complexes
u;@lﬁg : (NC;‘(l,&p, 0n) — (NC’;‘@’W, 0)2) which induces an isomor-
phism in cohomology. Clearly when tensored by R this morphism is
conjugate to u;‘(7017027w(t).

The Euler structure e € E(M,p) permits to choose e—compatible
lifts of and then e-compatible bases e; and e,. The same inspection of
Milnor definition leads then to

evy (T (ux, Ot (92) [ ], [Qg]) - o (37)

= T(ux 01,02, (t); [Ba ] [Bw,y)) - et sext IND@)h(Z)—" e y2 IND(2)h(2))
where F,, resp. I,, are the canonical base provided by the rest points
of X! resp. X2.

Note that in view of Proposition 12 (Additional property) for any
e—compatible lifts of X! and X? we have:

> IND(z — > IND(z =I(X', X% w).  (3%)

rzeXxl rEX?
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The change of the lifts (providing the same the FEuler structure) does
not change the left side of (38).

6.4. The geometry of closed one form. Suppose M is a connected
smooth manifold and p € M is a base point. The homomorphism
lw] : Hi(M;Z) — R induces the one dimensional representation p =
P @ m(M,p) — GL;(R) defined by the composition m(M,p) —

H\(M;7Z) LNy i — R, = GL;(R). The representation p provides
a flat rank one vector bundle &, : E, — M with the fiber above p
identified with R. This bundle is the quotient of trivial flat bundle
MxR — M by the group I' which acts diagonally on M x R. Here M
denotes the principal I'-covering associated with [w] and constructed
canonically with respect to p (from the set of continuous paths originat-
ing from p). Note that M is equipped with a base point p corresponding
to the constant path in p. The group I' acts freely on M with quo-
tient space M. The action of I' on R is given by the representation
I - R R, = CGL(R).2

There is a bijective correspondence between the closed one forms w
in the cohomology class represented by p and the Hermitian structures
 in the vector bundle £, which agree with a given Hermitian structure
on the fiber above p (identified to R).

Given w in the cohomology class [w] € H'(M;R), one constructs a
Hermitian structure fi,, on the trivial bundle M x R — M which is I'-
invariant. Therefore, by passing to quotients one obtains a Hermitian
structure p,, in §,. The Hermitian structure i, is defined as follows:

(i) Observe that the pull back & of w on M is exact and therefore
equal dh where b : M — R is the unique function with A(5) = 0

and dh = &.
(ii) Define fi(¥) by specifying the length of the vector 1 € R. We
put ||1j||ﬁ(j) = eh(m).

Given a Hermitian structure jv one construct a closed one form w, as
follows: Denote by (E — M, i) the pair consisting of the flat line
bundle E — M and the Hermitian structure ji the pullback of the
pair (E, — M, ) to M by the map M — M. Let 7t be the Hermit-
ian structure obtained by parallel transporting the scalar product fiz.
Denote by o : M — R the function a(z) := ||v||a@)/||v|la@) for v a
nonzero vector in Ea;n.

2INote that instead of M — M one can use the universal covering M — M
which is a m—principal covering. One ends up with the same £, — M.
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Define @, := dlog(c) and observe that this is a I' invariant closed
one form, hence descends to a closed one form w on M.
To simplify the writing below we denote (by a slight abuse of nota-
tion):
(i) p(t) = pr
(i) u(t) = pr.
Remark 9. The cochain complex (2*(M),d,(t)) equipped with the
scalar product induced from g is isometric to the cochain complex
(Q*(M, p(t)) equipped with the scalar product induced from ¢ and
p(t) = p as defined in [3].

In particular we have

log Tf (w, t) = log Ton(M, p(t), g, (1))
where log T, (M, p, g, 1) is the analytic torsion considered in [3] and
associated with the Riemannian manifold (M, g) the representation p
and the Hermitian structure p in the flat bundle induced from p.

Remark 10. Let £ € H'(M;R) and w a closed one form representing
§. Suppose X = —grad,, f where 7 = (f,g") is a generalized trian-
gulation. Choose orientations O for the unstable manifolds of X. The
morphism

Tt o, (1) : (2 (M), du(t)) — C*(X, 0,w)(t)

defined in (5) where (2*(M) is equipped with the scalar product in-
duced from g and Maps(X,,R) is equipped with the obvious scalar
product, i.e. associated with the base {E,}, is isometrically conjugate
to
Int*: (Q*(M7 p(t))7 dp(t)) - (C*<7—7 p<t>>7 6O,p(t))

defined in [3] where (Q*(M, p(t)) is equipped with the scalar product
induced by (g, p(t)) and C*(7, p(t)) is equipped with the scalar product
induced from 7 and u(t).

6.5. Proof of Theorem 4. We begin with a triple (g,¢’,w) with
X=X =— grad, w as in the hypothesis of Theorem 4. We choose
orientations O! for the unstable manifolds of X! We also choose X? =
—grad, f so that 7 = (f, g") is a generalized triangulation and choose
orientations O? for the unstable manifolds of X?2.
For simplicity of the writing we will use the following abbreviations:
I (t) = Int}l,(’)l,w(w Qz, (M) and IQ(t) = Int}2’02’w<t) QL (M)
In view of Proposition 17(ii) applied to [;(¢) one obtains
loa(V(#)) = logT(C(X",0",)(0), () (39)
—log 7229 (t) + log Vol(H* (1, (t))

an,sm
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where (-, -); is the scalar product induced from the canonical base { £, },
re X

In view of Theorem 7 and the Remarks 9 and 10 in section 6.4 one
has

log T2 (t) = logT(C(X? 0% w)(t), (-,-)2) (40)
+log Vol(H* (I5(t)) — tR(w, g, X?)
where (-, -)5 is the scalar product induced from the canonical base { £, },

r e X%
Combining with (39) and (40) one obtains

log(V(t)) — log T,;1,(t) = (41)
= log Vol(H™(I;(t)) — log Vol(H*(15(t))
+ 1OgT(C(X1, Olv w)(t)> <'> >1)
- lOgT<(C<X2, 027 w)(t)a <'a >2) + tR(X27 w, g)
First consider the case that X = X! has exponential growth and
H*(M,tlw]) = 0 for ¢ large enough. Note that X? has exponen-
tial growth too by Proposition 16. Clearly then log Vol(H*(1;(t)) =
log Vol(H*(I5(t)) = 0. By (33), (36) and (38) we have
IOgT(C(X17 Ola w)(t)v <'7 >1) - 10g T((C<X27 027 w)<t)7 <'7 >2) =
= log(evi(r(X", &, 7))
—log(ev(T(X?, &, e3)) — tI(X', X? w) (42)
By Theorem 8 in section 6.3 we have

1Og(evt(T(X1a 57 ejlﬁ)) - log(evt(T(X27 57 6;)) =
= log(ev,(e?x! - e7%x2))
= log(ev, e 4x1)
= —L(Zx)() (43)
Combining (41), (42) and (43) one obtains the result.
Second consider the case X has (strong) exponential growth prop-
erty. Then choose a homotopy X which satisfy: p(£, X) < co. Then for
t big enough, we have the following (algebraically) homotopy commu-

tative diagram of finite dimensional cochain complexes whose arrows
induce isomorphisms in cohomology.

(QUu(M)(E),du(t)) — (o (M)(2), du(?))
Wt o, (t)l lm;?,o% (t)

“;,01 09w ()
_

CH(X, 01, w)(t) C*(X2, Oy, w)(t)
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For simplicity we write u*(t) := uy »1 o2 ,(t) and observe that in view
of the homotopy commutativity of the above diagram and of Proposi-
tion 17(ii) we have

IOgT(U*(t), <'7 '>17 <'7 >2) = (44)
= log Vol(H*(11(t)) — log Vol(H™(12(1))
+ 10g T((C<X27 Ola w)<t)7 <'7 >1)
—log T(C(X?*, 0", w)(t). (-, )
As noticed (C*(X?, 0% w)(t), (-, )) is isometric to (C(M, 7, p(t), u(t)).
By (33), (37) and Proposition 18 combined with the observations
that X? has no closed trajectories we have

log T(u" (1), ()1, (- -)2) = log7(u™(t), €1, €3)
= evi(Zx1) + [(X', X% tw)  (45)

Combining (41) and (45) we obtain
log V(t) +ev(Zx1) +tI(X', X2 w) = log T (t) +tR(X? w,g) (46)

an,la

which in view of Proposition 12 implies the result.

When H*(M;tA¢) is acyclic we do not need the morphism u* and a
simple consequence of Corollary 5 implies the result. It turns out the
strong exponential growth can be weaken to the (apparently) weaker
hypothesis Hg,,(M; A¢,) is a free module over A¢ , for some p. As in
acyclic case one can circumvent the morphism u*(¢).

APPENDIX A

Lemma 11. Suppose aq,...,a, € R, a; # a; for i # j. Suppose
Aty A €R, N # 0. Consider the function f: R — R,

ft) == Z Aield. (47)

Then there are only finitely many t € R for which f(t) = 0.

Proof. W.l.o.g. a; > a; for i # 1. There certainly exists T, € R, such
that

1
—1 ’)\16ta1| > |)\i€mi
n —_

, forallt>T, and for all ¢ # 1.

Using |z + y| > |z| — |y| we derive

n

n . 1
701 2 P = 32 | > et | = 3 - et | =0

=2
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for all t > T',. Similarly (using the smallest a; instead of the largest)
one finds 7_ € R, such that |f(t)] > O for all ¢ < —T_. Setting
T :=max{T,,T_} we have f(t) # 0 for all |t| > T and since the set of
zeros has to be discrete there can only be a finite number of them. [J

Corollary 6. Let w be a closed one form and let 3'(t) denote the
dimension of H'(QX*(M),d,(t)), wheret € R andi=0,1,...,dim(M).
Then there are finitely many t; € R, tg < t; < --- < ty and positive
integers 3* so that 3'(t) = 3¢, fort # t1,...,tx and so that §'(t,) > 3
for all k.

Proof. Take any generalized (in particular smooth) triangulation 7 and
consider X an Euler vector field i.e. a vector field with isolated rest
points and whose unstable sets identify to the open cells (simplexes) of
the triangulation. For any ¢t € R

It o, (1) : (2'(M), dy(t)) — C* (X, 0,w)(t)

is well defined and provides an isomorphism in cohomology by deR-
ham’s theorem.

Note that the differential 6% o, (t) of the complex C*(X,O,w)(t)
with respect to the canonical base of C*(X,O,w) is given by a ma-
trix whose entries are functions in ¢ of the form (47), see (19). The
condition for the change of the dimension of H*(C(X,O,w)(t)) can be
expressed as vanishing of finitely many minors of the matrix represent-
ing 6% v, (t). These minors are functions of the form (47) and hence
have only finitely many zeros in view of previous lemma. 0
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