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BERNSTEIN WIDTHS OF HARDY-TYPE OPERATORS IN A
NON-HOMOGENEOUS CASE

D.E.EDMUNDS anD J.LANG

ABSTRACT

Let I = [a,b] CR, let 1 <p < q < 00, let u and v be positive functions with u € L,/ (I), v € Lq(I)
and let T': L,(I) — Lq(I) be the Hardy-type operator given by

(T (z) =v(x) Jz f@)u(t)dt, z € 1.

‘We show that the Bernstein numbers b, of T satisfy

1/r
lim nb, = c¢pq (J (uv)rdt> , r=1/p' +1/q,
I

n—oo

where cpq is an explicit constant depending only on p and gq.

1. Introduction

Let w and v be real-valued measurable functions on an interval I := [a,b] C R.
In [7], [10], [11], [8] and [12] the Hardy-type operator T given by
€T
(Tf)(x) = v(x)J f@u(t)dt, z eI, (1.1)

was considered as a map from L, (I) to itself, when 1 < p < co. As a consequence of
this work, together with that of [9], it is known that under appropriate conditions
on u and v the approximation numbers a,(T") of T satisfy

n—oo

lim na,(T) = A, /P L lu(t)v(t)|dt,

where ), is the first eigenvalue of a p—Laplacian eigenvalue problem on I. We recall
that a,(T) :=inf ||T — F||, the infimum being taken over all bounded linear maps
F : L,(I) — Ly(I) with rank less than n. A connected account of such results
concerning a,(T) is given in [6]. The main purpose of this paper is to study the
properties of T as a map from L,(I) to L,(I) when 1 < p < ¢ < oo, and we focus
on its Bernstein widths. These are the numbers b,, = b,(T) (n € N) given by
b= s TS S

where the supremum is taken over all subspaces X, 41 of T(L,(I)) with dimension
n + 1. The Bernstein widths of various maps have been extensively studied: for
embeddings of Sobolev spaces we refer to Pinkus [19], Bourgain and Gromov [1]
and Lang [13]; and for the map T : L,(I) — L,(I), in the special case when
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2 D.E.EDMUNDS AND J.LANG

u = v = 1, see [3]. Our main result is that if v and v are positive functions with
u € Ly(I) and v € Ly(I), then

1/r
lim nb, = ¢pq (J (uv)rdt> , r=1/p'+1/q,
I

n—oo

where ¢, is an explicit constant.

For appropriate u and v it can be proved that when T is viewed as a map from
L,(I) to Ly(I) we have a,(T) = b,(T) for all n € N (for more details see [14]).
In contrast, when T is a map from L,(I) to Ly(I) with p < ¢, we know that
an(T) > by (T) for all n € N (see Section IV, Theorem 1.1 in [18]). Moreover, with
suitable v and v, it can be shown that (again with p < q)

lim na,(T) = oo,
n—oo

so that the decay of a,, (T") is slower than 1/n : see [16]. This underlines the difference
between the approximation numbers and the Bernstein numbers.

Throughout the paper we suppose that 1 < p < ¢ < oo, that u and v are positive
functions I = [a,b] C R with v € L,/(I) and v € Ly(I), and that T is a compact
map from Ly(I) to Ly(I). The standard norm on Ly (I) will be denoted by |-, ;
or by |||, if no ambiguity is possible. We write A < B (or A 2 B) if A < ¢B
(or ¢cA > B) for some positive constant ¢ independent of appropriate quantities
involved in the expressions A and B. By A =~ B we shall mean that A < B and
B < A

2. Preliminaries and technical results

We start with the definition of special generalisations of the trignometric func-
tions, the sing,, and cosp, functions (see [4]). (Note that these functions have their
origin in [15] and [20])

Definition 2.1. For o € [0, ¢/2] we set

20
arc siny, (o) = 1 . _ds
" 2)o  (1—sn)l/p

We put
Tpq = 2arc sin,,(¢/2) = B(1/q,1/p'),

where 1/p" = 1 — 1/p and B denotes the Beta function. By sin,, we mean the
inverse of arc siny,, and the extension of this inverse as a 2m,,—periodic function
on R.

More precisely, since arc sin,, : [0,¢/2] — [0,7pe/2] is increasing, siny, is well-
defined on [0, 7,4 /2]. We extend it to [mpe/2, mp,] by defining sin,, & = sing, (mpq—)
for & € [mpq/2, Tpq|, t0 [—Tpg, Tpe) by oddness, and finally to all of R by 2, —periodicity.
Now define cosp, by

CoSpq(x) = — siny, z;

dzx

this is an even, 2m,,—periodic function that is odd about mp,/2.
Now we recall some facts concerning eigenfunctions and eigenvalues for certain
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non-linear problems, together with results about Bernstein widths for Sobolev em-
beddings. Put I = [a,b], where —oo0 < a < b < o0, and let (z)(,) := 2P~ sgn (z),
z € R. Let

K (2,y) = v()u(y)Xas) (4) for 2.y € 1.

Then for any m € N and any collection of points x1, 2, ..., Tm, Y1, Y2, -y Ym With
a<xry << .. <xp<band a<y; <y <. <yn < b, we have

det (K(a:i,yj)):?jzl > 0.

This means that K(-,-) is totally positive, in the terminology of Pinkus [19], Defi-
nition 3.1, p. 52. The map T given by (1.1) is represented by

(Tf)(x) :J K, 9)(y)dy.

I

Let B := {f € Ly(I) : |[fll, < 1} and consider the isoperimetric problem of
determining

sup gl 21)
9€T(B)

This problem is related to the following non-linear integral problem:
g9(x) = (Tf)(z) (2.2)
and

(F(@)p) = MT™((9)q))(2), (2.3)

where (g), is the function with value (g(x)), at  and 7% is the map defined by
(T*f)(z) = u(x) IZ v(y) f(y)dy. Note that when u and v are both identically equal
to 1 on I, (2.2) and (2.3) can be transformed into the p, g—Laplacian differential
equation

/
— (W) = Aw)g), (2.4)
with the boundary condition
w(a) = 0. (2.5)

A pair (g, A) for which a function f with | f[|, = 1, satisfying (2.2) and (2.3), can
be found, will be called a spectral pair. The set of all spectral pairs will be denoted
by SP(T,p,q). The number A occurring in a spectral pair will be called a spectral
number, and the set of all such numbers denoted by sp(T,p,q); the function g
corresponding to A is called a spectral function. Given any continuous function f

on I we denote by Z(f) the number of distinct zeros of f on Io, and by P(f) the
number of sign changes on this interval. The set of all spectral pairs (g, A) with
Z(g) =n (n € Ng) will be denoted by SP,(T,p,q), and sp,(T,p, q) will represent
the set of all corresponding numbers .

Theorem 2.1. Foralln €N, SP,(T,p,q) # 0.

Proof. This essentially follows from [3] (see also [17]), but we give the details
for the convenience of the reader. For simplicity we suppose that I is the interval
[0,1]. A key idea in the proof is the introduction of an iterative procedure used in
(3]
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Let n € N and define

n+1
0, = {Z = (21, ., Zns1) € R Z |2i| = 1}
and
j—1
fo(z, z) = sgn(z;) for Zz‘:o | 2] <x<z |zil, 7=1,..,n+1, with zp = 0.
With go(x, z) = T fo(z, z) we construct the iterative process

ge(x,2) = Tfr(x,2), froa(z,2) = A(2)T* (g7, 2)) () ()

where A\ is a constant so chosen that

| frtall, =
and 1/p+ 1/p’ = 1. Then, all integrals being over I,

= Jlfk(ﬂ% 2)|" de = Jfk(fk)(p)dw = Jfk (N T ((gr=1) @) ] 0)) () d
— | AT () )

Y j T() g < Xy il gkt
and also

lok-1ll? = [ lgx_1 (@, 2)I" dx—j@k_l)(q)gk_lda:

J 9k-1) ()T (fr—1)dx —J “((gr-1)(q) fr—1dx
AL

[ NAT (e i

, 1/p’ 1/p
N dx) <J|fk1p dm)

B ¢ o 1/p
=%, (I (e )

<t (1t (enw)

" 1/p
ity ([inras) = a
J
From these inequalities it follows that

lgr—1(, 2 < X2y < lgw5 2, -

This shows that the sequences {gi(-,2)} and {Ar(z)} are monotonic decreasing.
Put A(2) = i oo Ae(2); then lgi(-,2)]l, — A~1(2)

As the sequence {fi(-, z)} is bounded in L,(I), there is a subsequence { fx, (-, 2)}
that is weakly convergent, to f(-, z), say. Since T is compact, g, (-,2) — Tf(-, z) :=
9(,z) and we also have f(-,z) = (A(2)T"(g(:, 2))(y))(p)- It follows that for each
z € O,, the sequence {gi, (-, 2)} converges to a spectral function.

Now set z = (0,0,...,0,1) € O,. Then fy(-,z) = 1, and as the operators T and
T* are positive, gi (-, z) > 0 for all &, so that g(-,z) > 0. Thus g(+,2) € SPy(T,p,q) :
SPO(Tvpa q) 7é @
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Next we show that for all n € N, SP, (T, p, q) # 0. Given n,k € N, set
El={2€0,:Z(gx(,2)) <n—1}.

From the definition of T it follows that gx(-,z) depends continuously on z; thus
E} is an open subset of O, and FJ' := O,\E} is a closed subset of O,,. Let
0<t; <..<t,<1and put

Fk(a) = (gk(tlva)v "'vgk(tnaa))a a€ O,

Then Fj, is a continuous, odd mapping from O,, to R". By Borsuk’s theorem, there
is a point ay € O,, such that Fj(ayx) = 0; that is, ag, € E}. From the definition of
gr and fr11, together with the positivity of T" and T, we have

Z(gk+1) < P(fr+1) < Z(frv1) < Plgr) < Z(gr),

so that ! C B}, which implies that Fi* D F}!, ;. Hence there exists & € Ni>1F}!,
and as above we see that gi(-,&) converges, as k — oo, to a spectral function
g(-,a) € SP,(T,p,q). Thus SP,(T,p,q) # () and the proof is complete. O

We denote by SP%(p, q) the set of all pairs (w, A) (again called spectral pairs, w
being an eigenfunction with associated eigenvalue A) corresponding to solutions of
(2.4) and (2.5) for which Z(u) = n. Similarly, SP%*(p, q) will stand for the set of
all spectral pairs (w, \) corresponding to solutions of (2.4) that satisfy the Dirichlet
boundary conditions

w(a) =w(b) =0 (2.6)
and have Z(u) = n. It is known from [3], [4] or [19] that for all n € N, SP%®(p, q)

consists of exactly one spectral pair (up to normalisation). Moreover, from [20] or
[4] we have

Lemma 2.1. For any o € R\{0}, the set of eigenvalues of problem (2.4) under
the Dirichlet boundary conditions (2.6) on I = [a,b] is given by

2nmpg \ T [ef”!
An(@) == (b—a) .p’qq*I (n € N),
with corresponding eigenfunctions
ab—a) . NTpq
n,alt) = — t tel).
tna(®) = 0= D in,, (172) e

A simple computation enables us to modify Lemma 2.1 so as to apply to the
eigenvalue problem (2.4) with initial conditions at the left-hand endpoint a of I.

Lemma 2.2. For any « € R\{0}, the set of eigenvalues of problem (2.4) under
the conditions

w(a) = 0,w'(a) = a (2.7)
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with corresponding eigenfunctions

Tna(t) = m sty (W—bl/i)”mt> (tel)

Next we recall the definitions and basic properties of the Bernstein widths, the
linear widths and the approximation numbers.

Definition 2.2. Let C' be a centrally symmetric subset of a normed linear space
X and let n € N. The n'* Bernstein width of C, b, (C, X), is

b, (C, X) := sup sup{A > 0: X,4+1 N (ABx) C C},
Xnt1
where By is the closed unit ball in X and the outer supremum is taken over all
subspaces X,,+1 of X such that dim X,,11 = n+ 1. The linear width of C, 4,,(C, X),
is
0, (C, X) := inf sup |z — P,x|| ,
Pn ze

where the infimum is taken over all bounded linear maps P : X — X with rank at
most n.

It can be shown that for all n € N, b1 < by, 6,41 < 6, and b, < 6,,. For this
and more information about Bernstein and linear widths, see [18].

In this paper we study the operator T given by (1.1) as a map from L,(J)
to Ly(I), with 1 < p < ¢ < oo, and we are interested in the Bernstein widths
bn(TB, Ly(I)), where TB = {Tf : || fl|, ; < 1}. For every n € N we have

bn(TB, Ly(1)) < 60 (T'B, Lg(I)) = ant1(T).
Here a,,(T) is the n'* approximation number of T, given by

an(T) =1inf sup ||Tf— P.f],
Payigl, <1
where the infimum is taken over all bounded linear operators from L, (I) to Ly(I)
of rank less than n. More details of approximation numbers will be found in [5] and
[6]. From Definition 2.2, Section V in [18] we have

b (T'(B),Ly(I)) = su inf T
(T(B), Ly(I)) xnfleeXW\{O}” fl

q,1 / ||f”p7]7 (28)

where the supremum is taken over all subspaces X,, 1 of T'(L,(I)) with dimension
n + 1. Since u and v are positive functions, (2.8) can be expressed as

=
bn(T(B),Lg(I)) = sup inf S (2.9)
X1 «ERMHIN{0} HZ::T Oéifi

p, I
where the supremum is taken over all (n+ 1)—dimensional subspaces X,,+1 = span
{f1sees o} C Lp(1).

Now let W (I) be the Sobolev space of all functions in L,(I) with first-order
distributional derivatives also in L,(I). It is a familiar fact that the elements of
W, (I) are absolutely continuous on I (more precisely, there is a representative in
each equivalence class that is absolutely continuous), and so it makes sense to speak
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of the values of elements of this space at the endpoints of I. Let
WD) ={f € Wy(I) : f(a) = 0}, BW, (1) = {f € Wpo(D) : |f'll,,; < 1}
We shall need the following result from [2].
Theorem 2.2. Let1 <p<gq<oo. Then for each n € N,
b (BW;o(1), Ly(1)) = A,/ 9(a),
where A, () is the n'" eigenvalue of problem (2.4) under condition (2.7), and o is

so chosen that for the corresponding eigenfunction uy o we have ||wn aH =1.

It is clear that BW, ( ) = T(B), where T is the special case of (1.1) with
u =v =1, so that Tf J' f(t)dt. Together with Lemma 2.2 this enables us
to make the following observatlon

Remark 2.1. Let 1 < p < ¢ < oo and suppose that T is given by (Tf)(z) =
f f(t)dt. Then

_a 1 q—1\ 1/4
() Ly (1) = e ()

where « is chosen so that
b— —1/2 !
alb—a) (o (=12
(n—1/2)mp, b—a

3. Technical Lemmas

=1

P

Here we introduce various techniques that will be used to establish the main
theorem. We suppose throughout this section that u € L, (I) and v € L,(I), and
remark that these assumptions are sufficient to ensure the compactness of T. We
begin with an elementary lemma that is a simple consequence of Holder’s inequality.

Lemma 3.1. Letl1 <p<qg<ooandn € N. Then

1/
inf (ZZL:I |ai|q) ! _ nl/qfl/p
n 1 )
a€R (ZZL:I |ai|p) /p

and the infimum is attained when |a;| =1,71=1,...,n.

Definition 3.1. Let J = [¢,d] C I. Then

— . ITf =7 1g,J — -
Cou0(J) := Co(J) :=su 7 1 f € Lp(J\{O}, (T'f)(c) = (T'f)(d) =0
and
. . 1T fllg,s B
Cou,+(J) = C4(J) :=sup T fe Lp(I\{0}, (Tf)(e) =0,

where T is defined in (1.1).



8 D.E.EDMUNDS AND J.LANG

From this definition we immediately have

Lemma 3.2. Let I; and Iy be intervals with Iy C Iy C I. Then
00(11) § 00(12), C+(Il) S C+(.[2) and CQ(Il) S C+(Il)

A characterisation of Cy(J) and C(J) is given in the next lemma.

Lemma 3.3. Let J =|[c,d] CI. Then
Co(J) = llg1llg,s = A"

where
(91, M) € SPy(T,p,q) on J, gi(c) = g1(d) = 0;
and
Cr(J) =llgollgs = Xo"
where

(90, M) € SPy(T, p,q) on J.

Proof. Since T is a compact map from L, (J) to L,(J), there exist hg, h1 € L,(J)
such that
(a) Co(J) = Thally ;> [|Pall, ; = 1 and (Thy)(c) = (Thi)(d) = 0;
(b) C4(J) = ITholl,; ol = 1 and (Tho)(c)
Put

|
e

G(F) =T fllg,s /AN 5 |70

Then G'(f) = 0 if, and only if, f € SP(T,p,q) on J. From (a) and (b) it follows
that G’(ho) = G’'(h1) = 0, and the result is now clear. O

Next we give a monotonicity result.

Lemma 3.4. Let I, I be intervals contained in I, with Iy G Iy and |I2\I;] > 0.
Then
(a) Co(I1) < Co(12)
and
(b) Cy (1) < C4 (D).

Proof. We prove (b) and consider the following cases:
(i) I = [e,d) C Iy = [e,b], d < b;
(i) I; = [e,d] C Iz = [a,d], a < ¢;
(i) [ =[e,d] CIa =[a,b],a <c<d<b.
Clearly (b) will be established if we can handle these three cases. First suppose
that (i) holds. Since T is a compact map, there exists f; > 0 such that

Cr(h) =T fillgs, /1 f2lly 2, > O

Define fo on Iy by fo(z) = f1(z) if © € I, fo(x) = 0 if © € Io\I;. Then || f1]|
1f2llp,z,» (Tf)(@) = (Tf2)(2) (x € L), (Tf2)(x) >0 (z € [2\I1) and

Co (L) =T fillg , /WAl 2, <NTF2llg r, /N F2llp 1, < C(T2)-

pn
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For case (ii), note that there exists f; > 0, with supp f1 C I1, such that
C (L) = T fillgp, /2l 1, -

Since u is locally integrable, there exists z € (a, %(a + c)) such that
u(z) = lime 04 fzﬁ u(z)dz. Let § > 0 and define

f2(x) = 6X(z,z+e)($) + fl(x)7 z € Io.
Then for small § > 0 and ¢ > 0, there is a positive constant C; such that

1folly,r, < Cred® + | fill, 1, -
For T fo we have, with S(z) =~ deu(z),

=0, a<z<z,
>0, z<xr<z4¢,
(TF) (@) = S(z)v(x), z+e<z<e,
=Sv(x)+ (TfHh)(z), c<z<d.
From this it follows that for small positive § and e, there is a positive constant Cy
such that

d

C

vI(z)dx +J

z+e c

1/q
ITr2llgr, = {(S(Z))qJ 15 (2)v(x) + (Tf1)(x)|qdff}

> Co{(de)? + de} + ||T f1]]
Hence for small positive § and ¢, t
1T f2ll,, 1, S Cadet 1T filly, 1,
Ifell,r, = Cred? + | fill,r,
which implies that there exist £ > 0 and §; > 0 such that fore =¢; and 0 < § < dy,
ITfollg.r, _ ITfillg 1,
> .
1f2llp. 1, 1fill, r,

This gives the proof of (b) in case (ii). Case (iii) follows from (i) and (ii).
The proof of (a) can be carried out by the use of the techniques used in the proofs
just given, and is left to the reader. O

q,I1*

Lemma 3.5. Both Cy([z,y]) and Cy([z,y]) are continuous as functions of x
and of y.

Proof.  Suppose that Cy([z,y]) is not right-continuous as a function of the right-
hand endpoint. Then there exist = and y, with x < y, and ¢ > 0, such that

Co([z,y]) <t < Co([z,y + €]) for all small enough & > 0. (3.1)
Given each small enough € > 0, there is a function f. such that
1T/
Co(lz,y+e]) = A L supp f. C [z,y+¢], supp T'f. C [z,y+¢] and [ fell, = 1.
ellp

Since T is bounded, there exists C' > 0 such that [|T'f.|, < C. As T' is compact,
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there are a sequence (gx) of positive numbers converging to zero and an element g
of Ly(I), with supp g C Ng[z,y + €] = [x,y], such that T'f., — g in Ly(I). From
(3.1) we see that

inflg - Tf], > 0, (3.2)

where the infimum is taken over all f with supp f C [z,y] and supp (Tf) C [z, y].
However, since T has closed range, there exists h € Ly(I), with [[h]|, = 1 and supp
h C [z,y], such that Th = g. This contradiction with (3.2) establishes the right-
continuity of Cy in its dependence on the right-hand endpoint. Left continuity is
proved in much the same way, as are the remaining claims of the Lemma. |

Now we introduce a function that is going to play an important réle in our proofs.

Definition 3.2. Suppose that 0 < e < ||T: L,(I) — L,(I)|| and let P be the
family of all partitions P = {ag,a1,...,an} of [a,b], a = a1 < az < ... < ap—1 <
a, = b. Let

S): = {neN: forsome Pe P, Cylai—1,a;) <e(1<i<n-1),
C—i—(an—la an) § 5}7
and define
B(e) =min S(e) if S(e) # 0, B(e) = oo otherwise. (3.3)

As an obvious consequence of this definition we have
Lemma 3.6. If0<e; <ey<||T:Ly,(I)— Ly(I)||, then B(e1) > B(ea).
We also have

Lemma 3.7. Let 0 < ¢ < ||T: L,(I) — Ly(I)|| and suppose that B(e) >
1. Then there is a partition P = {a = ag,a1,...,ape) = b} of [a,b] such that
Co(lai-1,a:]) =e (1 <i < B(e) — 1), Ci([ape)-1,a8()]) < e

Proof. This follows from Lemmas 3.4 and 3.5, together with the techniques used
for the construction of N(g) in [11]. O

Lemma 3.8. For alle € (0,||T: L,(I) — L,(I)|), B(e) < 0.

Proof. Suppose that B(e) = oo for some e > 0. Then by Lemma 3.7, there
is a strictly increasing sequence {a;}2, with Co([a;—1,a;]) = € for all 4 € N. Let
B be the closed unit ball in L, (I). Since T is compact, T'(B) is a compact subset
of Ly(I). For each i € N let f; be an extremal function from the definition of
Co([ai-1,a:]). Then supp f; C [a;—1,a;], supp T'f; C [ai—1,a4], Hfin =1 and
ITfill, = Co(lai-1,a;]) = . This gives an infinite sequence of functions {7'f;}2,
with disjoint supports and L, norms equal to . Hence T'(B) cannot be a compact
subset of Ly(I) and we have a contradiction. O

Lemma 3.9. Let n = B(eg) for some g9 > 0. Then there exist €1 and ea,
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0 < g3 < g1 < g, such that B(es) = n+ 1 and B(e1) = n; and there is a
partition {a = ao, a1, ...,ap,) = b} of [a,b] such that Co([a;—1,a;]) = 1 whenever
1<i<n—1and Cy([an—1,a,]) = e1.

Proof. This is based on the continuity of Cy([z,y]) and Cy([z,y]) as functions
of the endpoints x and y, together with the fact that B(e) < oo for all ¢ €
(0, |T : Lp(I) = Lg(I)|]). Suppose that whenever 0 < € < ¢, either B(e) > n+1 or
B(e) = n. Put 3 = inf{e > 0: ¢ < gy, B(¢) = n}. In view of the continuity prop-
erties of Cy and Cy, if e5 < € < g¢, there is a sequence ag = a, aq, ..., a, such that
Co([ai-1, al]) =¢eif1 <i<n-1,and Ci([an—1,a,]) < e. Then there is a sequence
{0:17=P) such that Co([b_1,b;]) = e if 1 <i < n— 1, and Cp([bp_1,bn]) < €.
Hence by the continuity of C'y and Cy there exists € < €3 with B(¢) =n+ 1. The
proof is complete. |

The final lemmas in this section deal with the properties of Cy(I) and C4 (1),
beginning with their explicit computation when the functions v and v are constant.
In these we shall use the following notation:

(T @) = o) | 500

and as before, Cy 4, 0(I) and C, o +(I) will stand for Cy(I) and C4 (I) respectively
for the operator T, ,,.

Lemma 3.10. Let u and v be constant on the interval I. Then
(i) Couo(I) = uv I[P 19 ¢y 4 o([0,1)),
(ii) o (1) = v [I[VP 10y ((0,1),
(Z”) Cv,u,Jr(I) = 2Cv,u.,0(‘[)'

Proof. For (i) we observe that

1T, f]l v [ uf(t)dt
CU,’U.,O(I) - sup o 2l = sup H . HqJ
supp f, supp Ty ufCI ||f p,I supp f, supp To,u fCI Hf”pJ
:uv|l|1/p/+1/q |Ua f(t)dth,I
supp f, supp Ty o fCI IIf |p,l
' [o Ft)dt
:uU|I|1/p +1/q su H 0 Hq[Ol
supp f, supp 14,1 fCJ[0,1] ||f |p7 [0,1]

= uw |I|1/p +1/a C1,1,0([0,1]).

In the same way we can prove (ii). Finally, (iii) follows from (i) and (ii), together
with Lemmas 2.1, 2.2 and 3.3. |

From [4] and [20] (see also [15] for p = g) we have

Lemma 3.11. Let f(t) = c(Sf)'(t), where (Sf)(t) = csinyg(mpgt) and c is an
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arbitrary non-zero constant. Then

NS llgoa )Y g Y (o + q) /P
||f||p,[0,1] 2Mpq .

Cl,l,O([O’ 1])

Now we establish the continuous dependence of Cy, ,0(I) and Cy 4, +(I) on u and
.

Lemma 3.12. Let ui,us and v be positive weights on I with ui,us € Ly (I)
and v € Ly(I). Then
() 1o o) — Coagol(D)] < 2 0l s — sl
and

(i2) [Cour, 4+ (1) = Coup - (D] < 0l lur — el -

Proof. For i =0,1 we set

~{r
i {r

b
J us () f()dt

a

a

b
j w()f(t)dt =0, | f]], = 1} ,

b
j ui () F()dt

a

< luz — |, 11, = 1} :
Since

< ug —wall, [1£1, + ;

j us(t) f()dt

a

we have Uy C Va. Correspondingly, Us C Vi. Either C, .y, 0(I) < Cyyy0(I) or
Cour,0(I) > Cyouy0(l). Suppose that the first case holds. Then

CU7“270(I) = sup
feUz

o() J Flus — ug + uy)dt

q

< sup {nvnqnuz—uup/ T v(-)j Furdt }
feU2 a q
< ol w2 —ually +  sup v<->J Furdt
feU1U(Vi\Ur) a q
< 2ol llus — ull + sup v<->j Furdt
feU a q

Hence
Couz,0(I) < 2]l llue — urll, + Couy0(D).

The other case is handled similarly, and the proof of (i) is complete.
For (ii) the argument is simpler. In what follows all the suprema are taken over
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all functions f such that supp f C I and Hf||p < 1. Then

Co () =10 o) | (0 q
gsup{ o) | 0 fus(0) = (o) + o) | Fua (o }
< ol 11, s = vl + sup o) | fe)uatt q
< Mol llur = sl + Cozs (1),
The proof is complete. 0

Lemma 3.13. Let u,v; and ve be weights on I with u € Ly (I) and vi,vs €
L,(I). Then

(i) [Cusu,0(1) = Coy o (D] < o1 — val|, [lull,,
and

(1) |Cus - (1) = Coy g (D] < flor = w2l Nlull, -

Proof. The suprema in what follows are taken over all functions f such that
supp f, supp Ty, ,.f C I and || f[[, < 1. Note that supp Ty, ,u.f = supp T, o f. Then

0’1117%0([) = Sup

o () j F(tyu(t)dt

<sup{

< sup {Ilvl = v2llg 171, llull, +

q

+
q

(v1 — v2) J f@u(t)dt

a

Vg J f@)u(t)dt

y

y

v J F(ult)dt

< Jlor = vally [lull,, +sup

Vg J' f@u(t)dt

q

< flor = vall lully + Co 0 (D)-

The rest is now clear. ]
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4. The main theorem

First we clarify the relation between B(e) and e. As in the previous section we
suppose that u € L, (I) and v € L,(I).

Lemma 4.1. Letr=1/q+1/p'. Then

lim eB(e)" = C11.0(]0,1]) (L(uv)%ﬂt)l/r.

e—0+

Proof. Let 8 > 0. There are step functions ug,vg, with the same steps, such
that |lug —ull, ; < B, [lvg — |, ; < B and

L(uv)’“dt - L(uwﬁ)rdt’ <3

Let N(8) be the number of steps in the functions ug,vg and let € > 0 be so chosen
that B(e) > N(f). Let {Ji}fv:(lﬂ) be the set of all intervals on which ug and vg are
constant, let {ai}f\i(f ) be the sequence from Lemma 3.7 and put I; = [a;—1, a;] for
i=1,...,B(g). Plainly
1=uMP g, = B9,

Now define sets B, By and Bs by

B = {1, ,B(E)} = B1 U BQ,
where

By :={i€ B:1I; C Jj for some j,1 < j < N(3)}, Bo =B\B;.

Put

Ip, =Viep, Li; Ip, = Uiep,-

Then for I; (i € B1\{B(g)}) we have, using Lemmas 3.10, 3.12 and 3.13,

Couo(i) —ugvg |74 C1 1 0(10,1])] < 21lug —ull, .

U”(LL:

Hlully g, llvs =l 1, -

Thus for ¢ € By, i # B(e), we have

el = Cv,u,O (Ii)r
> {Cro((0, )ugvs [L1P 17 = 2 |ug — ull,, 1.

.
Ollgr, = Nl g, 0 = oll, 1 }
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and hence, with the understanding that the summations are over all i € B;\{B(e)},
1/r

{#BL -1} = Y CouolD)

1€B1\{B(e)}

v

{32 (wsvs 77 7) V7 €01

‘s 1/
ol }

T 1/
v = olly .}

=23 llus —ull

—{> Il

1/r
> Co([0.1) (j <uﬁvﬁ>"> =2 lus =l 1 ol
Iz i\ {B()}

= llully 1 llvs =vllg ;

1/r
> Cy1o([0,1]) <L (uﬁvﬁy) s

Now we look at the upper bound for e"#B;. We have, as in the previous case,

{(#By — 1)e"}/" = (Z Cﬂ,u,o(Ii)*y/r

Bi\{B(s)}

ie€B1\{B(e)}

1/r
< C1,1,0([0,1]) (L (UB”B)T> +28.
B1\{B(e)}

Thus

1/r
(#B1 — 1)"/7e = C110(0,1]) (L (Uﬁvﬁ)r> <3p.

Bi\{B(s)}

When ¢ | 0, Ip\(B@) T I and #B1/#B T 1. Hence

lim <3p
e—0

e(#B)'" — C11,0([0,1]) (L(Uﬁvﬁ)r> "

and the result follows. ]

Next we obtain information about the Bernstein widths for T, ,,.

Lemma 4.2. Let ¢ > 0 be such that B(g) > 2. Then
e(B(e) = V1P < by .
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Proof. Since T is compact, B(e) < oo. By Lemma 3.7, there are a sequence
{ai}f:(f) and intervals I; = [a;—1,a;] such that C, ,0(L;) = fori=1,....,B(e) -1
and Cy 4, 0(Ip(e)) < €. For each i with 1 <14 < B(e)—1, denote by f; a function such
‘;)hat supp fi, supp T'fi C L, || fill,; = 1 and Cyuo(Ls) = T fill, 1 /N fill,.r = &

ut

Xp(e) = span {f; :i=1,..., B(e) — 1};
this is a (B(e) — 1)—dimensional subspace of L,(I). From (2.9) we see that

|79 )
bB(E)_Q > inf

B(e)—1 B(e)—1
acRPE HZ¢=1 Olifi

q

P
Now use Lemma 3.1. ]

Lemma 4.3. Let e > 0 be such that B(e) > 2. Then
bp(e) < (B(e) —2)"/7 Ve,

Proof. Suppose that there exists € > 0 such that B(e) > 2 and
(B(e) — 2)Y77VPe < bp(.

Set B(e) = n. Then there exists an (n + 1)—dimensional subspace X, 11 = span
{f1, -, fns1} of Ly(I) such that T(X,,41) is an (n + 1)—dimensional subspace of
L,(I) and

| i)

by > inf = 4 > (B(e) — 2)1/a=1/pe,
a€R Hziﬂ Oé1fz
P
Let
n+1
- n+1 . Ll =
5, = {a cR™ Hzi_l o 1}
P

and put

n+1
Uo(-,Oé) = Zi:l a,fl()
for every o € S,,. For each ug(-, &) we construct an iterative process and a sequence
{gj(.’a)}jeN as follows:

95(0) = T, ), wjial-0) = (AT (g5 0)) )

where the A;(a) are chosen so that [[u;11(- ), = 1.

Following arguments similar to those used in the proof of Theorem 2.1 we see
that as j increases, [g;(-, @), is monotone non-decreasing and g;(-, ) converges
to a spectral function of (2.2) and (2.3). Moreover, if we let

»)’

9(,@) i= lim g;(-,) and A™%(a) = lim |g;( )l
then (g(-, ), M) € S(T,p, q) for every o € S,,. For each | € N let
El ={a€S,: Z(gq(,a)) <n-1}.
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From the definition of T" we see that g;(-, a) depends continuously on ¢, and so, by
the definition of Sy, it follows that E}* is an open subset of S, for each [ € N. Then
F*:= S,\E}" is a closed subset of S,, and F}* D Fy.

Take € > 0 so that B(e) = n+ 1 and with Lemma 3.9 in mind, let £; be optimal
in the sense that B(e;) =n + 1 and &1 := inf{e > 0: B(e) = n}. Let {a;}I]' be a
sequence, forming a partition of I, such that

C’o([ai_l,ai]) =£&1 (7, = 1, ...,n), C+([an,an+1]) =£&1,
and put
Fi(a) = (gi(a1, @), ..., gi(an, @) ;

Fj is a continuous, odd mapping from S,, to R, and by Borsuk’s theorem, there ex-
ists oy € Sy, such that Fj(a) = 0, that is, oy € F*. There is a subsequence {ay, }-
of {ay},=, with limit & = limj_. . Then (g(-, &), A(@)) € Sn(T,p,q), and from
the construction of g;(-, &) we have (see the proof of Theorem 2.1, Definition 3.1

and Lemma 3.3)

HT(Z?; @ ;) , y
i <llg:(-,a)l| < Sa)ll =AY a).
N T lgs @I, < llgC @I, @)
P
Also
lg(- a)ll, 1,
CO(I’L) = %q,b = €1, I; = [ai—17a/i]7i =1,..,n,
1fCall, o,
and
lg(, )l s
Ci(Inp1) = 5= = €1, Lnyr = [an, b].
G a0,
Now let G,,4+1 := span {fl, ...,ﬁ,+1}, where fl() := fi(-,@&). Then
HT(Z?; aifi) q 1/
inf —— = lgC,a)ll, =A""%
acRnt HZ:L:Jrll Oéif'
p
It can be seen that the infimum is attained when ‘ aiﬁ- L= Hajfj . Then it
follows that o n
g, @), = e1Ben) /P44,
and the proof is complete. |

Theorem 4.1. Suppose that uw € L, (I) and v € Ly(I). Then the Bernstein
numbers of the compact map T : L,(I) — Ly(I) (1 < p < g < 00) satisfy

lim nb,, = C1,1,0([0,1]) <J1(uv)r> 1/T7

n—oo

wherer =1/q+ 1/p.

Proof. From the combination of Lemma 4.2, Lemma 4.1 and the strict mono-
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tonicity of B(e) given by Lemma 3.9 we have

Together with Lemma 4.1 this completes the proof.

10.
11.
12.
13.
14.

15.

17.
18.

19.
20.
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lim £[B(e)]V/9+1/P" = lim e[B(e)]Y97 VP B(e) = lim bp()B(e) = lim b,.
e—0 e—0 e—0

n—oo
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