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Abstract

Let I =[a,b] CR,let 1 < g < p < o0, let u and v be positive functions
with w € Ly (I), v € Lg(I) and let T : L,(I) — Lq(I) be the Hardy-type
operator given by

(Tf)(z) =v(zx) /ﬂc F@u(t)dt, z € I.

Given any n € N, let s, stand for either the n-th approximation number
of T or the n-th Kolmogorov width of T. We show that

lim ns, = ¢pq (/(uv)l/rdt> ,r=1/p +1/q,
1

n— oo

where ¢pq is an explicit constant depending only on p and gq.

1 Introduction

Let u and v be real-valued measurable functions on an interval I := [a,b] C R.
In [5], [10], [11], [6] and [12] the Hardy-type operator T given by

(TF) (@) = v(2) /m Fu®)dt, o e 1, (1.1)

was considered as a map from L,(I) to itself, when 1 < p < oo.

The main purpose of this paper is to study the properties of the Kolmogorov
widths d,,(T) and the approximation numbers a,,(T) of T as a map from L, ()
to Ly(I) when 1 < ¢ < p < co. These numbers are defined by (with standard
notation)

dn(T) = dn =inf sup inf [[Tf—g
X 0<| fllp,r<19€Xn

q,I/”f

o1 (MEN),



where the infimum is taken over all n-dimensional subspaces X,, of L,(I), and

an(T) = an=inf - sup |Tf = FBufll, /Ifll,r (neN),
nO<[[fllp,r<1

where the infimum is taken over all continuous linear operators P, from L,(I)
into L,(I) of rank at most n — 1. Note that the n-th approximation number is
identical to the (n — 1)-th linear width of T, see Pinkus [19].

From [5]-[12] we know that under appropriate conditions on v and v the
approximation numbers a,(T) of T, viewed as a map from L,(I) to L,(I),
satisfy

n—oo

lim na, (T) = A; /7 /1 la(t)o(t)| dt,

where A, is the first eigenvalue of a p—Laplacian eigenvalue problem on I. A
connected account of such results concerning a,,(7') is given in [4].

For many years the Kolmogorov widths and approximation numbers of var-
ious maps have undergone intense scrutiny: for embedding of Sobolev spaces
we refer to [21], [19], [9] and [13]; and for the Hardy-type operator T, see [4],
[17] and (in the special case when u=v=1) [14]. When p # ¢, the previously
existing results for the approximation numbers of T': L,(I) — L4(I) are of the
form (see [15] and [17])

c1 < liminf n)‘an(T) < lim sup n)‘an(T) < ¢,

n—oo n—00

for some A\ > 0; c1, co are positive constants independent of n but depending on
p,q,u and v. The existence of lim,, . n)‘an(T) is not established in this earlier
work. Here we show that this limit does exist, when 1 < ¢ < p < oo: our main
result is that if v and v are positive functions with v € L,/ (I) and v € L,(I),
then

n—oo

1/r
lim ns, = cpq </(uv)rdt> , r=1/p'+1/q,
I

where ¢4 is an explicit constant and s,, stands for either a,, or d,,. This leaves
open the situation in which p < ¢. For this case, however, we obtained in [8] by
rather similar techniques a corresponding formula for the asymptotic behaviour
of the Bernstein widths of T'.

Throughout the paper we suppose that 1 < ¢ < p < oo and that v and v
are positive functions on I = [a,b] C R with w € L,(I) and v € Ly(I). Then
we have that T' is a compact map from L,(I) to Ly(I). The standard norm on
Ly(I) will be denoted by ||-||,, ; or by [|-[|, if no ambiguity is possible. By x,
will be meant the characteristic function of a set S C R; |S| will denote the
Lebesgue measure of S. We write A < B (or A > B) if A < ¢B (or cA > B)
for some positive constant ¢ independent of appropriate quantities involved in
the expressions A and B. By A =~ B we shall mean that A < B and B < A.



2 Preliminaries and technical results

We start with the definition of special generalisations of the trigonometric func-
tions, the sin,, and cos,, functions (see [2]). (Note that these functions have
their origin in [16] and [20])

Definition 2.1 For o € [0, q/2] we set

20
arc siny(o) = 4 & s
Pa 2 /o (1 —s2)t/p’

We put
Tpg = 2arc siny,(q/2) = B(1/q,1/p'),
where 1/p' =1 —1/p and B denotes the Beta function. By sin,, we mean the

inverse of arc sinyg and the extension of this inverse as a 2wy, —periodic function
on R.

More precisely, since arc sinyg : [0,¢q/2] — [0,7pe/2] is increasing, siny, is
well-defined on [0,7,,/2]. We extend it to [mpq/2, mpg] by defining sin,,z =
Sinpg (pg — x) for © € [mpe/2, Tpql, 0 [—Tpg, Tpg] by oddness, and finally to all
of R by 2m,,—periodicity. Now define cos,, by

d
COSpq(x) = — sinyq ;

dx

this is an even, 2m,,—periodic function that is odd about mp,/2.
Let B :={f € Ly(I) : [|f|l, < 1} and consider the isoperimetric problem of
determining

sup ||glf, - (2.1)
geT(B)

This problem is related to the following non-linear integral problem:

g9(x) = (Tf)(x) (2.2)

and
(f (@) = MT"((9)g)) (@), (2.3)
where (g)4 is the function with value (g(x)), at « and T™* is the map defined

by (T* f)(x) = u(z) f: v(y) f(y)dy. Note that when u and v are both identically
equal to 1 on I, (2.2) and (2.3) can be transformed into the p,g—Laplacian
differential equation

~(W)yy) =My, (2.4

with the boundary condition
w(a) = 0. (2.5)

A pair (g,A) for which a function f with [|f]|, = 1, satisfying (2.2) and (2.3),
can be found, will be called a spectral pair. The set of all spectral pairs will



be denoted by SP(T,p,q). The number A occurring in a spectral pair will be
called a spectral number, and the set of all such numbers denoted by sp(T, p, q);
the function g corresponding to A is called a spectral function. Let g, f and A
satisfy (2.2) and (2.3); then

[1s@rds = [ gtg)ude= [ 74)(g)sds
= [ s @)= [ s
=/\_1/|f(a:)|pda:.
From this it follows that A=! = 1204 and then for (g1, \) € SP(T,p, q) we have

[FIH
A= g1l
Given any continuous function f on I we denote by Z(f) the number of

distinct zeros of f on Io , and by P(f) the number of sign changes on this interval.
The set of all spectral pairs (g, A) with Z(g) = n (n € Ny) will be denoted by
SP,(T,p,q), and sp,(T,p, q) will represent the set of all corresponding numbers
A

We denote by SP%(p,q) the set of all pairs (w, ) (again called spectral
pairs, w being an eigenfunction with associated eigenvalue \) corresponding to
solutions of (2.4) and (2.5) for which Z(u) = n. Similarly, SP%®(p, q) will stand
for the set of all spectral pairs (w, A) corresponding to solutions of (2.4) that
satisfy the Dirichlet boundary conditions

w(a) =w(b) =0 (2.6)

and have Z(u) = n. It is known from [1], [2] or [19] that for alln € N, SP%*(p, q)
consists of exactly one spectral pair (up to normalisation). Moreover, from [20]
or [2] we have

Lemma 2.2 For any a € R\{0}, the set of eigenvalues of problem (2.4) under
the Dirichlet boundary conditions (2.6) on I = [a,b] is given by

e \ 7 oo P
An(@) 1= (b—ij) 'L/;q_l (n € N),

with corresponding eigenfunctions

wna(t) = 20D (:ipqa t) (te1).

NTpq

It is easy to modify Lemma 2.2 so as to apply to the eigenvalue problem
(2.4) with initial conditions at the left-hand endpoint a of I.

Lemma 2.3 For any o € R\{0}, the set of eigenvalues of problem (2.4) under

the conditions
w(a) = 0,w'(a) = « (2.7)



on I = [a,b] is given by

Y _ (2(n—1/2)mp, ! afPe
An(@) = < — ) g (n e N),

with corresponding eigenfunctions

- _alb=a) . (n—1/2)mp,
W o(t) = m sing, (b_at) (tel).

Next we recall that a basic property of the Kolmogorov widths and the
approximation numbers is that for all n € N, a,, < d,,4+1. For this and more
information about Kolmogorov widths, see [18]. Now let W, (I) be the Sobolev
space of all functions in L, (I) with first-order distributional derivatives also in
Ly(I). It is a familiar fact that the elements of W) (I) are absolutely continuous
on I (more precisely, there is a representative in each equivalence class that is
absolutely continuous), and so it makes sense to speak of the values of elements
of this space at the endpoints of I. Let

Wyall) ={f € Wy(I): f(a) = 0}, BW, ,(I) = {f € Wy, (1) : |f'll,,; <1}

and denote the embedding from W} ,(I) into Ly(I) by E,. We shall need the
following result from [1].

Theorem 2.4 Let 1 < q < p < oo. Then for each n € N,

dn Ea = i f i f Ea - :X_l/q )
(Ea) = igf reBwy, 9% 1Baf = gllgs = A7)

where the outer infimum is taken over all n-dimensional subspaces X,, of L1(I),

A () is the nth eigenvalue of problem (2.4) under condition (2.7), and a is so

chosen that for the corresponding eigenfunction t, o we have Hﬂ/n,am, =1

It is clear that BW, ,(I) = {T'f;||fllp,r < 1}, where T is the special case of
(1.1) with u = v = 1, so that (Tf)(z) = [” f(t)dt. Together with Lemma 2.3
this enables us to make the following observation.

Remark 2.5 Let 1 < ¢ < p < oo and suppose that T is given by (Tf)(x) =
[ f(t)dt. Then

b—a p/qq—l 1/q
dn Ea = — )
(Ea) 2(n — 1/2)7qu (|C¥p q)

where o is chosen so that

p




3 Technical Lemmas

Here we introduce various techniques that will be used to establish the main
theorem. Although there are similarities between these and the procedures
used in [8], we give details here for the convenience of the reader. We suppose
throughout this section that w € L,/ (I) and v € Ly(I) : these assumptions are
sufficient to ensure the compactness of T. We begin with an elementary lemma
that is a simple consequence of Holder’s inequality.

Lemma 3.1 Let 1 < qg<p<oo andn € N. Then

n 1
aerm (Y7 Jag[P) P

and the supremum is attained when |o;| =1,i=1,...,n; and

n 1/
nf (Zi:l ‘ai|q) ! N
aER7 (yn N
R (e lail”)
where the infimum is attained when |a;| =1 for only one i and a; =0 for each
j#i.
Definition 3.2 Let J =[c,d]| C I and x € I. Then

T, 2 £() = o()xs() / F(tult)y (b,

Apu(J) = A(J) = ;relf] HTI,J|LP(J) - Lq(J)||7

s

HTC’Jf”q?J

i, fe Lp(J)\{O}}-

Cyu+(J):=Cy(J) :=sup {

ITfllg, s
1f1],, 5

From this definition we have (see section 2.4.2 in [4] or [11] for details of
similar arguments)

Cou0(J) := Co(J) := sup { 2 f € Lp()\{0}, (T f)(e) = (Tf)(d) = 0} :

Lemma 3.3 Let I and Iy be intervals with Iy C Io C I. Then
A(lL) £ A(L), C4(I1) < C4(12).

and
Co(I1) < Cy(I2),Co(I1) < Cy(Ih).

The quantities A(J), Co(J) and C1(J) are characterised in the next lemma.



Lemma 3.4 Let J = [c,d] C I. Then
A(J) = |[Te,s|LP(J) — LU (3.1)

for some e € 3 and
( )_ H91||q,J _/\—1/q

Al T
where
(91,A1) € SP(T,p,q) on J and gi(e) = 0;
and
C(J) = ||90||q,J _ 61/q7
1 foll,,s
where
(90, M) € SP(T',p,q) on J, and go(c) = 0;
also
Co(J) = [lg1ll,., = 217,
where

(glv)‘l) € SP(Tap7Q) on ‘]7 gl(c) = gl(d) =0.

Proof. Since T is a compact map from L,(J) to L,(J), there exist ho, b1, ha €
L,(J) and = € J such that
(a) A(J) = 1T, shall, ;5 [[Pall,, ;= 15
b) C(J) = I Te.sholl, 5 » 1Roll,, ;= 15
¢) Co(J) = [Thollg, s » 1ol ; = 1.
Put

—

G =T N5 /N Fllp s f 70

Then G'(f) =0 if, and only if, Tf € SP(T,p,q) on J. From (b) it follows that

G'(ho) = 0. By a simple modification of this argument, with the help of (a), the

statement concerning A follows. The rest is proved in a similar manner. m
Next we give a monotonicity result.

Lemma 3.5 Let I1, Iy be intervals contained in I, with Iy C Is and |I2\I1| > 0.
Then

(a) C1(I) < Cy(I2),

(b) Co(I1) < Co(12),

(C) A(Il) < A(Ig)

Proof. First we prove (a) and consider the following cases:
(i) I = [¢,d] C Iz = [e,b], d < b;

(ii) Iy = [e,d] C Iz = [a,d], a < ¢;

(iii) Iy = [e,d] C Iy = [a,b], a < ¢ < d < b.



Clearly (a) will be established if we can handle these three cases. First
suppose that (i) holds. Since T is a compact map, there exists fi > 0 such that

Cy(h) =T illyr, /il r, > 0.
Define fy on Iy by fo(z) = fi(x) if z € I, fo(x) = 0 if 2 € IL\I;. Then
1fill,r, = Ifoll,r» (Th) (@) = (Th)(x) (x € L), (Tf)(z) >0 (z € L\L)

and
Co(h) = 1T Hillg,r, /Al ry, <UITf2llgr, /f2lly , < Cr(L2).
For case (ii), note that there exists f; > 0, with supp f1 C I, such that

Co(h) = 1T fillg.z, /11l -

Since u is locally integrable there exists z € (a, 3(a + c)) such that
u(z) = lim. o4 f (x)dx. Let § > 0 and define

f2(@) = 0X (2 p4e) () + f1(2), 2 € L.
Then for small § > 0 and € > 0, there is a positive constant C; such that
1fall,.r, < Cr'/Po 4 |11l
For T fy we have, with S(z) ~ deu(z),

p,I2*

=0, a<z<z
>0, z<x<z+e,
(Tfo)(x)q — S(2)o(z), zte<z<ec,

=S(z)v(z)+ (Tf)(z), c<z<d.

From this it follows that for small positive § and &, there is a positive constant
(5 such that

1/q
ITfell, 1, > {(S(z))g [ v [se) (Tfl)(:v)lqu}

> Co{(de)? + de} + [|T Al

q,I1°

Hence for small positive § and ¢,

1T fallg, . Cade + ”Tlequ
I fallpz, — Cre'/Pé+ |l full

which implies that there exist ¢; > 0 and §; > 0 such that for ¢ = ¢; and

0<d <o,
1T f2ll g1, - IITleq,h'
Hf2||p,12 ||f1||p,11

This gives the proof of (a) in case (ii). Case (iii) follows from (i) and (ii).
The proof of (b) and (c) can be accomplished by modification of this argu-
ment with use of (3.1). m

Plz




Lemma 3.6 The functions Cy([z,y]), Co([z,y]) and A([z,y]) are continuous
in their dependence on x and y.

Proof. Suppose that C([z,y]) is not right-continuous as a function of the
right-hand endpoint. Then there exist x and y, with x < y, and ¢ > 0, such
that

Ci([z,y]) <t < Ci([z,y+¢]) for all small enough ¢ > 0. (3.2)
Given each small enough € > 0, there is a function f. such that
T fell,
Cy([z,y+e]) = A fe Clz,y+e], supp Tife C [z,y+e] and || fell, = 1.
ellp

Since T, is bounded, there exists C' > 0 such that |T.f.||, < C. As T is
compact, there is a sequence (eg) of positive numbers converging to zero and an
element g of L,(I), with supp g C Ni[z,y +€x] = [z, y], such that T, f., — g in
Ly(I). From (3.2) we see that

where the infimum is taken over all f with supp f C [z,y]. However, since T,
has closed range, there exists h € Ly (I), with [[h], = 1 and supp h C [z,y],
such that Th = g. This contradiction with (3.3) establishes the right-continuity
of C'y in its dependence on the right-hand endpoint. Left continuity is proved
in much the same way. Continuity of A and Cy can be proved by modification
of the previous arguments (for more details see the proof of Lemma 2.2 in [12].

]

After this preparation we introduce a function that will be of crucial impor-
tance in our proofs.

Definition 3.7 Suppose that 0 < ¢ < ||T': L,(I) — Lq(I)| and let P be the
family of all partitions P = {ay,...,an} of [a,b], a = a1 < az < ... < an_1 <
a, =b. Let

S(): = {neN: for some P=1{ay,....,an} € P,Cy([ar,as]) <e,
A(lag, as]) < e, ..., Alan-1,an]) < €}
and define
B(e) =min S(e) if S(e) # 0, B(e) = oo otherwise. (3.4)

Monotonicity of B is clear:
Lemma 3.8 If 0 <¢e; <eg < ||T: L,(I) = Ly(I)||, then B(e1) > B(ez).
We also have

Lemma 3.9 Let 0 < ¢ < ||T: L,(I) = Ly(I)|| and suppose that B(e) > 1.
Put B(e) = n. Then there is a partition P = {a = a1,as,...,ap) = b} of
[a,b] such that Cy([a1,a2]) = e, A([az,a3]) = ¢, ..., A([an—2,an-1]) = €,
A(an—1,an]) <e.



Proof. This follows from Lemmas 3.5 and 3.6, together with the techniques
used for the construction of N(¢) in [11]. m

Lemma 3.10 Let T be a compact map from LP(I) into LI(I). Then for all
e € (0,|IT: Lp(I) — Ly(D)]), B(e) < oo.

Proof. This follows from the definition of compactness of T" and a simple
modification of the proof of Remark 2.4 of [12]. See also Lemma 3.8 of [8]. m

Lemma 3.11 Let n = B(eg) for some g9 > 0. Then there exist €1 and &2,
0 < g2 < &1 < gg, such that B(ez) = n+ 1 and B(e1) = n; and there is a
partition {a = ay,ay, ...,ap,) = b} of [a,b] such that the conclusion of Lemma
3.9 is satisfied with A([an—1,a,]) = 1.

Proof. We use the continuity of C ([z,y]) and A([x,y]) as functions of the end—
points x and y, together with the fact that B(e) < oo for alle € (0,7 : L,(I) —
Suppose that whenever 0 < ¢ < gg, either B(e) > n+ 1 or B(e) = n. Put
ez = inf{e > 0 : ¢ < g9, B(e) = n}. In view of the continuity properties of
A and Oy, if e3 < € < gg, there is a sequence a; = a,as, ..., a, such that the
conclusion of Lemma 3.9 is satisfied for the sequence with C4 ([a1,az2]) = ¢,
A(lai—1,05]) = e if 1 <i <n-—1, and A([an—1,as]) < e. Then there is a se-
quence {b;};—| BE2) such that Ci(la1,az2]) =€, A([bi—1,b;]) =eif 1 <i<n-—1,
and A([br—1, b n]) = €. Hence by the continuity of C; and A there exists € < 3
with B(e) = n + 1. The proof is complete. m

The final lemmas in this section deal with additional properties of A(I) and
C4(I). In these we shall use the following notation:

(o) @)= ol) [ u(t)s 0yt

and as before, A, (I), Cyuo(I) and C, , +(I) will stand for A(T), Co(I) and
C4(I) respectively for the operator T, ,. Of crucial importance is the next
Lemma, which gives the values of these functions when u and v are constant.

Lemma 3.12 Let u and v be constant on the interval I. Then
(i) Apu(I) = Cyuo(I) = w [TV 90y o([0,1]),

(1) Couy () = uv |1 90y ([0,1]),
(111) Cyu+(I) = 2A4 (1) = 2C, 4 0(1).

10

Le(D))-



Proof. For (ii) note that

Touf v [ uf(t)dt
O1J7u,+(1) = Sup M — s H fa Hq,I
supp fCI ||f||p,[ supp fCI ||pr,I

1o f @)t
=uv Ssup ——F

supp fCI ||f||p,1

= uv

|I|1/p’+1/q sup Hfo f(t)dthy[Ovl]
supp fC[0,1] ||f|

p,[0,1]

= v [I|Y" Y90 ((0,1)).

In the same way we can prove (i). Finally, (iii) follows from (i) and (ii), together
with Lemmas 2.2, 2.3 and 3.4. =
From [2] and [20] (see also [16] for p = ¢) we have

Lemma 3.13 Let f(t) = c(Sf)(t), where (Sf)(t) = csinpg(mpqgt), (Tof)(t) =
csinpg(Tpgt) and c is an arbitrary non-zero constant. Then

T fllggony 1SS llgicaymrj _ @)/ 2gH7 (0 + @) Va

Al,l([_1/27 1/2]) ||f|

p,[0,1] a ||f||p,[_1/2,1/2] 2Mpq

and ,
WSl 00 @)Y g P (p + q)t/P /e

a ||f||p,[o,1] B 2Mpq

C1,1,0([0,1])

Note that A;1([0,1]) = A11([-1/2,1/2]) and the extremal functions for
A1,1([0, 1]) can be obtained by translation of the extremal function for A; 1([—1/2,1/2]).
Now we establish the continuous dependence of A, ,,(I), Cy u,0(I) and Cy 4, + ()
on v and v.

Lemma 3.14 Let uq,us and v be positive weights on I with uq,us € Ly (I) and
v € Ly(I). Then

() Av (1) = Au (D] < o1l 0 — o]l
(1) 1Cosus (1) = oy (D] < [l 2 = 5]
(iii) |Cor 0(1) = Conzo(D)| < 2 [0l Iy — sl

11



Proof. Let us start with (i). Without loss of generality we may suppose that
Apuy (I) > Ay uy (I). Then

Ay, (I) = sup inf|v {/ (ug — ug —|—u2)fdt] lg.1

Il £llp,r<1¢€l

< sup inf [|U/(U1—U2)fdt|q71

[l £llp,r<1¢€1

+m/wmm4

< sup infoflgrllur —uallpy s
17llp. <1

+m/wmm4

< |vllg,rllur = wallpr .1 + Av,uy (1)-

For (ii) the argument is simpler. In what follows all the suprema are taken
over all functions f such that supp f C I and ||f\|p < 1. Then

/fuldt

/ f |U1 —UQ( ‘dt

Cv,ul,-‘r( = sup

<Sup{

< sup [[vllg [I£1, lur — uzll,, + sup

+

/fugdt
volﬂmmmq

)

<l llur = uzlly + Couz, 4 (D).

Finally we prove (iii). For ¢ = 0,1 we set

b
w:{ﬁ/uwﬁwﬁzmwmz%,
%z{fr

b
/ uq () f(t)dt

b
/mwmm

ﬂm—wmumz@.

Since

b
SM*MN%+/W@Mﬁ

)

12



we have Us C V;. Correspondingly, Uy C Va. Either C, 4, 0(I) < Cyyy.0(I) or
Couy0(I) > Cyouy0(l). Suppose that the first case holds. Then

CU7U270(I) = sup
feUs

o() / Flus — us + uy)dt

q

)

q

< sup {IlvllqlluQ =l I£1, + v(')/ fuadt

2

o() / Furdt

<|lvll, luz —ul,, +  sup
FeU1U(Vi\U1)

v(+) /a furdt

Couz,0(1) < 2|[0ll lug = ullyy + Couy 0(1)-

The other case is handled similarly, and the proof of (iii) is complete. m

< 2|Jvlly flug = uall, + sup
1 q

Hence

Lemma 3.15 Let u,v1 and vy be weights on I with w € Ly (I) and v1,ve €
L,(I). Then

(i) [Avy u(I) — Avy u ()] < [lor — 02|, [lull,

(it) |Cusu+- (I) = Coy 4 (D] < o1 — w2l [Jull,

(it3) [Cuyu,0(I) = Coyuo(D)] < flor — w2l [Jull, -

Proof. The proof of (i) and (ii) is just a simple modification of the previous

proof. Let us prove (iii). The suprema in what follows are taken over all
functions f such that supp f, supp Ty, f C I and Hf||p < 1. Note that supp

13



Tm,uf = supp Tvz,uf- Then

Cyy u,0(I) = sup

() / F(tu(tydt

§Sup{

< sup {Ilm = o2l 1l el + v / f@)u(t)dt

q

(v1 — v9) / F@u®)dt|| +

U / F@)u(t)dt

)

)

vs / FOult)dt

< lor = vallg [l + sup
q

< lor = vallg el + Cogu0(1)-

The rest is now clear. m

4 The main theorem

Our first objective is to make more precise the relationship between B(e) and
€. As before we suppose that v € L,/ (I) and v € Ly(I).

Lemma 4.1 Let 1 <g<p<oo andr=1/q+1/p’. Then
T
lim eB(e)" = A1,1([0,1]) (/(uv)”%ﬂt) .
e—0+ I

Proof. Let 8 > 0. There are step functions ug,vg, with the same steps, such
that [lug —ull, ; < B, llvg — ||, ; < B and

/(uv)l/rdt - /(ugvg)l/rdt‘ < g.
I I

Let N(B) be the number of steps in the functions ug,vs and let € > 0 be so

chosen that B(e) > N(8). Let {Ji}i\;(lﬁ) be the set of all intervals on which

ug and vg are constant, let {ai}ili(lﬁ) be the sequence from Lemma 3.9 and put

I; = aj—1,a;] for i = 2, ..., B(e). Plainly
1= = BOp,
Now define sets B, By and Bs by

B = {17 73(6)} = Bl U B27

14



where
By:={ie B: I, CJ; for some j,1 <j < N(B)}, By=DB\B.

Put
Ip, = Uiep, I, Ip, = Uien, I;.

Then for I; (i € B1\{B(e),2}) we have, using Lemmas 3.12, 3.14 and 3.15,

1/p 41
Av (1) = ugvg [L1Y7 VA1 (10,1])] < Jlug —ull 1, (0], 1,

Flully g, s =0l 1,

We recall that for 0 < s < 1, ||.||s is a quasi-norm which satisfies the inequal-

ity |[£ +glls < 115+ [lglls and we have also 3 [ fi + gil* < 221 fl” + 3 |gil*-
Thus with the understanding that the summations are over all i € B1\{B(e), 2},
together with help from this and the Holder inequality,

/ 1/r

3 Aval ) = ugvs|LIVP 94, 1 ([0, 1))
1

< (lug — w1,

< S Ul = ully g ollg,) " + S (lellyr 1

)l/T

U”q,Ii + ”’U‘H;D/,Ii U — quJi

)1/r

Vg — Vllg,1;

1/r

1 1 1
< ||Uﬁ _ qu/J /T //r /T

Vllgir + llullyr sllvs = vllgs

and

/ 1/r
D AvuLi) = ugvp| L[4, 4 ([0,1])) /

> \ S AwalI)] " =3 Jugogl LY+ a4 1 (0, 1)

Bi\{B(s)}

= ) {(#Bl a 1)€1/r} — (Ava(fo, 1) (/I (uﬁvg)l/r> ’

Thus

r 1 1
< Y7 (lolly/THlull 7).

|<#31 —1)e'/" — (Apa ([0, 1))Y" ( / (um)”’)
I

When € | 0, Ip\(B() T I and #B1/#B 1 1. Hence

Bi\{B(e)}

< 26(|lv

a1 + llullp.r)

e(#B)" — A11([0,1]) (/I(uﬁw)l/,)r

lim
e—0+

15



and the result follows. =
Next we establish a connection with the Kolmogorov widths for T, ,,.

Lemma 4.2 Let € > 0 be such that B(e) > 2. Then

aB(g)(T) < EB(E)l/q_l/p.
Proof. Since T is compact, B(g) < co. By Lemma 3.9, there are a sequence
{ai}fz(f) and intervals I; = [a;_1, a;] such that Cy 4+ (I1) = ¢, Ay (L;) = ¢ for

i=2,..,B(e)—1and A, ,(Ip()) < €. For each ¢ with 1 < i < B(e) — 1, denote
by ¢; € I; a point such that

T.. 1.
Av,u(Ii) = sup ” 1711f||Q7
feLr(I;)

Put
B(e)

Ppoyf(e) = | Y (Tf) (ei)xr,(x) | +0-xr, (2);

=2

this is a linear map L, — L, with rank B(e) — 1.
We see that

\Tf — Py fllgr
ape)(T) < sup ()7

feLr(I) ||f| p,1
(ZB(E ITfC)=TFelldr, +ITFON, 11)
= sup
feLP(T) 1 £llp,z
1/q
(ZED T Ol Ol
< sup
feLr(n) Hfllp,
(=211,
< sup
feLr(I) I £llp,1
e (SO 1Az, )
< sup !
FeLr () Ilfllp.r

< E[B(E)]l/q—l/p_

To prove the reverse inequality with the Kolmogorov numbers we first recall
the Makovoz lemma (see 3.11 in [1]).

Lemma 4.3 Let U,, C{Tf;||fllp.r <1} be a continuous and odd image of the
unit sphere S™ in R"' endowed with the I, norm. Then

dy(T) > inf{||z|| s : x € Uy}

16



Lemma 4.4 Let 1 < ¢ < p < oco. Then

n—oo

liminf nd,,(T) > C11,0([0,1]) (/ |UU|1/T> .
I

Proof. Let n € N and define
O, =4z2= RS =1
=142 = (21, 2n41) € : Zi:l lzil =1¢.

For the sake of simplicity we suppose that I = [a,b] = [0, 1]. We define

n+1

Un2() =Y xr,()Tfi(.)
=1
where 2z = (21, 20, oy Zny1) € O, I = [S120 12, 20, |z, for j =1, ., n + 1,
with zg = 0 and

suppf; = I;,  fi(t)sign(z;) > 0 for all t € I,

T fillg,1,
—_——— = Cv,u,O(Ii)-
I fillp,.

Then we can put U, = {u,,.(.); 2 € O,} and have

| fi

p,Ii = 1,

dn(T) = inf{{[un,2 ()1, un,2(.) € Un}n_l/p = inf{[|un,.()llg,1, 2 € On}n_l/p-

Let 8 > 0. There are step functions ug, vg, with the same steps, such that
lupg — u”p/J <0, llvs — v”qJ < f and

/(uv)l/rdt - /(uﬂvﬂ)l/rdt‘ <0,
I I

where r =1/g+ 1/p'.
Let N(3) be the number of steps in the functions ug, vg. Denote by {yz}f\i(lﬁ)
the set of points of discontinuity of ug, vg. We define T f(.) = vg(.) [ ug(t) f(t)dt

and
n+1

up () =Y xn()Tafi()
i=1
where z = (217'22’ "'azn-'rl) € Ona IJ = [Z‘Z;S |Zi‘7zg:1 |Zi|]v fOI‘j =1..,n+ 17
with zg = 0 and
suppf; = I;, fi(t)sign(z;) >0 for all t € T,

75 fillg,1.

N T
e T

= C’UB,’U,@,O(Ii)'

17



Putting Uf = {u) ,(.);z € O,} we have

dn(Tp) 2 inf{[[u . llg.ru () € UL P = inf {ul . (llgur. 2 € On}n /7.

n,z
Now we modify the set US. Put
() = > xn()Tsfi()
where z = (21,22, .., Zn+1) € O, the J; are intervals built from consecutive
pairs of points from P :={>>7_, |z|,i=1,.,n+ 1} U{y;,i =1,..,N(8)} and
suppf; = Jj, fi(t)sign(z;) >0 for all t € I,

Tsfi i
M = Cyﬁ,ug,o(‘]i)'

1 fillp.:
Then with U = {af .(.);z € On} we have

[ fillp,s; = 1,

dn(Tp) > inf{|[ul . ()lq.r,ul () € USIng P > int{||a2 ()

n,z

~ 7 —1
|q,17ug,z(') € Ug}ng /p7

where n < ng := #P < n+ N(0). It follows that

n+1 ng
l[tn,=()llq = (Z(Cu,u,o(li))")”" > (Z(Cv,u,o(']j))q)l/q

and with the help of Lemma 3.12:

ng ng
1= (llg = O (Coprupo(INDYE = (3 (ugvg [J;]/7 9O o(]0,1]))7)14.
j=1 j=1

By Lemma 3.14 and Lemma 3.15:

O 1Cus5.0(J) = Couo(J;)| )M <
j=1

< (12 llug —ull,, .
j=1

< Q(m;?tx lug — ullpr,s.)l|v]

q)l/q

Vllg., + l1ully g, llos = 2llg, s,

gl T+ ||’U’HP';Iﬁ
< BClvllgr + llullp,r)-

From the definition of J; and with help of the Hélder inequality we have

7 ng " ng 1/‘1
’ 1/p"
[/ |uﬁvﬁ|1/7"} = S Jugos V1 | < |3 Jugvslal gy e | nl
=1 =1

18



By combining all previous observations we have:

1/q

lun ()l = | D (CouolJs))*

1
ns /a

’ q
> (3 (upos |, 7510 o(0.1)) ) B2l

Jj=1

g1 + [y 1)

r

ng
r -1/p’
> Cra0([0,1]) | 3 fugvsl /" 1] | ng' " = B2Jw

j=1

= C11,([0,1)) (/ Iuavai“) ;7 = B@lollgr + lully.r)

gl T+ ||U||p’,1)

> Crao((0,1)) ( / <uv>1“dt) 037~ 5@ ollar + lullyr) — B Crao((0, )03 7
I

Take small 8 > 0 and let n — oco: then ng/n — 1 and
liminf do(T)n > Cr.1.0([0, 1) ( / |uv|1/r) Bl olla.rHlully )87 Cor o0, 15
n—oo I

Taking 8 — 0 we finish the proof.
]

Theorem 4.5 Suppose that v € Ly (I) andv € Ly(I) and 1 < ¢ < p < co. Let
sn denote a,(T) or d,(T). Then

lim ns, = Ar,([0,1)) (/I(uv)l/ry,

where r =1/q+1/p’.

Proof. From the combination of Lemma 4.2, Lemma 4.1, Lemma 4.4, the strict
monotonicity of B(e) given by Lemma 3.11 and the fact that a,(T) > d,(T),
we have

A1,1([0,1]) (/I(Uv)l/r> = lim ¢[B(e)]" = lim 5[]3(5)]1/%1/133(5)

e—0 e—0

> limsup ap(.)B(e) = limsup a,n > limsup nd,
e—0

n—oo n—oo

> liminf nd, > A;1([0,1]) (/I(uv)l/T>r.

n—oo

The result follows. m

Acknowledgement 4.6 The second author is indebted to the Ohio State Uni-
versity for an international travel grant.
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