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ABSTRACT. Abelian groups whose endomorphism rings are von Neumann regular
have been extensively investigated in the literature. In this paper, we study
modules whose endomorphism rings are von Neumann regular, which we call
endoregular modules. We provide characterizations of endoregular modules and
investigate their properties. Some classes of rings R are characterized in terms
of endoregular R-modules. It is shown that a direct summand of an endoregular
module inherits the property, while a direct sum of endoregular modules does not.
Necessary and sufficient conditions for a finite direct sum of endoregular modules
to be an endoregular module are provided. We show that Endr(M) is strongly
regular precisely when a module M decomposes into a direct sum of the image and
the kernel of any ¢ € Endr(M). As a special case, modules whose endomorphism
rings are semisimple artinian are characterized. We provide a precise description
of an indecomposable endoregular module over an arbitrary commutative ring. A
structure theorem for extending endoregular abelian groups is also provided.

1. INTRODUCTION

The study of the class of von Neumann regular rings has been a topic of wide
interest. Among other factors, the abundance of idempotent elements in such a ring
makes this study interesting. It is well-known that a ring R is von Neumann regular
iff I'my, = aR is a direct summand of Ry for all @ € R and for all R-homomorphisms
¢q : R — R given by the left multiplication by a. Fuchs (Problem 50, [5]) in 1958
raised the question of characterizing abelian groups whose endomorphism rings are
von Neumann regular. This was answered in 1967 by Rangaswamy (Theorem 4,
[19]). It is also known that Rangaswamy’s result can be extended to any module as
given below (see also Exercises 50, Page 48, in [25] and Corollary 3.2 in [27]).

Theorem 1.1. Let M be a right R-module. Then Endr(M) is a von Neumann
regqular ring iff Kere and Img are direct summands of M for all ¢ € Endg(M).

While the notion of a regular module has been studied by Fieldhouse [4], Ware
[27], and Zelmanowitz [30], our focus of study in this paper is on modules whose
endomorphism rings are von Neumann regular. We call these modules endoregular.
Other than a natural desire to extend the notion of a von Neumann regular ring to a
general module theoretic setting, one of the motivations of our study is to investigate
whether or not the endoregular property of modules is inherited by direct summands
and direct sums of endoregular modules. More specifically, a natural question is:
If R is a von Neumann regular ring and ¢ = ¢ € R, what kind of regularity
will the right R-module eR have? From Example 2.10 we will see that a direct
sum of two endoregular modules is not necessarily endoregular. Therefore, another
obvious quest is: When are the direct sums of endoregular modules, endoregular?
We investigate these questions and obtain several related results. Furthermore, for
a right R-module M, in two recent studies we separately considered the conditions
“Kere is a direct summand of M for all ¢ € Endgr(M)” and “Imyp is a direct
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summand of M for all ¢ € Endr(M)” (see Definitions 1.5 and 1.7). In view of
Theorem 1.1, our studies are closely related to that of endoregular modules. These
make the study of endoregular modules a logical topic of our research.

After necessary background results and notations in this section, we provide sev-
eral characterizations of endoregular modules and obtain their basic properties in
Section 2. We show that every direct summand of an endoregular module is en-
doregular, while the direct sums of endoregular modules are not endoregular, in
general. The classes of von Neumann regular rings, semisimple artinian rings, and
right V-rings are characterized in terms of endoregular R-modules. We show that
Endgr(M) is strongly regular precisely when a module M decomposes into a direct
sum of the image and the kernel of any endomorphism.

In Examples 2.10 and 3.1 it is shown that a direct sum of endoregular modules
is not always endoregular, Section 3 is devoted to the investigation of conditions
required for a direct sum of two or more endoregular modules to be endoregular.
We introduce the notion of the relative endoregular property between two modules
and include a characterization. Then we use this notion to prove that @, M; is
endoregular iff M; is Mj;-endoregular for all 4, j where 1 < 4,5 < n. As a consequence
it follows that every finite direct sum of copies of an endoregular module is an
endoregular module. In addition, we obtain a characterization for an arbitrary
direct sum of endoregular modules to be endoregular, provided that each module is
fully invariant in the direct sum.

The focus of our study in Section 4 is on indecomposable endoregular modules.
We show that a module whose endomorphism ring is semisimple artinian decom-
poses into a finite direct sum of indecomposable endoregular modules. A precise
description of indecomposable endoregular modules over an arbitrary commutative
ring is provided. We also provide a number of examples which delimit and illustrate
our results.

Throughout this paper, R is a ring with unity and M is a unital right R-module.
For a right R-module M, S = Endg(M) denotes the endomorphism ring of M; thus
M can be viewed as a left S- right R-bimodule. For ¢ € .S, Kery and I'mep stand for
the kernel and the image of o, respectively. The notations N C M, N < M, N<IM,
N <®% M, or N <® M mean that N is a subset, a submodule, a fully invariant
submodule, an essential submodule, or a direct summand of M, respectively. M (n)
denotes the direct sum of n copies of M and Mat,(R) denotes an n x n matrix ring
over R. By C, R, Q, Z, and N we denote the set of complex, real, rational, integer,
and natural numbers, respectively. F(M) denotes the injective hull of M and Z,
denotes the Z-module Z/nZ.

We also denote rps(I) = {m € M |Im =0}, rs(I) ={p € S|Ip=0}for) #1 CS;
rr(N)={re€ R|Nr=0},1s(N)={pe S|pN =0} for N < M.

While the notions of a (Zelmanowitz) regular module and an endoregular module
(see Definition 2.1) coincide when the module M = Rpg, the next examples show
the independence of the two notions for the case of arbitrary modules: One shows
a (Zelmanowitz) regular module which is not an endoregular module, and the other
exhibits an endoregular module which is not a (Zelmanowitz) regular module. A
module M is said to be (Zelmanowitz) regular if, given any m € M, there exists
f € Hompg(M, R) such that mf(m) = m. Every free module over a von Neumann
regular ring is a (Zelmanowitz) regular module (Theorem 2.8, [30]).

Example 1.2. Let R = [[0°, Zs. Take M = RU). Then M is a (Zelmanowitz)
regular R-module. However, M is not an endoregular module (see Example 2.36).
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Remark 1.3. Every finitely generated (Zelmanowitz) regular module is an endoreg-
ular module. Conversely, every projective endoregular module over a commutative
ring is a (Zelmanowitz) regular module. (See Theorems 3.6 and 3.9 in [27], respec-
tively.)

Example 1.4. (i) The Z-module Z,, where p is a prime number, is endoregular
because Z,, is simple. However, Z, is not a (Zelmanowitz) regular Z-module since
Homg,(Zy,Z) = 0.

(ii) Let F be a field, R = (§ ) a ring, and e = (| }) the idempotent. Note that R
is not a von Neumann regular ring because there does not exist an s € R such that
r=rsrforr=(3}) € R Let M =eR = (§¥). Since Endg(M) is a field, M is
an endoregular R-module. However, since (8 Ig) is a cyclic submodule of M which
is not a direct summand, M is not a (Zelmanowitz) regular module (see Example

3.8 in [27] for details and see also [14]). For more examples, see Page 349 in [30].

Some of our arguments utilize techniques from our previous papers, [12], [13], and
[14] and may be included for the convenience of the reader. We begin with some
basic definitions and results.

Definition 1.5. Let M be a right R-module. Then M is said to be a Rickart module
if rar(p) = Kerep is a direct summand of M for all ¢ € Endr(M) ([12], [22]).

Recall that a module M is said to satisfy Cy condition if, VN < M with N &
M' <% M, we have N <% M. M is said to satisfy C3 condition if, VN1, No <% M
with N1 N Ny = 0, we have N1 @ Ny <¥ M. M is said to satisfy Do condition if,
VN < M with M/N = M’ <® M, we have N <% M. M is said to satisfy Ds
condition if, VN1, No <% M with N1 4+ Ny = M, we have N1 N Ny <% M.

Theorem 1.6. (Proposition 2.11 and Theorem 3.9, [12]) The following conditions
are equivalent for a module M and S = Endr(M):

(a) M is a Rickart module;

(b) M satisfies Dy condition, and I'my is isomorphic to a direct summand of
M for any ¢ € S;

(c) S is a right Rickart ring and M is k-local-retractable.

Recall that a module M is said to be k-local-retractable if rpr(p) = rs(p)(M) for
any ¢ € S = Endr(M) [12]. (This condition was called “P-flat over S” in [17].)

Definition 1.7. Let M be a right R-module. Then M is said to be a d-Rickart (or
dual Rickart) module if Ime is a direct summand of M for all ¢ € Endr(M) [14].

Theorem 1.8. (Proposition 2.21 and Theorem 3.5, [14]) The following conditions
are equivalent for a module M and S = Endr(M):

(a) M is a d-Rickart module;

(b) M satisfies Ca condition, and Imep is isomorphic to a direct summand of M
forany ¢ € S;

(¢) S is a left Rickart ring and oM = ry(ls(pM)) for any ¢ € S.

In view of Theorem 1.1, a right R-module M is endoregular iff M is Rickart and
d-Rickart (see Proposition 2.3).

Recall that a module M is said to have the summand intersection property, SIP,
if the intersection of any two direct summands is a direct summand of M. M is said
to have the summand sum property, SSP, if the sum of any two direct summands is
a direct summand of M.
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Lemma 1.9. (Lemma 2.1, [6]) A module M satisfies the SIP (resp., SSP) iff for
every idempotent pair e, f € Endr(M), Ker(ef) <® M (resp., Im(ef) <® M).

Theorem 1.10. (Theorem 3.17, [12], and Theorem 3.8, [14]) A module M is a
Rickart module with Cy condition if and only if M is a d-Rickart module with Do
condition if and only if Endr(M) is a von Neumann regular ring.

Proof. 1t follows from Theorems 1.1, 1.6, and 1.8. O

2. ENDOREGULAR MODULES

In this section we introduce the notion of an endoregular module and obtain
several characterizations. In particular, an endoregular module is characterized in
terms of the SIP and the SSP (Theorem 2.4). Basic properties of endoregular mod-
ules will also be studied. It is shown that every direct summand of an endoregular
module inherits the property (Proposition 2.7), while a direct sum of endoregular
modules may not be endoregular (Example 2.10). We characterize the class of rings
R for which every finitely generated free R-module is endoregular as that of the von
Neumann regular rings (Proposition 2.11). Rings R for which finitely cogenerated
right R-module is endoregular, is precisely that of the right V-rings (Proposition
2.14). The class of rings for which every every (free) right R-module is endoregular,
are shown to be exactly the semisimple artinian rings (Proposition 2.17). We show
that an abelian endoregular module is precisely one which decomposes as a direct
sum of Kery and Imgp for any endomorphism ¢ (Theorem 2.22).

Definition 2.1. A module M is called endoregular if Endg(M) is a von Neumann
regular ring.

Obviously, Rp (respectively, rR) is an endoregular module iff R is a von Neumann
regular ring.

Example 2.2. Every semisimple module is endoregular. Every finitely gener-
ated projective module over a von Neumann regular ring is an endoregular module
(Proposition 2.11), thus every finitely generated right ideal of a von Neumann regular
ring is an endoregular module. Every K-nonsingular continuous module is endoreg-
ular, and dually every 7-noncosingular discrete module is endoregular (Proposition
2.31), for example, Q®) is an endoregular Z-module.

In view of Theorem 1.1, it is easy to see that an endoregular module can be
characterized as follows: (See also Theorem 2.4, Corollary 3.8, and Proposition 4.1).

Proposition 2.3. The following conditions are equivalent for a module M :

(a) M is an endoregular module;

(b) M is a Rickart and a d-Rickart module;

(c) M satisfies Cy and Dy conditions, and Ime is isomorphic to a direct sum-
mand of M for all p € Endr(M).

Proof. This follows from Theorem 1.1, and Theorems 1.6 and 1.8. g
Next, we characterize an endoregular module in terms of the SIP and the SSP.

Theorem 2.4. The following are equivalent for a module M and S = Endr(M):
(a) M is an endoregular module;
(b) Matg(S) has the SSP;
(c) M® has the SIP and the SSP.
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Proof. (a)=(b) Since S is von Neumann regular, so is Maty(.S). It follows from the
fact that a von Neumann regular ring has the SSP.

(b)=(c) Set H := Maty(S) = Endr(M?). Suppose H has the SSP. Then for any
idempotent pair e, f € H, there exist idempotents g, h € H such that efH = gH
and Hef = Hh from Lemma 1.9. Since efM® = efHM® = gHM®? = gM @),
M@ has the SSP from Lemma 1.9. Also, since Ker(ef) = ry(Hef) = ra(Hh) =
(1 —h)M, M® has the SIP from Lemma 1.9. (See also Theorem 2.3 in [6].)
(c)=(a) Let ¢ € Endr(M). Consider N = {(m,pm)|m € M}. Then N <® M@,
Since Kerp @0 = (M ®0)NN <® M® as M® has the SIP, Kerp <® M, so M
is a Rickart module. Also, since (M @©0) + N = M @& oM <® M?) as M) has the
SSP, oM <% M, so M is a d-Rickart module. Thus, M is an endoregular module
from Proposition 2.3. O

Remark 2.5. (i) It is well-known that every ring with the SSP has the SIP. Thus, in
Theorem 2.4(b) Maty(.S) also has the SIP.

(ii) From Lemma 3.16 in [13] and Theorem 2.4 we observe that M is an endoreg-
ular module iff M(?) has the SIP with C3 condition iff M) has the SSP with D
condition.

According to [7], a 2-sided ideal I in a ring R is said to be regular if, for each
r € I, there exists an s € I such that rsr = r. It is well-known that every two-sided
ideal of a von Neumann regular ring is regular. From the preceding argument, we
may conjecture that every fully invariant submodule of an endoregular module may
possibly be endoregular. However, the next example from [7] shows that this is not
true in general. Note that every ideal of a commutative von Neumann regular ring
is an endoregular module (Theorem 2, [29]).

Example 2.6. (Example 1.8, [7]) Let A = [[>2;Z2 be a ring. Consider T =
{(an)22, € A ay, is eventually constant} and I = {(a,,)2%; € A | a, = 0 eventually}
= @,7Zy. Then T is a von Neumann regular ring and [ is a regular ideal of T
Let the ring R = (? :IF), which is a von Neumann regular ring.

Now set N = (} r}) a 2-sided ideal of the endoregular module M = Rgr. However,

N is not an endoregular module: For ¢ = <(1,10,...) 8) € Endp(N), oN = (99) ess

(99) <% N. In particular, Endr(N) = (% 1) is not von Neumann regular.

For a von Neumann regular ring R, one may wonder if eR, e = e € R, has some
kind of regularity. This is answered in the affirmative by our next result. In contrast
to Example 2.6 the endoregularity of a module is inherited by its direct summands.
We provide the proof of the next result by utilizing submodules of a module.

Proposition 2.7. Every direct summand of an endoregular module is endoregular.

Proof. Let M be an endoregular module, N = eM for some €? = ¢ € Endg(M), and
t € Endgr(N) be arbitrary. Since Kerie = Kertp) @(1 — e)M and Kerye <% M,
Keryp <% M. Thus, Keryy <9 N. In addition, YN = eM <% M as e €
Endr(M) and M is d-Rickart. Thus, Imiy <% N. Therefore N is endoregular.
(For an alternative proof, see Lemma 3.3, [27].) O

Remark 2.8. If M is an endoregular module then so are Kery and Imy for every
e EndR(M)

Corollary 2.9. If R is a von Neumann reqular ring then eR is an endoreqular
R-module for every e?> = e € R.
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Corollary 2.9 also follows from the fact that if R is a von Neumann regular ring
then so is eRe, e = e € R.

The next example shows that a direct sum of endoregular modules may not inherit
the endoregular property (see also Example 3.1).

Example 2.10. Consider the ring R = [[2 Z and the right R-module L =
@D, Zy. Let N = Rr. Then L & N is not an endoregular R-module, while L and
N are endoregular R-modules. For, define ¢ € Endg(L ® N) by ¢(l,n) = (0,1)
where [ € Land n € N, then (L& N) =04 L <***0& N, thus L & N is not an
endoregular R-module.

We will investigate conditions under which a direct sum of endoregular modules
will be endoregular in Section 3. Next, we characterize several classes of rings in
terms of endoregular modules. The following proposition extends Theorem 1.7 in

[7].

Proposition 2.11. The following conditions are equivalent for a ring R:

(a) every finitely generated free (projective) right R-module is endoregular;
(b) the free module R™ s an endoregular R-module for some n € N;
(¢) R is a von Neumann regular ring.

Proof. This follows from the well-known fact that R is von Neumann regular iff so
is Mat,,(R). (See also Proposition 2.25, [14].) O

There exists a finitely generated module over an (even commutative) von Neu-
mann regular ring which is not an endoregular module.

Corollary 2.12. Let M be a projective module over a von Neumann regular ring.
Then every finitely generated submodule of M is an endoregular module.

Proof. Let N be a finitely generated submodule of M. It is well-known that every
finitely generated submodule of a projective module over a von Neumann regular
ring R is isomorphic to a direct summand of a finitely generated free R-module [7].
Hence N = K <® R Therefore N is an endoregular module by Propositions 2.7
and 2.11(b). O

Remark 2.13. A projective module over a von Neumann regular ring may not be an
endoregular module, in general (see Proposition 2.34).

A ring R is said to be a right V -ring if every simple right R-module is injective.
R is said to be an SST-ring if every semisimple R-module is injective.

Recall that a module M is said to be finitely cogenerated if, for every set A of
submodules of M, NA = 0 implies NF = 0 for some finite 7 C A, while M is said
to be subdirectly irreducible if the intersection of its nonzero submodules is nonzero.
Note that every subdirectly irreducible module is finitely cogenerated.

Proposition 2.14. The following conditions are equivalent for a ring R:

(a) every finitely cogenerated right R-module is endoregular;

(b) R is a right V -ring.

Proof. Let N be any simple right R-module. Then E(N) is subdirectly irreducible.
Assume that there exists n € E(N) but n ¢ N. Consider the family of submodules
{K|N <®% K <° E(N) and n ¢ K}. By Zorn’s Lemma, there exists a maximal
element L in the above family. Then E(L) @ (E(L)/L) is an endoregular module.
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Let ¢ : E(L) ® (E(L)/L) — E(L) ® (E(L)/L) be an endomorphism defined by
(x,y + L) — (0,z + L) where z,y € E(L). Thus, Kerp = L& (E(L)/L) <%
E(L)® (E(L)/L) = L = E(L) = E(N) which contradicts to the choice of L. So
N = E(N) and, hence R is a right V-ring. The converse follows easily. (See also
Theorem 3.25, [13].) O

Corollary 2.15. R is an SSI-ring if and only if R is a right noetherian ring and
every finitely cogenerated right R-module is endoregular.

Next we reformulate and extend Theorem 3.5 in [27] in terms of d-Rickart mod-
ules.

Lemma 2.16. Let R be a ring. A countably infinitely generated free R-module is
d-Rickart if and only if R is a semisimple artinian ring.

Proof. Consider a descending chain of principal left ideals Ray 2 Rasa; 2 Ragasai 2D
---. Let Fr be a countably infinitely generated free d-Rickart module with free basis,
z1,2,... and G be a submodule of F' spanned by y; = z; — xj+10;. Then FF =2 G
given by ¢ : ; — y;, and also oF = G <% F as F is d-Rickart. Thus, the chain stops
after finite steps (Lemma 28.2, [1]). So R is a perfect ring. R is also von Neumann
regular because Rp is d-Rickart (a direct summand of the d-Rickart module Fg).
Therefore R is a semisimple artinian ring. The converse is obvious. (I

Proposition 2.17. The following conditions are equivalent for a ring R:

(a) every right R-module is endoregular;

(b) the free module R®) is an endoregular R-module;

(¢) a countably infinitely generated free R-module is endoregular;
(d) R is a semisimple artinian ring.

Proof. (b)=-(d) Let K be a right ideal of R. Then there exist a free module Fr =
R®) and an epimorphism ¢ such that ¢Fr = K where A is an index set. Since
Fg is a direct summand of R, it is endoregular. So, oFr = K <% Fg. Thus
K <% Rp. Therefore R is a semisimple artinian ring. (d)=-(a)=-(b) are easy to see.
(c)<(d) Follows from Lemma 2.16. O

Remark 2.18. From Theorem 2.25 in [12], every injective (or extending) right R-
module is endoregular iff R is a semisimple artinian ring.

Recall that a ring R is said to be w-regular if, for any r € R, there exist s € R and
n € N such that r"sr"™ = r™. Next, we characterize modules whose endomorphism
rings are m-regular.

Proposition 2.19. The following are equivalent for a module M and S = Endr(M):

(a) For any ¢ € S, there existsn € N such that Kero™ <® M and Imy™ <% M;
(b) S is a m-regular ring.

Proof. (a)=(b) Let ¢ € S be arbitrary. By hypothesis, there exists n € N such that
Kerp™ <% M and Imp™ <% M. Set M = Keryo™ @& N for some N < M. Since
"M = "N <% M and ¢"|y is a monomorphism, there exists ¢ € S such that
"y = 1|n. Then (o™ — @™pe™)(M) = 0. Hence S is a m-regular ring.

(b)=(a) Let ¢ € S be arbitrary. Then there exist ¢ € S and n € N such that
" = "™, Take e = ™ and f = ™. Then e and f are idempotents. Since
"M = eM, Imp™ <® M. Also, since S¢" = Sf, Ker¢o" =ry(Sp™) <® M. O

Corollary 2.20. If M satisfies Cy condition and for any ¢ € Endr(M) Kerp™ <%
M with some n € N, then Endr(M) is a w-regular ring.
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Proof. Since M = Ker¢" ® N for some N < M, "M = ¢"N <% M as M satisfies
C condition and ¢"|y is a monomorphism. From Proposition 2.19, Endr(M) is a
m-regular ring. O

Remark 2.21. If M satisfies Dy condition and for any ¢ € Endg(M) Ime™ <% M
with some n € N, then Endg(M) is a m-regular ring.

In 1978, Armendariz, Fisher, and Snider showed that a right R-module M satisfies
Fitting’s Lemma (i.e., Vo € Endr(M), M = Kerg"™ @ Img™ for some n € N) iff
Endgr(M) is strongly m-regular (Proposition 2.3, [2]). We show that Endg(M) is
strongly regular precisely when M decomposes into a direct sum of the image and
the kernel of any endomorphism (a ring is said to be strongly regular if it is a von
Neumann regular ring with all idempotents central). A ring is said to be abelian if
its every idempotent is central. A module M is said to be abelian if Endg(M) is
abelian.

Theorem 2.22. The following conditions are equivalent for a module M :

(a) M is an abelian endoregular module (i.e., Endr(M) is strongly regular);
(b) M = Kere & Imy for all ¢ € Endr(M).

Proof. (a)=(b) Let ¢ € S = Endr(M) be arbitrary. Then there exists ¢ € S
such that ¢ = @i as M is endoregular. It is not difficult to observe that M =
Ker(p — ptpp) = Kerp @ Ker(1 —¢p). Say e = Y and f = ptp. Then e and f
are idempotents. We claim that I'my = Ker(1 — ¢¢) = eM: Since M is abelian,
oM = gpeM =epM C eM and eM = YoM = ppippM = foM = fipoM C oM,
which proves the claim. Thus, M = Kery & Imep.

(b)=(a) From Theorem 1.1 and Proposition 2.3, M is an endoregular module. To
show the abelian property, let ¢ € S be an arbitrary idempotent and ¢ € S be
arbitrary. Consider a@ = ep(1 — €). Then since M = Kera @ Ima and o = 0,
aM =0= a=0= ep = epe. Similarly, (1 —e)pe = 0. Thus ep = epe = pe.
Therefore M is abelian. ([l

Remark 2.23. (i) M is an endoregular module iff for each ¢ € Endgr(M) there
exists ¢ € Endr(M) such that M = Imp @ Im(1 — ). Also, if M is an endoreg-
ular module, then for any ¢ € Endr(M), there exists ¢ € Endg(M) such that
M = Kere ® Imipp = Kerpy & Imep.

(ii) Lemma 3.3 in [30] directly follows from Theorem 2.22.

(iii) Every abelian endoregular module is a morphic module (a module M is said to
be morphic if Kery = Cokerp = M/Imgp for all ¢ € Endr(M) [18)]).

(iv) In view of Theorem 2.22(b), since each surjective and each injective endomor-
phism is an isomorphism, every abelian endoregular module is hopfian and cohopfian
(see also Corollary 2.4, [2]).

(v) Every cyclic module over a strongly regular ring is cohopfian: Let R be a strongly
regular ring and M be a cyclic R-module. Then M = R/I for a right ideal I of R.
Let ¢ € Endr(R/I) be any monomorphism of R/I and ¢(1 + I) = x + I. Since
x = 22y for some y € R, (1 +1) = p*(y +1I). So, p(R/I) C ¢*(R/I), thus
o(R/I) = ¢*(R/I). Since ¢ is a monomorphism, ¢(R/I) = R/I. Therefore ¢ is an
isomorphism.

Corollary 2.24. Let M be a right R-module and €?> = e € Endgr(M):

(a) eM is an abelian endoregular module;
(b) M = Ker(epe) ® Im(epe) for any ¢ € Endr(M).
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Proof. In view of Theorem 2.22 and the fact that (1 —e)M C Ker(epe), the proof
follows directly. O

The following example illustrates Theorem 2.22.

Example 2.25. Let H = Zg X Z3y be the ring. Consider the ring R = Mato(H) and
the idempotent e = ((1(’)1) 8). Take M = eR = (%2572 Z2%72) ‘hence Endp(M) =

eRe = (#2%720). Thus, M is abelian endoregular. Let ¢ = ((1(’)0) 8) € Endr(M).
Then Kerp = ((07022) (07(?2)), Imyp = ((Z%’O) (Z%’O)) and M = Kery & Imp.

The ‘abelian’ condition in Theorem 2.22(a) is not superfluous.

Example 2.26. Let IV = R? be a vector space over a field R. Take ¢ = (
Endr(V) = Ma(R). Then Kery = (2,1)R = Imyp # V. In fact, Endr(V

abelian.

Proposition 2.27. M is a projective Rickart module if and only if Imp is projective
for each ¢ € Endg(M).

Proof. Suppose M is projective and Rickart. Let ¢ € Endgr(M) be arbitrary. Since
Kerp <% M, there exists a projective submodule N of M such that M = Kero® N
and N = M/Keryp = Imy. Therefore I'mey is projective.

Conversely, suppose Im¢ is projective for all ¢ € Endr(M). Then Kerp <% M,
i.e., M is a Rickart module. Set ¢ = 137. Then I'me = M is projective. 0

Remark 2.28. Every projective d-Rickart module is projective endoregular (Theorem
1.10). However, a projective Rickart module may not be d-Rickart (hence it may
not be endoregular). For example, the Z-module Z™ is projective Rickart but is
not d-Rickart for any n € N.

Since every von Neumann regular ring is nonsingular, we expect that an en-
doregular module will also have some kind of nonsingularity. Rizvi and Roman
introduced the notion of K-nonsingularity and showed that every Baer module is
K-nonsingular (Lemma 2.15, [21]). A module M is said to be K-nonsingular if, for
all 0 # ¢ € Endr(M), Kery is not essential in M. The endoregular Z-module Z,,
is K-nonsingular but not nonsingular. Endoregular modules also satisfy the dual
property of K-nonsingularity, which is called 7-noncosingular property. A module
M is said to be 7 -noncosingular if, for all 0 # ¢ € Endr(M), Imy is not small in
M [26].

Proposition 2.29. The following statements hold true:

(i) Every endoregular module is KC-nonsingular and T -noncosingular.
(ii) Fwvery endoregular module satisfies the SIP and the SSP.

Proof. Since every endoregular module is a Rickart and a d-Rickart module, this
follows from Propositions 2.12 and 2.16 in [12] and Proposition 2.11 in [14]. O

Remark 2.30. From the SIP and SSP for endoregular modules in Proposition 2.29,

n n
ﬂ Kerp; and Z Im; are direct summands of M for every finite set {¢1, 2, ..., ¢n}
i=1 i=1
in Endg(M) if and only if M is an endoregular module.
Proposition 2.31. The following statements hold true:
(i) Every K-nonsingular continuous module is an endoregular module.
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(ii) Every T -noncosingular discrete module is an endoregular module.

Proof. For the proof of (i), let M be a K-nonsingular continuous module. Then
Endgr(M)/J is a von Neumann regular ring where J is Jacobson radical from The-
orem 3.11 in [15]. Since M is also K-nonsingular, J = 0. Thus, Endg(M) is a von
Neumann regular ring, i.e., M is an endoregular module. (Using Theorem 2.12 and
Proposition 2.22 in [21], and Theorem 1.10, we have an alternating proof.)

For (ii), since every 7 -noncosingular lifting module is a d-Rickart module from The-
orems 2.1 and 2.14 in [26], by Theorem 1.10 M is an endoregular module. O

Example 2.32. Let M = QW or Q®) be a right Z-module. Since M is a nonsin-
gular injective module, M is an endoregular Baer module. In addition, M is a dual
Baer module.

Remark 2.33. Every K-nonsingular extending module is a Baer module (Lemma
2.14, [21]) and every 7 -noncosingular lifting module is a dual Baer module (Theo-
rem 2.14, [26]). From Proposition 2.31, every nonsingular injective R-module is an
endoregular Baer module. In addition, if R is right hereditary right noetherian then
every nonsingular injective R-module is also dual Baer from Corollary 2.30 in [14].

Recall that a module M is said to be Baer if rp;(I) <% M for every O # I C
Endr(M). M is said to be a dual Baer module if - o Imep <® M for every
I C Endr(M). In reference to Propositions 2.11 and 2.17, we have the following
results.

Proposition 2.34. Let R be a von Neumann regular ring which is not Baer. Then
every finitely generated free R-module is an endoregular module (which is neither a
Baer nor a dual Baer module). However, any infinitely generated free R-module is
not an endoregular module.

Proof. For a von Neumann regular ring R, every finitely generated free R-module
is endoregular by Proposition 2.11. Also, any finitely generated free R-module can
not be Baer as Rp is a direct summand which is not Baer and it is not dual Baer
since R is not semisimple artinian. From Proposition 2.17, it is easy to see that any
infinitely generated free R-module is not an endoregular module. O

Example 2.35. Let A = [[>2, Zo. Consider R = {(a,)22, € A | a, is eventually
constant}. Then R is a von Neumann regular ring which is not Baer. Thus, every
finitely generated free R-module is an endoregular module which is neither Baer nor
dual Baer.

Example 2.36. Let A =[], Zy. A is a self-injective von Neumann regular ring
which is not semisimple artinian. Then every finitely generated free A-module is
an endoregular Baer A-module (see Proposition 2.31), which is not dual Baer (see
Example 2.28, [14]). In view of Proposition 2.17, any infinitely generated free A-
module is not an endoregular module.

3. DIRECT SUMS OF ENDOREGULAR MODULES

It is of interest to investigate whether or not an algebraic property is inher-
ited by direct summands and direct sums (see e.g., [24]). Proposition 2.7 shows
that endoregularity is inherited by direct summands. However, Examples 2.10 and
3.1 exhibit that direct sums of endoregular modules need not be endoregular. In
this section, we investigate when a finite direct sum of endoregular modules is also
endoregular. First we introduce the notion of the relative endoregular property
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between two modules. Next, using this notion we fully characterize when a finite
direct sum of endoregular modules is endoregular. More specifically, we show that
@D; | M; is endoregular iff M; is Mj-endoregular for all ¢, j where 1 < i,j < n (The-
orem 3.14). In particular, every finite direct sum of copies of an endoregular module
is an endoregular module (Corollary 3.15). A characterization for an arbitrary di-
rect sum of endoregular modules to be endoregular under certain assumptions, is
provided (Proposition 3.20).

Example 3.1. Let F be a field, R = (§£) a ring, and e = (} §) the idempotent.
Let L =eR = (§F)and N = (1—-¢e)R = (J2). Then L® N = Rp is not an
endoregular module (see Example 1.4(ii)), while L and N are endoregular modules.

The next result shows how a general example can be constructed.

Proposition 3.2. If M is an indecomposable endoregular module which has a proper
socle N, then M & N is not an endoregular module, while M and N are endoregular
modules.

Proof. Let ¢ € Endr(M @ N) defined by ¢(m,n) = (n,0) for m € M,n € N. Since
Imp =N @0 is not a direct summand of M & N, M & N is not endoregular. [

To investigate when direct sums of endoregular modules are endoregular, we now
introduce the notion of the relative endoregular property between two modules.

Definition 3.3. Let M and N be R-modules. Then an element ¢ € Homp(M, N)
is said to be regular if there exists ¥ € Homp(N, M) such that ¢ = ¢ [9]. A
subset H of Homp(M, N) is said to be reqular if each element of H is regular.

A module M is called N-endoregular (or relatively endoregular to a module N) if
Hompg(M, N) is regular.

In view of the above definition, a right R-module M is endoregular iff M is M-
endoregular.

Kasch and Mader showed that ¢ € Hompg(M, N) is a regular element iff Keryp <%
M and Imp <% N (Theorem 2.1, [9]). Next proposition is a reformulation of
Theorem 2.1 in [9].

Proposition 3.4. Let M and N be right R-modules. Then M is N-endoregular if
and only if, Yo € Homp(M,N), Kerp <® M and Imp <% N.

Proof. We include a proof for the convenience of the reader: Let ¢ € Hompr(M, N)
and ¢ € Homp(N, M) such that ¢ = pyp. Take e = Yp € Endr(M) and f =
o € Endg(N). Since plepsr : eM = fN is an isomorphism, Ime = fN <% N and
Kerp=(1—e)M <% M.

Conversely, for an arbitrary ¢ € Homp(M, N), suppose Kerp = eM, e? = e €
Endr(M), and Img = fN, f?> = f € Endgr(N). This induces (1 —e)M = fN,
thus there exists ¢ € Hompg(N, M) such that 9¢[1_e¢yar = 11—e)ns- Then pppm =
(1l —e)m = (1 — e)m = pm for all m € M. Therefore ¢ = pp. O

Recall that a module M is said to be N-Rickart if, Vo € Homg(M, N), Kerp <%
M for a module N. M is said to be N-d-Rickart if, Vo € Homg(M,N), Imp <% N.
Thus, a module M is N-endoregular iff M is N-Rickart and N-d-Rickart.

Proposition 3.5. Let M and N be indecomposable modules. If M is N -endoreqular
then either Homp(M,N) =0 or M = N.
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Proof. Assume that Hompg(M, N) # 0. Let 0 # ¢ € Hompg(M, N). Since Kerp <9
M and Imyp <® N, Kerp = 0 and Imyp = N as M and N are indecomposable.
Thus, M = N. O

Theorem 3.6. Let M and N be right R-modules. Then M is N -endoregular iff, for
any direct summand M' <® M and any submodule N' < N, M’ is N'-endoregular.

Proof. The sufficient condition is trivial. Conversely, let M’ = eM for some e? = e €

Endp(M), N' < N, and ¢ € Hompg(M', N') be arbitrary. Since ypeM =M’ C N,
Kerpe <® M and Imipe <® N as M is N-endoregular. Thus, vy M’ <% N’ i.e.,
M’ is N’-d-Rickart. Also, since Kerype = (1 —e)M @& Kery, Keryp <% M =
Keryp <% M’. Hence M’ is N'-Rickart. O

Remark 3.7. Consider L < M. If M is N-endoregular then M /L is N-endoregular
(Corollary 5.2, [9]). Thus, if M is N-endoregular and there exists an epimorphism
¢ € Homp(M,N) then N is an endoregular module.

Corollary 3.8. The following conditions are equivalent for a module M :

(a) M is an endoregular module;

(b) for any submodule N of M, every direct summand L of M is N-endoregular;

(c) for every pair of direct summands L, N of M and for any ¢ € Hompg(M, N),
the kernel and the image of the restricted map |1, are direct summands of
L and N, respectively.

Proof. Implications (a)=-(b)=(c)=-(a) are easy to check from Theorem 3.6. (See
also Proposition 2.24 in [12] and Corollary 2.20 in [14].) O

Lemma 3.9. (Lemma 4.2, [9]) Let M, N be right R-modules, ¢ € Homgr(M,N),
and ¥ € Homp(N, M). If ¢ — iy is reqular then ¢ is reqular.

Theorem 3.10. Let M; and N be right R-modules fori € T = {1,2,...,n}. Then
the following statements hold true:
(i) @,cz M; is N-endoregular if and only if M; is N-endoregular for all i € T.
(ii) N is @,;c1 Mi-endoregular if and only if N is M;-endoregular for all i € T.

Proof. Let M = @,.; M;, H = Homg(M,N), T = Homg(N,M), M; = e;M
for €2 = e; € Endgr(M), He; = Hompg(e;M, N), and ;T = Hompg(N,e;M). For
the proof of (i), the necessary condition follows from Theorem 3.6. Conversely,
suppose M; is N-endoregular for all j € Z. Let ¢ € H be arbitrary. We proceed
by induction on n. If n = 1, the proof is trivial. If n = 2, then M = M; & Mo:
Suppose M; is N-endoregular for j = 1,2. Since pe; is a regular element in He,
there exists 1) € e1T such that pejvpe; = per. Thus, (e — p)eg = 0. Set
x = o — @ € H. Since zey is regular in Hey, there exists y € exT" such that
xregyres = wey. Thus, (zyzr — x)ea = 0. Since (zyr — x)er = (zy — 1)ze; = 0,
zyr —x = (xyr — x)(e; + e2) = 0. So, x is regular in H. Therefore ¢ is regular in
H from Lemma 3.9. Assume that the theorem holds true for the case n — 1. Take
(1 —en)M = @I~ M;. Then (1 — e,)M is N-endoregular. From a similar way of
the case for n = 2, M is N-endoregular.

For (ii), the necessary condition follows from Theorem 3.6. Conversely, suppose
N is M;-endoregular for all ¢ € Z. Let ¢ € T be arbitrary. We proceed by induction
on n. If n = 1, the proof follows obviously. If n = 2, then M = M; & Mos:
Suppose N is M;-endoregular for ¢ = 1,2. Since ejp is a regular element in e T,
there exists 10 € Hep such that ejpie;p = ejp. Thus, e1(ppp — ) = 0. Set
r = o — p € T. Since esx is regular in exT', there exists y € Hes such that
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eaxyesxr = egx. Thus, ea(zyr — x) = 0. Since ej(zyr — z) = ejx(yr — 1) = 0,
xyr —x = (e1 + e2)(xyxr — x) = 0. So, z is regular in T. Therefore ¢ is regular in
T from Lemma 3.9. Assume that the theorem holds true for the case n — 1. Then
N is (1 — ep)M-endoregular. Similar to the case for n = 2, we obtain that N is
M-endoregular. O

Corollary 3.11. Let {M;}1<i<m and {N;}i<j<n be classes of right R-modules where
m,n € N. Then @, M; is @?:1 Nj-endoregular iff M; is Nj-endoregular for all
1,7 where 1 <t <mand1<j < n.

Proof. Since the necessary condition follows from Theorem 3.6, it remains to prove
the sufficient condition. Suppose M; is Nj-endoregular for all ¢, 7 where 1 <i <m
and 1 < j < n. From Theorem 3.10(i), for all fixed j, ;" M; is Nj-endoregular.
Also, from Theorem 3.10(ii), @;%; M; is @]_; Nj-endoregular. O

Remark 3.12. Hompg(®[L, M;, ®]_ Nj) is regular iff Hompg(M;, N;) is regular for
all ¢, where 1 <t <mand 1 <j <n.

Next corollary extends Lemma 1.6 in [7].

Corollary 3.13. Let M and N be right R-modules. Let ey, ea,. .., en be orthogonal
idempotents in Endr(M) such that ey +ea + -+ ey = 1 and let f1, fa,..., fn be
orthogonal idempotents in Endr(N) such that fi+ fo+---+ fn = 1 where m,n € N.
Then M is N-endoregular if and only if e;M is f;N-endoregular for all i,j where
1<i<mandl1<j<n.

Theorem 3.14. Let {M;}i1<i<n be a class of right R-modules where n € N. Then
@D, M; is an endoregular module if and only if M; is M;-endoregular for all i, j
where 1 < 4,5 < n.

Proof. The proof follows in view of Corollary 3.11. g

Corollary 3.15. Every finite direct sum of copies of an endoregular module is also
an endoreqular module.

Corollary 3.16. (Theorem 2.14, Part II, [16]) A ring R is von Neumann regular
if and only if Mat,,(R) is also a von Neumann regular ring for any n € N.

Proposition 3.17. Let M be an endoregular module which is not Baer. Then
every finite direct sum of copies of M is an endoregular module which is not a Baer
module.

Proof. The proof follows similar to that of Proposition 2.34. ]
Example 3.18. Let T and [ be as in Example 2.6. Consider the ring R = (:g ;ﬁ)

and the idempotent e = <(1’ld"') 83) € R. Let M = eR = (igTO/I) be a right
TO

R-module. Then since S = Endr(M) = (}9) is a von Neumann regular ring,
M is an endoregular R-module. On the other hand, it is not a dual Baer module:
For U = (§9) < Ss, > ey Imp = (48). So, there is no idempotent e € S such
that >  c; Imy = eM (see also Example 4.1, [14]). Note that M is not a Baer
module, either (see Example 2.18, [12]). In addition, M is not a (Zelmanowitz)

regular module because a cyclic submodule (8 Tél > is not a direct summand of M.

Therefore, every finite direct sum of copies of M is an endoregular module which is
not a Baer module. In addition, M is neither a (Zelmanowitz) regular nor a dual
Baer module for any n € N.
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The following example shows that an infinite direct sum of copies of an endoreg-
ular module is not an endoregular module, in general.

Example 3.19. (i) Let R = [[,2, Z2 and M = Rp. Note that R is a self-injective
regular ring which is not semisimple artinian. So, M is an endoregular R-module.
However, M%) is not an endoregular R-module (Example 2.36).

(ii) Let R =[[;2 Zo, T = Maty(R), and e = (} ). Take M = eT. Since Endp(M)
is a von Neumann regular ring which is not semisimple artinian, M is an endoregular
T-module. However, Endr(M®™) is not a von Neumann regular ring by Proposition
2.17. Thus MW is not an endoregular T-module.

We conclude this section with the following characterization.

Proposition 3.20. Let M; I, 7 M;, Vi € I, T is an arbitrary index set. Then
@.cz M; is an endoregular module iff M; is an endoregular module for all i € T.

Proof. The necessary condition follows from Theorem 3.6. Conversely, let M =
@icz M;, S = Endg(M), and ¢ = (¢;;) € S be arbitrary with ¢;; € Hompg(Mj, M;).
Since M; < M for all i € I, Kerp = @,c7 Kerpi <% @;c7 M; and Imy =
D.cr Impii <% @,;c7 M because ¢;; € Endr(M;) and M; is an endoregular mod-
ule for all 7 € 7. O

4. INDECOMPOSABLE ENDOREGULAR MODULES

In this section, we show that an indecomposable endoregular module has pre-
cisely a division ring as its endomorphism ring (Proposition 4.4). Modules whose
endomorphism rings are semisimple artinian are characterized as those which are
direct sums of fully invariant submodules, each of which is a direct sum of copies
of an indecomposable endoregular submodule (Theorem 4.7). In view of our earlier
results, we observe that every endoregular module which is noetherian or artinian
over a commutative ring, is semisimple (Proposition 4.18). Using retractability,
we reformulate Corollary in [28] in terms of indecomposable endoregular modules
(Theorem 4.24). Finally, we provide a structure theorem for extending endoregular
abelian groups (Theorem 4.27).

Proposition 4.1. The following are equivalent for a module M and S = Endr(M):

(a) M is an endoregular module;

(b) S is aleft and right Rickart ring, M is k-local-retractable and oM = ryr(ls(oM))
forallp € S;

(c) S is a von Neumann regular ring.

Proof. This follows from Theorems 1.6 and 1.8, and Proposition 2.3. (Il

Recall that a ring R is said to be unit regular if, for any a € R, there exists an
invertible element v € R such that aua = a.
Proposition 4.2. The following are equivalent for a module M and S = Endgr(M):

(a) M is an endoregular module and a morphic module;

(b) S is a left and right Rickart ring, M is morphic and k-local-retractable, and
oM =rp(ls(eM)) for all p € S;

(c) S is a unit regular ring.

Proof. This follows from Proposition 4.1, and Theorem 4.1 in [7]. O
Proposition 4.3. The following are equivalent for a module M and S = Endr(M):
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(a) M is an abelian endoregular module;

(b) S is an abelian Rickart ring, M is k-local-retractable and oM = ras(ls(pM))
forall p € S;

(c) S is a strongly regular ring.

Proposition 4.4. The following are equivalent for a module M and S = Endgr(M):

(a) M is an indecomposable endoregular module;
(b) S is a domain, M is k-local-retractable and p M = ryr(ls(pM)) for all p € S;
(c) S is a division ring.

Note that every indecomposable hopfian d-Rickart (or cohopfian Rickart) module
is an indecomposable endoregular module (see Corollary 4.8, [14]).

Proposition 4.5. The following are equivalent for a module M and S = Endr(M):

(a) M is an endoregular module and S has no infinite set of nonzero orthogonal
idempotents;
(b) S is a semisimple artinian ring.

Lemma 4.6. (Theorem 17.9, [11]) Let M be a right R-module and S = Endr(M).
Then S = Mat,(T) for some T iff M = N® for some right R-module N and some
n € N. Moreover, if S is a simple artinian ring then Endr(N) is a division ring.

Theorem 4.7. The following are equivalent for a module M and S = Endgr(M):

(a) M has a finite direct sum decomposition M = @?:1 Mi(ni) where Mi(ni) is
fully invariant with n; € N and M; is an indecomposable endoregular module
forall1 <i<k;

(b) S is a semisimple artinian ring.

Proof. (a)=(b) Let N; = Mi(ni) foreach 1 <1i < k. Then Endgr(N;) = EndR(Mi(ni))
= Mat,,, (Endr(M;)). Since Endg(M;) is a division ring by Proposition 4.4, Endg(N;)
is a simple artinian ring. Since N; is a fully invariant submodule of M for all
1<i<k, Sisakxk matrix ring with elements of Endg(N;) in each (i,7)-position
for 1 <14 < k and 0 elsewhere as Homp(N;, N;) =0 for all 1 < i # j < k. Therefore
S is a semisimple artinian ring.

(b)=(a) From Wedderburn-Artin Theorem and Lemma 4.6, M has a finite direct
sum decomposition M = @le Mi(ni) where Mi(ni) is fully invariant with n; € N
and Endg(M;) is a division ring for all 1 < ¢ < k. Thus M; is indecomposable
endoregular by Proposition 4.4. O

Proposition 4.8. Fvery extending endoreqular module is precisely a K-nonsingular
continuous module.

Proof. Since an endoregular module satisfies C condition and is K-nonsingular from
Propositions 2.3 and 2.29, an extending endoregular module is JC-nonsingular con-
tinuous. The converse follows from Theorem 2.12 in [21]. O

Proposition 4.9. Let M be an extending endoregular module and S = Endg(M).
Then S is a right continuous von Neumann reqular ring. In addition, S = S X
Sy where Sy is a right self-injective von Neumann reqular ring and Sy is a right
continuous strongly reqular ring. In particular, M is a morphic module.

Proof. By Proposition 4.8 M is a -nonsingular continuous module, from Propo-
sition 3.1 in [23] S is a right continuous von Neumann regular ring. In addition,
S = 51 x Sy where S is a right self-injective von Neumann regular ring and Sy is
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a right continuous strongly regular ring from Theorem 13.17 in [7]. In particular,
since every right continuous von Neumann regular ring is a unit regular ring by
Corollary 13.23 in [7], M is a morphic module from Proposition 4.2. O

Next example shows that the converse of Proposition 4.9 is not true, in general.

Example 4.10. Let the ring R = (¥ §) and the idempotent e = (§9). Then
M = eR = (§§) and Endr(M) = (§8). While Endr(M) is a division ring
(thus, it is a right continuous von Neumann regular ring), M is not extending:
Let N = (8 H§) be a submodule of M. There is no element o € R such that
0+# (3&)a e N. Note that M is an indecomposable endoregular module.

Definition 4.11. A module M is said to be retractable if, for every 0 # N < M,
30 # ¢ € Endr(M) with oM C N, i.e., if Homr(M,N) # 0 for every 0 # N < M.

Examples of retractable modules include free modules, generators, and semisimple
modules (see [10]).

Proposition 4.12. A module M is simple if and only if M is retractable and
Endgr(M) is a division ring (i.e., M is indecomposable endoregular).

Proof. The necessary condition follows easily. Conversely, for a proper submodule
N, there is a nonzero endomorphism ¢ such that pM C N as M is retractable.
This contradicts that Endr(M) is a division ring. Thus, M is a simple module. [

The following example shows that a retractable endoregular module may not be
semisimple even though R is a commutative ring.

Example 4.13. Let R = [[0, Z and M = R™ for some n € N. Then M is a
retractable endoregular R-module from Corollary 3.15, but it is not a semisimple
module.

We conclude this paper with some results on endoregular modules over a commu-
tative ring. We begin with a reformulation of a result of [8] in terms of endoregular
modules.

Lemma 4.14. (Proposition 5, [8] ) Every finitely generated indecomposable endoreg-
ular module over a commutative ring is a simple module.

Remark 4.15. (i) Every indecomposable module over a commutative von Neumann
regular ring is a simple module (Theorem 2.13, [3]). However, for the ring R =

<8 %), the right module Mg = (I§ Hg) is an indecomposable module over a von

Neumann regular ring, but it is not simple.

(ii) Every indecomposable retractable endoregular module is a simple module (Propo-
sition 4.12). Actually, every indecomposable retractable d-Rickart module is simple
(Corollary 4.9, [14]).

Proposition 4.16. Let M be a finitely generated module over a commutative Ting.
If an infinite direct sum of copies of M 1is endoreqular then M 1is a semisimple
module.

Proof. Since M is finitely generated, Endp(M®)) = Endgr(S?)) where S = Endp(M)
and 7 is an infinite index set. From Proposition 2.17, S is a semisimple artinian
ring. Thus, M is a finite direct sum of indecomposable endoregular modules M;
from Theorem 4.7. Since each M; is also finitely generated, from Lemma 4.14 M; is
simple. Therefore M is a semisimple module. ([l
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Note that for a finitely generated module M over a commutative ring, if M is an
endoregular module but is not semisimple then any infinite direct sum of copies of
M is not endoregular by Proposition 4.16.

Example 4.17. Let M be as in Example 4.13. Then M is a finitely generated en-
doregular module over a commutative ring but it is not a semisimple module. Thus,
from Proposition 4.16 any infinite direct sum of copies of M is not an endoregular
module, while every finite direct sum of copies of M is an endoregular module from
Corollary 3.15.

Next proposition follows from Proposition 4.14 in [12] or Proposition 4.12 in [14].

Proposition 4.18. Let M be an artinian or a noetherian module over a commuta-
tive ring. Then M is an endoregular module iff M is a semisimple module.

Remark 4.19. A structure theorem for a finitely generated endoregular module over
a commutative noetherian ring is from Theorem 4.14 in [14]. Every finitely gener-
ated endoregular module M over a commutative noetherian ring R is a semisimple
module, i.e., M =2 R/m; & R/my & --- & R/m,, where m; are maximal ideals of R
with 1 <7 <n for some n € N.

Next example exhibits that the ‘finitely generated’ condition in Proposition 4.16
and the ‘noetherian or artinian’ condition in Proposition 4.18 are not superfluous:

Example 4.20. Let M = Qz. Then M is a non-artinian and non-noetherian
indecomposable injective endoregular module over a commutative ring Z, which
is not finitely generated. While every infinite direct sum of copies of M is an
endoregular module (see Example 2.32), M is not a simple module even though
Endz(M) = Q is a division ring.

Lemma 4.21. (Theorem, [28]) Let M be a torsion-free module over a commutative
domain R. Then M is an endoregular module if and only if M is R-isomorphic to
a direct sum of copies of the field of fractions @ of R.

Lemma 4.22. Let M be an indecomposable d-Rickart module over a commutative
ring R. Then P = rr(M) is a prime ideal of R and M is an indecomposable
torsion-free d-Rickart module over a commutative domain R/P.

Proof. Suppose ab € P and a ¢ P. Let ¢, € Endr(M) be defined by ¢,(m) = ma
for any m € M. Then 0 # Imp, = Ma <% M and hence Ma = M as M is
indecomposable d-Rickart. Thus, 0 = Mab = Mb = b € rr(M) = P. Therefore P
is a prime ideal of R.

For the second statement, since Endg(M) = Endgr/p(M), M is an indecompos-
able faithful d-Rickart module over a commutative domain R/P. Assume that M
is not torsion-free. Then there exists 0 # 7 € R/P such that Imp; = M7 <% M
as M is d-Rickart. Thus, M7 = 0 because M is indecomposable. This contradicts
that M is faithful over a commutative domain R/P. O

In Remark 4.15(ii), rr(M) is also a prime ideal of R.

Lemma 4.23. Let R be a commutative domain and Q be the field of fractions of
R. Then Qg is retractable if and only if R = Q.

Proof. The sufficient condition follows easily. Conversely, for every nonzero endo-
morphism ¢ € Endr(Qr) = Q, pQr = Qr. Also, for any nonzero a € Q, there
exists ¥ € Endgr(Qr) such that vQr C aR as Qg is retractable. Thus R =Q. O
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Using retractability, we reformulate Corollary in [28] in terms of an indecompos-
able endoregular module.

Theorem 4.24. Let R be a commutative ring and M be a right R-module. Then
M is an indecomposable endoreqular module if and only if either (1) M is a sim-
ple (hence, retractable) right R-module; or (2) M is not retractable and M is R-
isomorphic to the field of fractions Q of R/P where P = rg(M).

Proof. Suppose M is an indecomposable endoregular module. Then from Lemma
4.22 M is an indecomposable torsion-free endoregular module over a commutative
domain R/P because Endr/p(M) = Endr(M). By Lemma 4.21 M is R-isomorphic
to the field of fractions @ of R/P. In addition, if M is retractable then Q@ = R/P
by Lemma 4.23. So M is a simple R-module. The converse follows easily. ]

Remark 4.25. (i) From Corollary in [28] and Theorem 4.24, if M is an indecom-
posable endoregular module over a commutative ring R then either (1) M is a
retractable module < rr(M) is a maximal ideal of R; or (2) M is not a retractable
module < rp(M) is a nonmaximal prime ideal of R. In Example 4.20, Q is not a
retractable Z-module and r7(Q) = 0 is a nonmaximal prime ideal of Z.

(ii) If, in addition, the ring R is commutative in Theorem 4.7, then Endr(M) is a
semisimple artinian ring < M = @le Mi(ni) where M; is R-isomorphic to the field
of fractions @Q; of R/P; where P; = rr(M;) for 1 < i < k from the proof of Theorem
4.24. (See also Theorem in [28], Page 987.)

Theorem 4.24 is not valid over a noncommutative ring R (even, over a prime
PI-ring R) as shown in the following.

Example 4.26. (i) Let R and M be as in Example 1.4(ii). Then M is an indecom-
posable endoregular module, while M is neither a simple module nor a retractable
module, and rg(M) = 0 is not a prime ideal of R.

(ii) Let the ring R = (%%). Consider M = Q ® Q as a right R-module. Then
Endr(M) = Q. Thus, M is an indecomposable endoregular module, even though

M is neither a simple module nor a retractable module, and rg(M) = 0 is a prime
ideal of R.

The next result provides a structure theorem for extending endoregular abelian
groups.

Theorem 4.27. Let M be an extending endoregular module over Z. Then M is a
direct sum of copies of Q or Zy, where p; is prime in N.

Proof. Since M is extending and Z is noetherian, M is a direct sum of indecom-
posable modules. Since each indecomposable endoregular module is Q or Z, from
Theorem 4.24, M is a direct sum of copies of Q or Z,, where p; is prime. ]

Remark 4.28. The previous result also follows directly from Corollary 5 in [20].
This, since an extending endoregular module is continuous by Proposition 4.8, every
continuous module over a commutative noetherian ring is quasi-injective (Corollary
5, [20]). It is easy to see that Q, Zye, Zyn for n > 1, and Z,, are the indecomposable
quasi-injective Z-modules [15]. However, Zye and Z,» for n > 1 are not endoregular
Z-modules.
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