Math 6212, Real Analysis II Qual Exam, Aug. 2018

Ph. D. Analysis Qualifying Exam 6212 (August 2018)

Answer each question on a separate sheet or sheets of paper, and write your code name and
the problem number on each sheet of paper that you submit for grading. Do not put your real
name on any sheet of paper that you submit for grading.

Solutions to five problems constitute a complete exam.

Do not use theorems which make the solution to the problem trivial. Always clearly display
your reasoning. The judgment you use in this respect is an important part of the exam.

This is a two hour, closed book, closed notes exam.

1 n ,
1. Let f : [0,1] — C be square-integrable. Show that the minimum of / 1f(s) = Y cxe?™|2ds
0 k=1
1 ;
over all tuples cy, ..., ¢, in C is attained if and only if ¢, = / f(s)e 2™k ds for all 1 < k < n.
0

2. Let S be the space of Schwarz functions on R. Let ¢ be defined on S by ¢(f) = )_ f(k).
kez
Show that ¢ € S'.

3. Let B = (*(IN) be the Banach space of complex sequences (x,),cn of finite sup norm. Let
L be defined on B by L ((xu)nen) = (%) ,en
(a) Show that the graph of L, I'(L) = {(a,La) : a € B} is a closed subset of B x B.
(b) Is the range of L, {La : a € B}, closed in B?
(c) For what values of A € R does (L — AI)~! (where I is the identity) exist as a continuous

map on 5?
4. Let P and Q be two polynomials; assume that Q has no real roots and define f by

_ P(cos2mx)
flx) = Q(cos 27tx)

Show that the symmetric Fourier sums S, f (the Fourier sums from —m to m) converge pointwise
to f for any x € [0,1].
(b) Show that the convergence above is uniform.

5. Let E and G be Banach spaces, let F be a normed linear space, and let S : E — F and
T : F — G be linear, continuous, one-to-one, and onto. Prove that F is a Banach space.

6. Let E be a normed linear space, let A C E, and suppose f[A] is bounded in the scalar field
for each continuous linear functional f on E. Prove that A is bounded in E.

7. Let X be a locally compact Hausdorff space. Let Cy(X) be the vector space of real-valued
functions on X which tend to zero at infinity. As usual, give Cy(X) the uniform norm, defined

by
[ fllu = sup{|f(x)[ : x € X}

for each f € Cyo(X). Let L be a linear functional on Cy(X) such that for each f € Cyo(X), if f >0,
then L(f) > 0. Prove that L is continuous.
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