2016 Gordon examination problems

Is there a continuous function f:R —— R which takes on rational values at the
irrational points and irrational values at the rational points?

Each point of the three dimensional space R? is colored either red or blue. Prove
that there exists an equilateral triangle with side length 1 whose vertices have the
same color.

n
Prove that for any n,d € N and any vectors vy, ..., v, € R? one has Z eVivi > n?,
ij=1
(Here u - v represents the dot product of vectors u and v.)

2

Evaluate fx 2« g2 SIN T COS y? dxdy.

2_|_y
Prove that for z1,...,24 € C, max|21|’m7|24|§1}zlz3 + 2124 + 2023 — z2z4| = 2V/2.
Let A be a 2016 x 2016 matrix such that all diagonal entries of A are zero and the

rest of entries are equal to +1:

0 4+14+1 ... +1
+1 0 +1 ... +1
A= || £1+£1 0 ... £1

414141 ... 0

Prove that det A # 0.



