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1. Let G be a finite group with a normal subgroup N such that Cg (N) < N.

Show that

|G| < N
Also, show that this upper bound is achieved when |N| = 4. Identify G in this
case.

[Recall that Cg (N) ={g€ G:ng=gn Vn € N}|

2. Let R be a unique factorization domain. Show:

a) For any non-zero z € R, show that there are only finitely many priﬁcipal
ideals containing z.

b) Any ascending chain of principal ideals in R terminates, i.e. if
LCLC..CLC...
are ideals in R and each I}, is principal, then there is an integer n > 1 such that
Ln=I1=Ip2=....
3. Let V be a finite-dimensional vector space ovef Qandlet T:V — V be alinear

operator with minimum polynomial (22 + 1)(z? — 2).

Prove:
V=UsW

where T2 acts as —I on U and T2 acts as 2] on W.

4. An n x n matrix U is said to be unipotent if it can be written in the form
I'+ N, where I is the identity matrix and N is nilpotent (i.e. N* = 0 for some
integer k > 1). Suppose that U is a unipotent matrix with entries from a field
of characteristic p. Show that U has finite order, and that its order is a power
of p.

5. Find the splitting field and Galois group of the polynomial

zt—2

over the field Q.

6. Prove: If F'is a field and GL(n, F) is the group of invertible n x n matrices with
entries in F' and F is any extension field of F' with [E : F| = n, then GL(n, F)
contains a subgroup isomorphic to E*, the group of non-zero elements of

- under multiplication.
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1. Let G be a finite group and H be a proper subgroup of G. Show

U g 'Hg #G.

geaG

Hint: This need not be true if G is an infinite group! Try counting and
estimating.

2. Let G be a finite group, and P be a Sylow p-subgroup of G. Let H be

a subgroup of G containing P: P < H < . Suppose that P is normal
in H and H is normal in G: show P is normal in G.

3. Given: A is a real n X n matrix such that for any real n X n matrix B
with trace 0 one has ¢tr(AB) = 0. Prove that A = AI (for some real
scalar \).

4. Fix a prime p and let R = R, be the ring

a
{3 €@l oedtv.r) =1}
Find all ideals of R and identify those that are prime.

5. Let R=2Z+Z+/-3. Let I = {a+b/-3 € R|a+biseven}. Show
that I is an ideal and determine whether I is a principal ideal.

6. Let o = v/2 and B =+/5. Let v = a + 8. Show that ~ has degree 10
(as an algebraic number over Q).



Algebra Qualifying Exam
Wednesday, March 28, 2012

Jean-Francois Lafont, Onibudsman

. Let G be a finite group and H a non-normal subgroup of G of index
n. Prove: If |H| is divisible by a prime p > n, then H is not a simple
group. ‘ ‘

. Let A be an abelian subgroup of GL(n,C) of finite exponent m, i.e.
a™ =1 for all a € A. Prove: A is a finite group and |A| < m™. Also
show that this bound is sharp for all m and n.

. Assume that A € M,x,(C) and rank(A) = 1. Prove: det(A+1I) =
tr(A) + 1.

. Let f(z) € Q[z] be irreducible of odd degree, and let F = Q(a), for
some root a of f(z). Prove: F = Q(a2"), for all k > 0.

. Given a ring R, let N(R) be the set of nilpotent elements z of R, i.e.
those z such that 2™ = 0 for some n € N.

(a) Prove: If R is commutative, then N(R) is an ideal of R.

(b) Prove or give a counterexample: For any R, N(R) is an ideal of
R.

. Let f(z) € Q[z] be an irreducible polynomial of degree n. Prove: If
K is any finite Galois extension of Q, then f(z) factors in K[z] as a
product of m irreducible polynomials all of the same degree d (here
md =n). '



Algebra Qualifying Exam
September 21, 2011

Jean-Francois LaFont, Ombudsman

(1) Let K/Q be a Galois extension whose Galois group is the quaternion
group Qs. Show that K is not the splitting field of a quartic polyno-
mial in Qfz]. (N.B.: The quaternion group Qg is {1, i, £j, +k},

 where i = j2 = k% = jjk = —1))

(2) Let G = SL(2, F), the group of all 2 x 2 matrices of determinant
1 over a field F. Let G act on the set § of all one dimensional
subspaces of F2 (i.e. § is the set of all lines in F? passing through

. the origin) by A(< v >) =< v/ >, where v' = Av. Prove that G
acts doubly transitively on S (i.e., if I,m,l,m’ are elements of S
with [ # m and I’ # m/, then there exists g € G with g(I) = I and
g(m) = m'). : ;

(3) Leta; €R,i=1,2...,n. Let f(z) = ap+asz+:--+anz” . Prove:

a1 @ az -+ ap
Gn @ G2 - Gpeg

det fan-1 an a1 -+ Gne2 | = FIGQ)F(G) - F(G);
a2 asz a4 ai

where {(1,...,(} C C are the n-th roots of unity. (Hint: Show
that v := (1,{;,¢2,...)? is an eigenvector for the above matrix for all
i.)

- (4) We say that a finite group G is supersolvable if G contains a chain
of normal subgroups:

{1}=Go<G1<---<Gr =G,

with [Gi41: G a prime, for all 5, 0 < i < n. Prove that if G is a
finite group of order 2010, then G is supersolvable.

(5) Let GL(n,Q) be the group of n x n invertible matrices with ratio-
nal coeflicients. Let G be a finite subgroup of GL(n,Q) with order
divisible by an odd prime p. Prove that n > p— 1.

(6) Let R be a commutative ring with unit. An element r € R is nilpo-
tent if and only if 7™ = 0 for some positive integer n.

(a) Show that the nilpotent elements in R form an ideal (called the
“nilradical”) which is contained in all prime.ideals (in fact, the
nilradical is the intersection of all prime ideals).

(b) Assume the characterization of the nilradical as the intersection
of all prime ideals and let A be an n x n matrix with coefficients
in R. Suppose A* = 0 for some positive integer k. Show that
the determinant and trace of A are nilpotent.



Algebra Qualifying Exam
September 21, 2011

Jean-Francois LaFont, Ombudsman

(1) Let K/Q be a Galois extension whose Galois group is the quaternion
group Qs. Show that K is not the splitting field of a quartic polyno-
mial in Qfz]. (N.B.: The quaternion group Qg is {1, %1, +j, +k},

~ where i = j2 = k2 = jjk = —~1.)

(2) Let G = SL(2, F), the group of all 2 x 2 matrices of determinant
1 over a field F. Let G act on the set S of all one dimensional
subspaces of F2 (i.e. S is the set of all lines in F2 passing through

. the origin) by A(< v >) =< v/ >, where v = Av. Prove that G
acts doubly transitively on S (i.e., if I, m,l/,m' are elements of S -
with [ # m and I’ # m/, then there exists g € G with 9(1) =’ and
g(m) =m').

(8) Leta; €R,i=1,2...,n. Let f(z) = ar+asz+---+anz™ L. Prove:

Q] a az - Qrn,
an ay a2 - OGp-y

det [ @n-1 an a1 o+ Gpez | = FIQ)F(G) - F(G);
[25)) as a4 ai

where {(1,...,(,} C C are the n-th roots of unity. (Hint: Show
that v := (1,¢;,¢%,...)" is an eigenvector for the above matrix for all
i.)

(4) We say that a finite group G is supersolvable if G contains a chain
of normal subgroups:

{1}=Go<G1<--<Cr=0C,

with [G;y1: G a prime, for all 4, 0 < i < n. Prove that if G is a
finite group of order 2010, then G is supersolvable.

(5) Let GL(n,Q) be the group of n x n invertible matrices with ratio-
nal coefficients. Let G be a finite subgroup of GL(n, Q) with order
divisible by an odd prime p. Prove that n > p— 1.

(6) Let R be a commutative ring with unit. An element 7 € R is nilpo-
tent if and only if 7™ = 0 for some positive integer 7.

(a) Show that the nilpotent elements in R form an ideal (called the
“nilradical”) which is contained in all prime ideals (in fact, the
nilradical is the intersection of all prime ideals).

(b) Assume the characterization of the nilradical as the intersection
of all prime ideals and let A be an n x n matrix with coefficients
in R. Suppose A* = 0 for some positive integer k. Show that
the determinant and trace of A are nilpotent.



Algebra Qualifying Exam
Wednesday, March 30, 2011

Jean-Francois Lafont, Ombudsman

- Let G be a finite group with |G| = p?q, where p and q are primes and
p < g. Prove: Either G has a normal Sylow g-subgroup or G & Ay, the
alternating group of degree 4.

. Let p be a prime and R a ring with identity 1 # 0. Prove: If |R| = p?,
then R is a_commutative ring.

. Let R be a principal ideal domain and let I ,J < R be nonzero ideals
of R. Prove: IJ=1InJifand only if I +J = R.

- Let a,b € C and let A: C — C be defined by A(z) = az + bz, for
z € C. Prove that A is invertible if and only if |a] % [b].

. Let A be an n x n matrix over C. Prove that 4 and A! are conjugate.
[Note: A* denotes the transpose of the matrix Al

- Let K/Q be the splitting field for the polynomial f(z) = z¢ — 322 + 4.
Find the Galois group of K /Q, as well as all of its subgroups and the
corresponding field extensions. [Hint: Note that (14"2/‘_7)2 = ‘3+2‘/:7.]




Algebra Qualifying Exam
Monday, September 20, 2010

Ron Solomon, Ombudsman

. Suppose that G is a group, and H is a nontrivial subgroup
such that H < J for every nontrivial subgroup J of G.
Show that H is contained in the center of G.

. Let G be a transitive subgroup of Sym(X), the symmetric
group on the set X. Let N be a normal subgroup of G,
N # 1. Show that N has no fixed points in X, i.e. there is
no r € X such that hx =z for all h € N.

. Let A, B be two n xn complex matrices, and assume AB =
" BA. Prove that A, B have a common eigenvector.

. Let F € K C L be a tower of fields, and suppose that
K/F and L/K are algebraic (but not necessarily finite)
extensions. Does L/F have to be algebraic? Give a proof
or counterexample.

. Let Z[i] be the ring of Gaussian integers. -

(a) Show that 3 is prime in Z[4] but 5 is not.
(b) Show that, if a prime p in Z is not prime in Z[i], then
either p =2 or p =1 (mod 4).

. Let n,m > 1 be positive integers with greatest common
divisor d. Show that the ideal of Q[z] generated by z” — 1
and ™ — 1 is principal and generated by z¢ — 1.



Algebra Qualifying Exam
Wednesday, March 31, 2010

Warren Sinnott, Ombudsman

- Let p be a prime, and let P be a finite p-group. Suppose that Q < P
is a proper subgroup. Show that N(Q) # Q.

. Let G be a finite group with commutator subgroup G'. Let N be the
subgroup of G generated by the set {z% | € G}. Prove that N is a
normal subgroup of G and N contains G'.

. Let A be an m X n real-valued matrix and let AT denote its transpbse.
Prove that rank(A”A) = rank(A). (Hint. Prove that ATA and A have
the same nullspace.)

. Suppose that I is an ideal in Z[z] generated by a prime number p and
a polynomial f(z). Prove that I is maximal if and only if f(z) is
irreducible mod p.

. Construct two Galois extensions of degree four of the field of rational
numbers Q, one with Galois group Z, X Z, and one with Galois group
Z4. Prove that your constructions possess the required properties.

- (a) Let F = {a +bv/=7 : a,b € Q}: show that F is a field.

(b) Show that F ~ Q[z]/(z* + 7).



Algebra Qualifying Exam
Monday, September 21, 2009

Paul Ponomarev, Ombudsman

1. Let G be a finite group of order pq?, where p # g are primes and p
doesn’t divide #Aut(G), the order of the automorphism group of G.
Prove that G is abelian. '

2. Let G be an abelian subgroup of the symmetric group Sym(X) on a
set X. Suppose that G acts transitively on X. Show that the stabilizer
G, is trivial for every z € X.

3. Let V be a finite-dimensional vector space over Q and
T:V-=V
a linear transformation satisfying
T? = _]

where I is the identity transformation of V. Suppose one knows that V
has a non-trivial proper subspace W that is invariant under 7. (Here
“non-trivial proper” means that W # {0} and W # V.) What is the
smallest that dimgV could be? Justify your answer.

4. Let R = Z[\/-m] = {a+ by/—m : a,b € Z} where m is a square-free
odd integer with m > 3.

(a) Find all units of R.
(b) Show that 2 and 1+ +/—m are irreducible in R.
(¢) Show that R is not a unique factorization domain.

(Hint: The function N : R — Z defined by N(a + bv/—m) = a® + ¥*m
is useful.)

5. Let K = Q((g) with (s = e2™/%. Determine G = Gal(K/Q). For each
proper subgroup H of G find the fixed field K and find an element
a € K such that K% = Q(a).

6. Show that every algebraically closed field must be infinite.



Algebra Qualifying Exam, Spring 2009

1. Show that any group of order 22- 3™ is solvable.

2. Suppose finite group GG has normal s
AN B = {e}, where e is the identity element.
Assume the truth of the following statements:

ubgroups A, B < G such that

(i) ABis a subgroup.
1(ii) ab = ba whenever a € A and b € B.

(iii) Every g € AB can be expressed unigquely as a product
9 = ab for some a € 4 and b e B.

(iv) The four subgroups {e}, A, B, and AB are normal in AB.

Suppose ‘A and B are simple groups, and there exists a normal subgroup
N Q AB that is not equal to one of the four subgroups listed in (iv) above.
Prove: The groups 4 and B must be isomorphic.

3. Suppose I is an ideal of R — Z[z] and p € I for some prime number p.
Show that I can be generated by 2 elements.

4. Suppose f(z) € K [z]
field K. Suppose L/K isa
If m,n are relatively prime,

is an irréducible polynomial of degree n over the
field extension with finite degree [L : K] = m.
prove: f(z) is irreducible in Liz]

-



Algebra Qualifying Eicam, Spring 2009, S

5. Let K C C be the splitting field of X? —2 over Q, where p is a prime.
Let o€ C be a root of X? — 2 and let ¢ be a primitive p-th root of unity.

(a) If o € Gal (K/Q), show that
0(@=¢Fa and o (() =@
for some c(0) € Z/(p), d(0) € (Z/(p))".

1 0
() Defne i+ Gl (/@) — G (2/ ) by (o) = [,y 40 ]
Prove: ¢ is a group homomorphism, and its image is the set of all matrices

in GLy(Z/(p)) having the form [ }: 2

6. Suppose T' : R* — R* is a linear transformation whose fourth power
is minus the identity map.

(a) What are possible eigenvalues of T (in the field C of complex numbers)? -
What are its possible Jordan canonical forms over C?

(b) A subspace V' C R* is T-invariant if T (V) = V.
Must there exist T-invariant subspaces of R%, other than {0} and R* 7
If not, say why not. If so, identify the invariant subspaces. _



Algébra Qualifying Exam
Monday, September 22, 2008

Dan Shapiro, Ombudsman

1. Show that any finite group G of order 224 has 3 subgroup of order 28.

2. For each pair of groups from the following list, decide whether they are isomorphic
or not: Z

(a). the multiplicative group of the integers mod 13

{(b). the Imultiplica.tive group of the integers mod 28

(). the alternating group on 4 letters

(d). the group of symmetries of the regular hexagon

Justify your answers.

3. Let A be an n x n complex matrix. Prove that A™ = 0 for some positive integer
m if and only if all eigenvalues of A are 0.

4. Let R be a commutative ring with identity, and let A and B be ideals of R.
Suppose that I is an ideal of R contained in AU B. Show that I C Aor I C B.

5. Let a‘ =2 ¢os (-271) Find the minimal polynomial of & over Q, the splitting field
F of this polynomial over Q, and determine the Galois group of F" over Q. |

6. For a prime p, let F, denote the field with p elements. Let ¢ = p™ for some integer
n>1. ‘

: {(?{}iSHOW‘.f‘.hat‘UP to isomorphiszﬁ there exists a unique field F, containing g elements.

-{b) Compute the Galois group Gal(F,/F,). Justify your answer.



Algebra Qualifying Exam
March 26th, 2008 |
Paul Ponomarev, Ombudsman

1. Show that the symmetric group Ss has six Sylow 5-subgroups. Deduce
that Sg contains two subgroups that are isomorphic to Sy but that are not
conjugate to each other. You may assume that the only normal subgroups
of S5 are 1, As and Ss. (Hint: the action of Ss on its Sylow 5-subgroups
gives a homomorphism ¢ : S5 — Ss.) | | |

2. Show that for n > 3, the center of the symmetric group Sy, is trivial.

3. Let A = (3++/5)/2. Find the Jordan normal form for the following
matrix.

A0 00 0 O
2 A 00 0 0
O 0 2 1. 0 0
0o 01 1 O 0
0 0 0 0 X1 1
0000 0 Xt

4. Let K be an extension of Q contained in C such that K/Q is Galois
and Gal(K/Q) is cyclic of order 4. Show that ¢ ¢ K. (Hint: complex
conjugation defines an automorphism of K.)

5. Recall that a nilpotent element of a ring R is a nonzero element «
such that a” = 0 for some n > 0, and that an idempotent element is
a nonzero element e such that e? = e. Let k be a fleld and let I be a
nonzero ideal in k[z], the ring of polynomials over k. Suppose that the
quotient ring R = k[z]/I contains no nilpotent elements and contains no
idempotents except 1. Show that R is a field. (Hint: Use the Chinese
remainder theorem.)

6. Let R = Z[+/=3] and let § = Z[i]. Show that there is no unital ring
homomorphism ¢ : R — S. (Recall that ‘¢ is unital’ means that ¢ satisfies

o(lp) =1s.)



Algebra Qualifying Exand
Monday, September 17, 2007

. Let G be a group, and suppose that G has a normal subgroup N of
order p (where p is a prime). Let g be an element of G: show that N
is contained in the centralizer of g¢~1.

. Let K be a subfield of the complex numbers C, and let p be a prime.
Suppose that every proper finite extension of K in C has degree di-
visible by p. Show that every finite extension of K in C has degree a
power of p. (Hint: this problem uses the Sylow Theorems in addition

to Galois Theory.)
(a) Is (5,22 + 1) a prime ideal in Z[z]?
(b) Is (5,2 + = + 1) a prime ideal in Z[x]?
Justify your answers.
. Suppose that f(z,y) € K[z, y] is a polynomial in two variables with

coefficients in an infinite field K. Suppose that f(c,c) = 0 for every
ce K. ‘ :

Prove: z —y is a factor of f(x,y),1ie. f(z,v)=(z—1vy)g(z,y)for some
9(z, ) € K|z, y]-

.Let Abeann xn matr‘ix, with all diagonal entries equal to ¢ and all
off-diagonal entries equal to 1. Compute det(A).

. Suppose A is an n X n matrix over a field K with minimal polynomial
ma(z). Let f(x) € K[z] be a polynomial. Prove: f(A) is nonsingular
<= f(z) and m(z) are relatively prime in K]z].



Algebra Qualifying Exam
March 26, 2007
Vitaly Bergelson, Ombudsman

. Let G be a nonabelian finite gtoup ‘and let . > 1. Prove: If every maximal
proper subgroup of G has index 7 in G, then n = p i1s a prime and G is a
p-group. (Hint: Think Sylow.)

. Let G be a group with commutator subgroup [G, G]. Let N be the subgroup of
G generated by {z?: z € G}. Prove: N is a normal subgroup of G containing
[G,G].

. Determine the rational canonical form and a Jordan canonical form for the
matrix '

00 W 3 o

[S1 I NI B e

0
0
1
0

=
]

. Let k be a field, M = M(n,k) the ring of n x n matrices over k, and G =
GL(n, k) the group of invertible elements of M. For X a subset of M , let

Cu(X)={Te€M:ST =TS forall S € X}.

)

Let Cc(X) be defined analogously.

(2) Prove: Ca(X) is a k-vector subspace of M for all subsets X of M.
(b) Suppose X, C--- C X, C X; is a chain of subsets of G such that

C1 S CyC--- CC, (proper containments)

where C; = Cg(X;),1 <i < r. Prove: r < n2

. Let R be an integral domain with quotient field F. Let p(z) € R[z] be a monic
polynomial. Suppose that p(z) = a(z)b(z) with a(z), b(z) monic polynomials
in Flz].

(a) ‘Prove: If a(z) is not in R[z], then R is not a UFD.
(b) Deduce that Z[2v/2] is not a UFD.

. Prove: Let f(z) € Q[z] be irreducible with splitting field K over Q. Suppose
that the Galois group of K/Q is abelian. Then K — Q(a) for any root a of
f(z) in K.



Algebra Qualifying Exam
Sept. 20, 2006

P

. (a) Prove: let G be a group having a subgroup H of index m. Then
G has a normal subgroup N whose index [G : N] is a multiple of
m and a divisor of m/. . ‘

(b) Let f(z) € Q[z] be irreducible of degree 7, and suppose that the
Galois group of f is A, (the alternating group on n letters). Let o
be a root of f(z) in C. Prove: there is no field F strictly between

Q and Q(a). (Use (a)).

. Let p and ¢ be primes with p < q. Prove: If G is a group with |G| =
p°q, then either G has a normal subgroup of order q or G ~ Ay (the
alternating group on- 4 letters).

. Let R be a commutative ring with 1.

(2) Show that every maximal ideal of R is prime.
(b) If R is a PID, show that every prime ideal is maximal.

(c) Give an example of a commutative ring R with 1 and an ideal
I C R such that I is prime but not maximal.

. Let F" be a field of characteristic 0 containing the n-th roots of unity,
and let b be an element of F. Let K be an extension of F' generated
by an n-th root B of b: 8" = b and K — F(B3).

(a) Show that K is the splitting field over F' of the polynomial z"—b.
(b) Show that G = Gal(K, /F) is cyclic of order dividing n.

-
. Let V' be a finite-dimensional vector space over a field F. Suppose

T:V — Visa cyclic linear transformation, i.e., there exists v ev
such that {v,T(v),..., T™(v)} is a basis for V over F (here n is the
dimension of V). Let S:V — V be g linear transformation that
commutes with T. Prove that S is a polynomial in T- § — p(T) for
some polynomial p(z) in Fl].

- Let R be the ring of n X n matrices over a field F. Show that every
nonzero element of R is either a unit or a zero-divisor.



Algebra Qualifying Exam
March 29, 2006

. Let F be a field and let p(z) be a non-constant, not necessarily irreducible
©_polynomial w_it;h'coeﬂicients in F. Show that there exists an extension field
-E/F where p(z) has a root. SR '

. Let V bea n()nitri‘vi‘_al.yéétog? space, let T VoV be a linear transformation,

and suppose that there are no T-stable subspaces of V othier than 0 and V itself. o

-Show that the. ring of all linear endomorphisms of V which commute with 7'
-forms a division ring (skew. field); i.e., a not necessarily’ commutative field.

. In the ring Q[X,Y] find & finite set of generators for the ideal I := {f(X,Y) _

QX,Y] | f(,5) =0} (where i® = —1 as usual). (EHint: What are some obvious
polynomials in Q[X, Y] whick vanish' at the point (%,7)? Try to show that these ‘

Jpolynomials generate I.)"

Let K/k be-a finite Galoi'"s extension of fields. The norm map from K* to k* is
defined by N k/(a) :==T], () where o runs over the elements of the Galois
group. S LT

"(a) Show that the norm is a »homomorp'hism of groups.

~(b) Now let K/k be an extension of degree n of fisiite fields. Let q be the

cardinality of k. -Show that - |
S A Ng/i(a) ='a(q"—i)/(q—15

(C) Tet K/k be asm part (b). Show that N k/e: K* — k* is surjective.

- (a) List all abelian groups of order 28 u ) f_o_ isomorphism.
. (b) Can a group of order 28 be simple? Prove your answer.

} (c) ,Coi;iSf;irud:. two ndzi}iédmbrphib non—aﬁélién groups of order 28.

6.

Let C be the complex, mumbers and set V := C%. Lét S and T be two en.

-domorphisms of. V ‘whose ﬂatriégs with respect to the canonical basis B :=
{e1,e;,€3,€4} are " ‘ T o

5

({0 -10 0
w1 007 0
Te=16.0 0 -1 |
| 0 0 1.0
and _
: /0010
_ 0001
(5] = 1000
0100

Find a basis B’ of V which simultaneously diagonalizes T’ and S. Justify your

answer. .



Algebra Qualifying Exam |
- Wednesday, September 21, 2005 - -
Dan Shapiro, Ombudsman

. Let V be a vector space over a field F'. Let P : V' — V" be a projection,
that is, a linear transformation such that P? = P.

(2) Show that V =imP @ ker P. (imP is the image of P, also called
the range; ker P is the kernel of P, also called the nullspace.)

(b)-If V is finite dimensional and P and Q are two commuting pro-
jections, so PQ = QP, show that V has a basis with respect to
which both P and Q are represented by diagonal matrices.

. Let V be a finite dimensional vector space over a field F,T: VSV
a linear transformation. Show that V' can be written as a direct sum
V =U@®W, where U, W are subspaces, stable under T, such that Ty
is invertible and T'|w is nilpotent (this means that (T|w)* is 0 for sorne
integer k > 0). :

. Suppose that G is a finite group and N is a normal subgroup of order
p, where p is the smallest prime dividing the order of G. Show that N
is contained in the center of G.
(a) Show that Ss is generated by (12) and (12345).
(b) Let f(z) be an irreducible quintic in Q[z] with exactly two non-
real roots. Show that the Galois group of f is Ss.
. Let I be the ideal geherated by 3 and 2* + 22 + 1 in Z[z].

(a) Prove or disprove: I is a principal ideal.

(b) Prove or disprove: I is a prime-ideal.

. Let R be a commutativering with identity, and Iet J be the intersection
of all maximal ideals of R: show that 1+ J = {1+ 1z : z € J}isa

subgroup of the group of units of R. (Hint: you may assume the result
that every ideal I # R is contained in a maximal ideal of R)
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1. Prove: Let G be a finite simple group having a subgroup H of prime index p
(ie., (G: H) = p). Then p is the largest prime divisor of |G].

2. Let C denote the complex numbers and let G = GL(2, C) be the group of
all invertible 2 x 2 matrices with complex entries. We call a subgroup H of G
diagonalizable if there exists a matrix ¢ € G such that tht~! is a diagonal matrix
for all € H, i.e., tHt™! is a subgroup of the group of diagonal matrices in G.

(2) Prove: Any finite abelian subgroup A of GL(2,C) is diagonalizable. (Hint:
First prove that elements of finite order in G are diagonalizable.)

(b) Give an example of an infinite abelian subgroup of GL(2,C) which is not
diagonalizable. Justify your claim briefly.

(c) Give an example of a finite subgroup H of GL(2,C) which is not diagonal-
izable. Justify your claim briefly.

3. Let p be a prime number and let 72 be a natural number. Let Q denote the
field of rational numbers and let V = Q™ denote the n-dimensional vector space of

column vectors with entries from Q. Let

0o .
1 0
01

oo

6 . .10
be an n X n-matrix, and let T : V — V be the linear transformation T'(v) = Av for

alveV.
(a) Find the minimum polynomial of T, and justify your claim briefly.
(b) Prove: V has no proper, non-trivial T-invariant subspaces.

4. (a) Let R be a PID and let P be a non-0 prime ideal of R. Prove: R/P is a

field. '
(b) Give an example of a UFD S and a non-0 prime ideal Q of S such that S/Q

is not a field.
5. Let R be a commutative ring with identity. For an ideal I of R, define
Vi = {P|P is a prime ideal of R and I C P}.

Let I and J be ideals of R. Let IJ denote the ideal of R generated by {abla €
Lbe J}.

a) Prove: ViNV; = Vits. )
- b) Prove: ViUV; =Vi5 = Viny. (Hint: Show VIUV; C Vs CVis C Viuv;.)

6. Let p be a prime and let F = F, be the finite field of cardinality p. Leta € F
with a # 0. Let E be the splitting field of g(z) = 2P — z +a over F.
a) Find all of the roots of g(z) in F. (Hint: Consider the difference @ — 8 of any

two roots of g(z).)
b) Prove: g(z) is irreducible over F.
c) Find all of the automorphisms of the field F, and identify the automorphism

group of E.
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- Let @ = v/54 /5 and let K =Q(a).

(a) Find-the minimal polynomial m(z) of a over Q, and show that K
- is the splitting field of m(z).

(b) Show that there is an automorphism o € 'G'al(K /Q) such that

o(a) = o/, where o/ = /5 — +/5. Show o(v/5) = —/5 and that
o*(a) = —a.

(c) Show that Gal(K/Q) is cyclic.
. Let A be an n x n matrix with complex entries and let )y, ... ,An be
its eigenvalues, counted with multiplicity. Let p(z) be any polynomial
in Cfz]. ‘

(2) Show that the determinant of p(A) is HLI;P(’\!F.)'

(b) Show that the trace of p(A) is 30, p()-

Hint: Show first that we can assume that A4 is in Jordan Canonical
Form. ’

. Let F be a field and let f, g bedistinct irreducible polynomials of F'[z].
(2) Describe the ideals of the ring Fz]/(f%g). J

(b) Show that there does not exist a surjective ring homomorphism

from Flz]/(f3) to F[z]/(f?g)

. Let G be a finite group and let p be the smallest prime divisor of the
group order |G|. Show that every subgroup H of index p in G is normal
in G.

- Let G be a group such that G/Z is cyclic. Show that G is abelian.
- (Here Z is the center of G.)

- Suppose that {Ey,E,, - - - » B2} is a set of non-zero 4 x 4 matrices with
complex entries satisfying: E?=FE; and EE; = E;E; = 0 for all 4, § y
1<ij<&ij. |

Prove : ¢t < 4. (Hint: Show that commuting diagonalizable matrices
can be simultaneously diagonalized.)
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1. Let G be a finite group with |Gl = p°n, where p is a prime and @ and n
are natural numbers with p < n < 2p.
&% . (a) Prove: If @ > 1, then G has a normal p-subgroup P with |[P] > 1.
3 (Hint: Consider the permutation action of G on the left cosets of a
suitable subgroup of G.)

AL e

AU edt op tnf DD B e ree sy

(b) Give an example of a group G with [Gl = pn with p < n < 2p such
that G does not have a normal Sylow p-subgroup.

(a) Let A and B be two commuting n x n real matrices with A? =
B? = I, where I is the identity n x n matrix. Prove that A and
B are simultaneously diagonalizable, i.e., that there is an invertible
n X n real matrix P such that both PAP~! and PBP-! are diagonal

e e a -

:$i 5. matrices.

: i ‘(b) Prove: If H is a Klein 4-subgroup of GL(2,R) (i.e. H is a non-cyclic
i} ° subgroup with |H| = 4), then H is conjugate to a unique diagonal
{ ’; subgroup of GL(2,R). (Hint: Use (a).) :

! ; (c) Prove: GL(2,R) contains no subgroup isomorphic to Ay, the alter-
;. nating group on {1,2,3,4}. (Hint: Use (b). What is the center of
i Ag?) '

) 3. Let Vbea finite-dimensional vector space over F. 2, the field of two ele-

ments. Let T:V - V be a non-sin
TS=IbutT +# 1.

gular linear transformation such that

(2) Show that the minimum polynomial of T' has degree either 4 or 5.

(b) What is the smallest possible dimension of V for which there are

two non-similar non-identity linear transformations T : V — V and
S: Vo VwithT®=1=557 Explain.

. Let ¢ be a complex number and let R be the ring of all complex numbers

which can be written as a polynomial in ¢ with rational coefficients. Prove
that c is algebraic if and only if R is a field.

- Let p be a prime number and let R be the set of all rational numbers with
denominator prime to p. R is a subring of Q.

(a) What are the units of R?

(b) Show that R is a principal ideal domain.

(c) Show that R has a unique maximal ideal M , find a generator for M,
and identify R/M.
6 Let F be the splitting field of z* + 1 over Q.

(2) Find the Galois group of F over Q.
(b) Find all the quadratic subfields of F.
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. There are five nonisomorphic groups of order 12 (you may take this as
given). List them all, and show that the groups you list are mutually
nonisomorphic.

. Let G be a finite group, let z, y be distinct elements of G of order 2, and
let H =< z,y >. i
(a) Show that H is a dihedral group.

(b) Suppose z and y are not conjugate in G. Show that the order of H
is divisible 4 and the center of H is nontrivial.

Note: A dihedral group Ds, of order 2n is defined as follows.
Dop =< a,bla* =b" =1,aba=b"1>.

3. Suppose that P is a prime ideal of a commutative ring R (with identity)and
let T and J be ideals of R. Let IJ be the ideal of R generated by all
products ij wherei € I,j € J.
(a) Suppose that IJ C P: show that either I C Por J C P.
(b) Suppose that I N J C P: show that either I C P or J C P. (Use
(2))-
(a) Show that every integral domain which is also a finite set is actually
a field.
(b) Use part (a) to show that every non-trivial prime ideal of Fp[z] is
actually maximal. (Here FF,, is the finite field with p elements.)

(a) Let L € C be a finite Galois extension of Q with Galois group G.
Suppose that G has odd order. Show that L C R.

(b) Is the converse true? Le. if L C R is a finite Galois extension of Q
with Galois group G, must the order of G be odd?

(c) Give an explicit example of an extension L C C of degree 3 which is
not contained in R.

6. Let A, B be complex n X n matrices such that AB = BA.

(a) Suppose that v € C™ is an eigenvector of A with eigenvalue A: show
that Buv is either 0 or an eigenvector of A with eigenvalue A.

(b) Suppose that A has n distinct eigenvalues. Show that B is diagonal-
izable.
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Let p be a prime dividing the order of a finite group G. Show that G contains
an element of order p without using Sylow’s theorem. (Suggestion: Use the class
equation and an inductive argument.)

Let G be a group. For a,b € G put ab =b~lab, [a,b) =a~ b7 1ab.

(i) Show that [a,bc] = [a,d][a,b]® for a,b,c € G.

(ii) Suppose that G' = AB » Where A, B are subgroups of G'. Let [4, B] denote
the subgroup of G generated by all [a,b], where a € A, b € B. Show that
[A, B] is a normal subgroup of G.

(iii) Suppose, in addition, that A and B are abelian. Show that G/[A, B] is
abelian and [G,G] = [4, B].

Let R = k[X,Y], where X,Y are independent indeterminates over the field k.
Let p=p(X) be an irreducible polynomial in k[X]. Put F=k[X]/(p).

(i) Show that pR is a prime ideal of R but not a maximal ideal of R.
(ii) Determine all the maximal ideals of F[Y].

(iii) Determine all the maximal ideals of R containing pR.

Classify, up to similarity by real matrices, all 7 X 7 real matrices having
characteristic polynomial X3(X2 + 1)2.

Let K be a splitting field of X2 — 3 over Q.

() Determine the Galois group of K over D.
(ii)- Give an example of a subfield E of € such that [E(V3):E|=2.

Find an element o € © such that:

(i) Q(a) is a normal extension of degree 4 over @ whose Galois group over @
is cyclic.

(ii) @(a) is a normal extension of degree 5 over Q).
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CODE NAME :

[1]. Let G be a group defined by
G=(a,bla* =bt*=1,ba= ab™?).

(i)- Find the order |G| of G. 4
(31). For each divisor d of |G}, find the number of elements of order d in G.



CODE NAME :

[2]. Let a,b be 5-cycles defined by
a = (12345), b = (13524).

(i). Show that the centralizer of a in Ss is the cyclic group generated by a.
(i1). Show that a and b are not conjugate in As.



CODE NAME :

[3]. Let

COCOOO
OO Q=
O OO = O
O OO OO
et O OO OO
N-HNOOO

(a). Find the characteristic polynomial and the minimal polynomial of A.
(b). Find all eigenvalues for A.

(c). For each eigenvalue ), find a basis for the corresponding eigenspace.
(d). Is A diagonalizable ? Justify.
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[4]. For each pair of rings from the list below, decide which are isomorphic.
Give a brief justification for your answer. In this problem My (R) is the ring of
k x k matrices over the ring R, and Z,, is the ring of integers mod n.

(a). Ma(F), where F is the field with 4 elements.

(b). M2(Zs).

(€). Z16® Zys.
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[6]. Let K be the splitting field of X* — 3 over Q.
(a). Determine the Galois group of K/Q.
(b). Determine all the quadratic subfields of K over QQ and their corresponding

subgroups under the Galois correspondence.
(c). Find all subfields F of K such that [F : Q] = 4 and F is Galois over Q.
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[6]. Let F be a finite field with ¢ elements and ¢ € F*. Assume that ¢ =
1 (mod 3). Show that X3 — a is irreducible over F if and only if a5t £ 1.
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1. (a) Show that the alternating group A4 of degree 4 has order 12.
(b) Show that A4 does not contain a subgroup of order 6.
2. Let K = Q(¢), where ¢ = e2™/7. The minimal polynomial of  is z° +
S+ttt +22+o+ 1
(a) Show that K is a Galois extension of Q.
(b) Show that for each integer ¢, 1 < ¢ < 6, there is a unigque automor-
phism o3 of K such that o4(¢) = ¢*.
(c) Identify the Galois group of K over Q.

3. Decide whether each of the following statements is true. Justify your
answers.
(a) ¥ R is a commutative ring and I is an ideal of R such that R/I is an
integral domain, then R must be an integral domain.
(b) ¥ R is an integral domain and I is an ideal in R, then R/I is an
integral domain.
(¢c) If R and S are integral domains, then R &® S is an integral domain.

4, Let M be an n x n matrix with complex entries, and let V' = C*. Suppose
that the minimal polynomial of M is (z — 1){z — 2)(z — 3). Let pi(z) =
(z — 2)(z — 3), p2(z) = (z — 1)(z — 3), ps(z) = (z — 1)(z — 2). Note
that the greatest common divisor of p;, p2, and p3 is 1, so that one can
find polynomials ¢1,¢2,¢3 in Clz] such that ¢1(z)p1(z) + g2(z)p2(z) +
q3(1b’)p3($) =1. Let Ak = lIk(M)Pk(M) for k = 1) 27 3.

(a) Show that

o A3 Ay = A1 A3 = Az A3z = O (where O is the n X n 0-matrix);

o A; + Az + Az = I, where I is the n x n identity matrix; and

o A2 = A, for k=1,2,3.
(b) Let V% be the range of Ay for k = 1,2,3. Show that V = V10V, 0 V5.
(c) Show that Vi = ker(M — kI) for k=1,2,3.

5. Let G be a nontrivial p-group, i.e. |G| = p®, where p is a prime number
and n> 1.

(a) Show that the center of G is nontrivial.

(b) Let M be a maximal subgroup of G (so M # G and there are no
subgroups of G properly between M and G). Show that [G : M] = p.

(c) Show that a maximal subgroup of G is normal in G.
6. Let 7 be an automorphism of the real numbers R.

(a) Show that T fixes Q.
(b) Show that 7(z) >0if z > 0.
(c) Show that 7 is the identity automorphism, i.e. 7(z) = z forallz € R.
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[6]. Let F be a finite field with ¢ elements and @ € F*. Assume that ¢ =
1 (mod 3). Show that X® — a is irreducible over F if and only if a™5" # 1.
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[3)- Let
01000 o
00100 O
4—10 0100 o
1000 0 0 -2}
0 00 1 0 1
. 0 00 01 2

-

(a). Find the characteristic polynomial and the minimal polynomial of A.
(b). Find all eigenvalues for A.

(c). For each eigenvalue ), find a basis for the corresponding eigenspace.
(d). Is A diagonalizable ? Justify. _
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[2]. Let a,b be 5-cycles defined by
a = (12345), b= (13524).

(1). Show that the centralizer of a in Ss is the cyclic group generated by a.
(3i). Show that @ and b are not conjugate in As.
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[5]. Let K be the splitting field of X*— 3 over Q.
(a). Determine the Galois group of K/Q.
(b). Determine all the quadratic subfields of K over Q and their correspondmg

subgroups under the Galois correspondence.
(c). Find all subfields F of K such that [F : Q]=4 and F is Galois over Q.
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[4]. For each pair of rings from the kst below, decide which are isomorphic.
Give a brief justification for your answer. In this problem M; (R) is the ring of
k x k matrices over the ring R, and Z,, is the ring of integers mod n. '
(a)- M2(F), where F is the field with 4 elements.

(b). Mx(Zy).

() Z16® Zss.

(d). Zsd Zey.
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1. Let N be a non-identity normal subgroup of a finite p-group P. Show that
NN Z(P) # 1. (Here Z(P) is the center of P.)

2. Let Q be the rational numbers.

(a) .Prove that Q[X]/(X — a)Q{X] is isomorphic to @ for any a € Q.

(b) Suppose that I is an ideal of Q{X] such that Q{X]/I ~ Q. Show that
= (X — a)Q[X] for some a € Q.

31 1
3. Let A=10 2 -1}.
01 4

(a) Determine the characteristic and minimal polynomials of A.

(b) Let V = @, and let T be the linear transformation from V — V
associated with A. Split V into the direct sum V=V ® Vo & --- of
cyclic subspaces V1, V5, . ... Find a basis for each V;.

(c) Find the Rational Canonical Form (R.C.F) of A.
(d) Find a matrix P such that P™! AP is in Rational Canonical Form.

4. Let T : V — V be a linear transformation on a finite dimensional vector
space V. Suppose that W) and W, are eigenspaces of T with distinct
eigenvalues A; and A;. Let W = W, + W,: show that W = W, & W,.

5. Let K/F be a Galois extension of fields, of degree n; let p be a prime
number dividing n, and write n = p*m where p does not divide m.

(2) Show that there is an intermediate field E, F C E C K, such that E
has degree m over F.

(b) Suppose that E is Galois over F: show that F is then the unigque
extension of ¥ in K of degree m. .

6. Let f(X) be the polynomial X?— X —1 € F,[X], and let & be the splitting
field of f; here p is a prime and F, is the finite field with p elements. Let
o(z) = zP (for = € k) be the Frobenius automorphism of k.

(a) Fix aroot @ of f(X) in k. Show that {a,a +1,...,a+p—1} are
all the roots of f(X).

(b) Show that k = Fp(a).

(c) What is the order of ¢7 Hint: which root of f(X) is o(c)?

(d) Show that f(X) is irreducible.
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. Let G be a group, H and K normal subgroups of G.
a) Prove that there 1s a homomorphism ®:G—G/H x G/K with kernel HNK.
b) If G/H and G/K are abelian prove that G/(HNK) is abelian.

. Let G be a finite group and P a Sylow p-subgroup of G. Let K be a subgroup
of G which contains NG(P) ( the normalizer of P in G). Prove Ng(K)=K.

. Let Q denote the rational numbers, Z the integers, and p a prime in Z. Let
D={qe QI q can be written in form a/b where p does not divide b}.

a) Prove that D is a subring of Q.

b) Prove that the principal ideal pD has the property: if de D and d¢ pD, then
d is invertible in D.

c) Prove that there is a homomorphism from D onto Zp with kernel pD.

0
1

. LetA= and denote by R the field of real numbers.

——

0 0 —1
a) Find a vector veR* such that {v, Av, A’v, A’v} is a basis for R*.
b) With v as above, show that if p(x)e R[x] and p(A)v = 0 then
deg p(x) >3.
¢) With v as above, find a monic polynomial q(x) of degree 4 with q(A)v =0
d) For q(x) as in ¢), show that q(x) = m,(x), the minimal polynomial of A.

0 0 O
1 0 0
010

1

. a) How many similarity classes are there of 8 X 8 real matrices A with
minimal and characteristic polynomials: ‘
mu(x) = (x-1)’(x+1)% char,(x) = (x-1)°(x+1)*?

b) List a representative for each class listed in part a).

. Suppose Q is the field of rational numbers and K is the splitting field over
Q of x12-1. '
a) Prove that K= Q[V3,i]
b) Describe the Galois group G = Gal(K / Q).
c) List all the subgroups of G and the corresponding subfields of K
under the Galois correspondence.
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1. Let G be finite group and p a prime dividing the order of G. Assume that
a Sylow p subgroup P of G is cyclic.

(1). Show that P has a unique subgroup of order -

(i1). Suppose PNz~ 1Pz # {1} for all z € G. Prove that G possesses a
(nonidentity) normal p subgroup.

2. Let Qt be the additive group of rational numbers,

(). Let M be a maximal subgroup {(assuming it exists) of Qt. Show that

Qt/Misa group of prime order.
(i1).  Use (i) to show that Q¥ does not possess maximal subgroups.

3. Let V and ¥ be vector Spaces over a field F,and T : v — W a linear
transformation. Let {v1,vs, -+-1Um} be a basis of V. Prove or disprove the
following statements :

(1)- T is surjective if and only if T(v;), T(v,), ... -+ T'(vm) span W.

(ii). I T(x)#0foralli= 1,2,...,m, then the kernel of T is {0}.

4. Let AM,(C) denote the ring of n X n matrices with complex entries, C[X]
the ring of all polynomials with complex coeflicients, and let

2 -2 3
A=11 1 1 .
1 3 -1

Let ¢ : C[X] = M,(C) be the unique ring homomorphism for which HX)=A

and ¢(a) = a’for all @ € C.

(1). Find the characteristic polynomial of 4.

(ii). Describe explicitly Ker ¢.

(ii). What is the dimension of the image of ¢ as vecter space over C, (Briefly
Jjustify).

9. Let Q be the field of rational numbers.

(). Let K = Q(¥3). Show that Aut(K) = {1}.

(i). Find an extension L C C of K such that Aut(L) # {1} and the degree
{L:K]is as small as posssible. Is L uniquely determined ?

6. Let F, be a field of p elements.

(1). Show that there is an irrreducible polynomial of degree 2 over .
(ii). Find (explicitly) an irreducible polynomial of degree 2 over Fs.
(iii).  Use (ii) to construct a field of 9 elements.
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- 1. Let G' be the subgroup of a group G generated by all the elements of the
form aba~1671, a,b € G. Prove the following: . -
4 (a) G'is a normal subgroup of G.
9 (b) G/G'is abelian.
2 (c) Let N be a normal subgroup of G such that G/N is abelian. Then G' C N.
2/ 2. TRUE or FALSE. Do only 4 of the following, but you need to briefly justify
2 your answers.
(1) Every group of order 60 has a homomorphic image of order different from
60 and 1.
(2) There are 5 non-isomorphic abelian groups of order p*, p a prime number.
(3) There are no simple groups of order 42.
(4) If a,b are elements of a finite group, then ab and be have the same order.
(5) 1If every subgroup of a finite group is normal, then the group is abelian.

[o=9x

3. For each group G with |G| < 4, find a galois extension field K of the ratio-
nals Q with the Galois group of K over Q isomorphic to G.

QJQ,MQN G’%C,,) G=Cj3 ;)Gtcl'/) G~ CaxGy
4. Let K be an extension field of finite degree n over a field F.
(a) Let f(z) € F[z] be the irreducible polynomial for some a € K. Prove that
the degree of f(z) divides n.
(b) If M is a subring of K and F C M C K, show that M is a field.
(c) Let@,f € K and let [F(a) : F] = £ and [F(8) : F] = m, where € and m
are relatively prime. Show that [F{a, 8) : F] =.¢m.

G Lo

3. Let f(x),9(z) € Z[z].
(a) Suppose f(z) = g(z)h(z). Prove that if a prime number p divides f(z),
ie., p divides every coefficient of f(z), then either p divides g{z) or p divides
h(z).
3 (b) If f(z) € Z[z] is reducible in Q[z] then it is reducible in Z[z].

(¢) Give an example of a polynomial with degree > 1 which shows that the
/ converse of part (b) is not true.

~
0}

p 6. (a) State the Cayley-Hamilton theorem. _
{b) Let Abean nxn matrix over the field C of complex numbers. If T'r(47) =0
’-r for all i € {1,2,...}, then prove that A has 0 as an eigenvalue.
(c) Let A be a 3 x 3 matrix over the field C of complex numbers. Suppose
‘f« Tr(4) = Tr(42) = Tr(A43) = 0. Prove A% — 0.
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{1]. Let G be a finite abelian group and a,b be elements of G.
(a). Show that if ged(jaf, [b]) = 1, then ab| = lallb].
(b). Show that there exists an element g € G of order lem(|al, [b]).

[2]- Let G be finite group with a unique maximal subgroup. Show that G is a cyclic p group.

[8l. Let K = Q(v3, v5).

(2). Show that [K : Q] =4 and that K = Q(V3 + V).

(b). Find the minimal polynomial of v/3 + /5 in Q[z].

(c). List, (need not justify), all the automorphisms of K.

(d). Give, (need not justify), a primitive element for each of the extensions F/Q such that F is a subfield of

. K. :

{4]- Answer ‘true’ or ‘false’. Briefly justify your answer. _
(3)- If K'C F C L is a tower of fields such that F/K and L/F are Galois extensions, then L/K is a Galois
extension. '
(b). If [F(a), F] is odd, then F(a) = F(a?).

(c). Every element of a field K with p" elements is a p-th power of some element of K.

[5)- Let Rbe a ring with 1 and A4 be a subgroup of the additive group Rt of R. T

(2). Show that the quotient group R* /A is a ring under the natural product (a+ A)(b+ A) = ab+ A if and
only if A is an ideal. . o

(b). Suppose R is a field and A is an ideal. List all possible structures of the ring R/A.

[6]. Suppose that T is a linear transformation of a vector space V = RS with matrix

~

Il
OO O =
OO =S
SO~ OO
OO
NOOoOOoOO

relative to a basis v;,...,vs. For any v € V define my(z) to be the monic polynomial of least degree such

that my(T)(v) = 0.
(2). Find a vector we V such that my, (z) = (z — 1)%
(b). Find a vector u € V such that my(z) = (z —1)(z — 2).

A{c)- Prove that _there"‘is"'np w € V. such that m,,(z) = (z~1)3.
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(1). Let K be a normal p-subgroup of a finite group G. Show that K is
contained in every Sylow p-subgroup of G.

). Lethea.norma.l subgroup of a finite group G and H be a sub-
group of G. Suppose ged(|G : N|,|H[) = 1. Show that H is contained in
N.

- (3)- Let S = Q[z]/z?Q[z].

(a)- Fmd a basis for S as a vector space over the ratwna] numbet field Q.
Justlfy

~(b) Whlcheletnenl:sofSa.reum!:s7

(c)- List all the ideals of S. :
(d)- Prove that there is a nontrivial ring homomorphism from § to the .
complex number field C.

(4) Suppose that A4 is an n X n matrix over the oomplex number field

»CandA'“—Oforsomem>0
-(a)- Show that if X is an eigenvalue of A then A = 0.

(b). Determine the characteristic polynomial of A.

(). Prove A" =0.
{d). WntedownanSmatanforwhlcth—Obut B2 £ 0.
e). IszsannySma.tnxoveernthM3-—OandM"’#0 musthe

similar to the matrix B in part (c) ? Justify your answer.

“(5) (a)- Fmd the degree of the extension K = Q(v3,¥2) over Q

(b). Find an element u in K such that that K = Q(u). Jushfy your answer.

- (6) Let K = Q(v/3+ /5).
..z (a). Show that K is a splitting field of X* — 6X2 + 4.
::(b) Fmd the structure of the Galoxs group of K /Q

b
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Qualifying Exam in Algebra .
September 21, 1998

1. Which pairs of groups from the following list are 1somorphlc Justify your answer.
Here S; denotes the symrnetnc group on three letters; C, denotes the cyclic group of order n.

@ C,xCjg  (b) C,xC, (©) C4x S, ) S;xS,

2. Suppose G isa group.
(a) Use the class equation to prove that if IG1=9 theq G is abelian.
(b) If IG1=45 prove that G is abelian.

3. Let A bea commutatxve ring with 1. An element ce A is saxd to be nllp_g' teht;'i'f_f = ‘O vfor
some n=21. Let N be the set of all nilpotent elements of A. '
(2) Prove that N is an ideal of A.

(b) Prove that A/N has no nonzero mlpotent elements.
(c) If xe N show that 1'-x and. 1+x are units in A.

4. (2) Show that the splitting field F of the polynonual x2-1 over the field Q of rattonal
- numbers equals Q(\I—_ 1, ®), where .o is a pnmxtlve cube oot of 1.
N ®) List the elements of the Galois group G= G(F/Q) -

- (¢) List all subgroups of G and all subﬁelds of F S
(d) Write out the one to one Galois comespondence between these two hsts

5. Determme whether or not «1 isin the ﬁeld Q(a) where oz3 + o+ I = 0
Justxfy your answer -

L 6. Let V bea ﬁmte dlmenswnal vector space over the field C: of complex numbers
'if_’(a) Suppose S, T € EndC(V) w1th ST TS Show that there exxsts v.€ V:which is an

: () Let R. be a subspace of EndC(V) of paxrwxse commutmg transfo

o _show that there ex1sts a nonzero vector v whxch is an elgenvector for ¢ eveg[ element of R
() Let G bean mﬁmte subset of pairwise commutmg transformatlons in EndC(V) Show that

; there ex1sts a common elgenvector for G That is, there eyusts a nonzero vector v whlch is an
" elgenvector for every element of G '




Qualifying Exam in Algebra
| April 1, 1998

1. (@) If f: G, —->le is an isomorphism of groups, prove:
G, is abelian if and only if G, is abelian.

(b) Show that there exist two non-isomorphic groups of order 2k, provided k> 1.

2. Suppose S a Sylow p—subgroup of a finite group G, and N the nonna.hzer of S.in, G,
- Suppose H- is- asubgroup of G and g€ G. 'If H contains N and gNg provc that ge H

- (Hint: Prove that S and gSg are Sylow subgroups of H. Apply the Sylow Theorem for H)

3. Prove that a hncar transformatlon F: V- V of a finite dimensional vector space V is

_nilpotent if and only if there is a basis of V m whxch the matrix for T is tnangular Wlth all
dlagonal entries zero. - :

4. Let G be a finite group and F aﬁeld Suppose R is avector space over’ F thh b

{e,: ge G} Fortwoelements u= - xe and v=Y y in R Wlth x
. - geG ° '2eG _ , £

deﬁne their produc’t tobe: . |

In partlcular eg eh

Let uo = Y e Prove that
. 8G

the ]

3 ) .
. \\ N ! \

(over)’




5.Let fi(x) = x4+ 1998x +k, where k is an integer. Let Q be the field of rationa]
numbers. —
(a) Show that there exist infinitely many integers k such that f(x) is irreducible in Q[x1.
(b) Show that there exist infinitely many integers k such that f(x) is reducible in Qlx].

(Hint : When can an integer n be a root of the polynomial x'**° + 1998x + k 7

6. Suppose K is a subfield of C, the field of complex numbers, and K admits no propé_r odd
degree extension. Thatis, if E/K is an extension field of odd ﬁni‘te degree then E=K.

(@) If F/KK is a finite Galois extension, prove that [F: K] =2™ for some m.

(b) If L/K is an extension field of finite degree, prove that (L:K]=2" for some n.

(Hints. (a) Sylow subgroups may be relevant here.
(b) It might be reasonable to use part (a) in the proof.)



Qualifying Exam in Algebra
September 22, 1997

1. (a) Let F, be the field of 2 elements. Express the polynomial f(x) = X+x*+lasa product
of irreducible factors in F,[x].

(b) Let K be the splitting field of f(x) over F,, Find [K:F,]. Describe Gal(K/F,).

(¢) How many subfields does K have? Justify your answer.

2. Answer “True” or “False” to each question. Briefly justify your answers.
(2) Up to isomorphism there is exactly one field with 36 elements.
(b) If K/F is afield extension such that {K: Fl=n and if (m, n) =1, then an irreducible
polynomial of degree m in F[x] has no roots in K.
(c) I FcKc L is atower of fields such that K/F and L/K are Galois extensions, then
L/F is a Galois extension.
(d) Let C and Q denote the fields of complex and rational numbers. Suppose n e C with

. . 3
n°=1. Then —1 is nota sum of squares in the field Q({2-)
. s
[ Hint. Recall that x> —2 is irreducible in Q[x], and the field Q (‘5) is contained in the field of real

numbers. }

1 -1 2
3. Let vy=|1} Vo= 0|, v3=| 1| in R3,
_ 2 1 -1

(a) Prove that { v, v,, v4 } is a basis for R}
(b) Suppose that T: R3 SR s a linear transformation such that

. 1 1 1
T(vl){o}, T(v2)=[3], T(v3)=[ 1 } ]
o]l 0 —1
Find T([ 1 }).
' -2

* (¢) Find the matrix of T with respect to the basis {vi» v V51



igy/u ' ) -

4. Suppose G is a finite group. The notation H<LG means: H is a normal subgroup of G.
A subgroup A € G is “characteristic” if: ¢(A) S A for every automorphism ¢:G — G.
In this case we write A char G.
(a) If AcharH and H<G prove that A< G.
(b) Prove that Z(G) char G, where Z(G) is the center of G. —
(c) Suppose p is a prime and a Sylow p-subgroup S of G happens to be normal (S < G).
Prove: S.char G. |

s
\\’; \.)
. - ‘
. ¢ Q-
~

5. Let G=GL(2, p) be the group of all invertible 2 X 2 matrices over the field Fp = ZIpZ.
1 a
(@ If ga=[0 1] for ae Fp show that g’ = 1.

(b) If he G is an element of order p prove that h must be conjugate to g; = [(l) i] .

Thatis: h = s-gl's‘1 for some s € G.

(Hint. Canonical form theory might help here. Determine the minimal polynomial m,(x) € Fp[x].), .

6. (a) If thering R isa P.ID. prove that every non zero prime ideal in R is maximal.

(b) Inthering Z[x] (where Z denotes the ring of integers), prove that the ideal (x) is a
prime ideal which is not maximal.



O

Qualifying Exam in Algebra April 2,1997

There are six questions.Answer each question on a separate sheet(s) of paper
provided. Be sure to put your code name on each sheet of paper you wish to

be graded. GOOD LUCK!
. a) Complete the following statement, ( Need not justify) ;
A non-empty subset N of a group G is a normal subgroup if and (2)
only if ........... T
b)ForagroupG,letZ(G)={z/ze G,zg=gzforallge G }
Show that Z(G) is a normal subgroup of G (6)
¢) For G = S5 the Symmetric group of degree 3 , list ( need not - (2)
justify), the normal subgroups. What is Z(G) ? Justify.
. @) Give the definition of a simple group. (3)
b) Show that there are no simple groups of order 42. (4)
c) For n > 4 , what are the possible orders of homomorphic 3)

images of An the alternating group? Briefly justify this statement.

Let R=Z[i]={a+bil/a,be Z } be the principal ideal domain of Gaussian
Integers. Let ( &) denote the - principal ideal generated by .
a) Show that (13) is not a prime ideal of R. (3)
b) The quotient ring R / (13) is not a field. Justify this statement. 4)
¢) Give an ideal I of R different from (13) and R which contains (13) (3)
~and show that R/l is a field. .

Let M be an nxn matrix over a field F and let pM(x) € F[x] be its
characteristic polynomial. Assume pM(x) =(X - 7‘1 Wx - ).2 ) JOUO x - xn )} where
)”i e F are not necessarily distinct. Show

a) The matrix M is similar to a triangular matrix T. Briefly justify (3)
this statement. '

{

- polynomial for ;he‘ matrix g(M) is exactly S 4)
(x - g ) Xx - g(2y) Jooeen(X - g(?»,m) )
( HINT . Use part (a) ) ;

- ¢) If g(x) and Pp(x) are relatively prime ‘in F[x], explain AWhy g(M)

must be a non.singular matrix ' ' - (3)



Magorn | Poril o 1957
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5. Let Q denote the field of rational numbers.
a) Show that the polynomial f(x) = x4 - 2 is irreducible in Q[x]. (3)
b) What is the degree [ Q( o ) : Q ] where « is a root of x4 - 27 Justify. (4)

1
c) Write T3 in.the form ag + a0 +azot2 +a, a3, ae Q- (3)
a + 2

6. Let Q denote the field of rational numbers.

Answer " " or “False". Briefly justify your answers.

a) For ever%ﬁn‘f'é‘ger n there exists an extension E of Q such that [E:Q] = n,(2)
b) Every irreducible polynomial of degree n in Q[x] has n distinct roots in an

extension field. _ (2)

3 3 :
¢) The fields Q( \5) » Q( \2 @) are isomorphic where ® is a primitive

. cube root of unity. ' : (2)
d) The fields Q(\/_z_) and Q(\[g) are isomorphic. (2)

e) A finite extension E/F of a finite field F has a cyclic Galois group. (2)



Qualifying Exam in Algebra
September 23, 1996

1. Show that there does not exist any Simplc group of order 56.
2. Show that there are precisely 2 non-isomorphic non-abelian groups of order 8.

3. Let Q denote the field of rational numbers and let S be the set of all polynomials f(x) in
Q(x] such that some power of f(x) is divisible by (2+5)P(x+2)? in Qlx]

(2) Show that S is an ideal in Q[x].

(b) Find a polynomial of least degree in S.

4. Let R be the field of real numbers and let U be the subspace of R3

1 2
spanned by ( -1 J and ( 2 J Find an orthonormal basis for R3 which contains a basis of U.
1 3 '

S.: Suppose that A is-a5X5 complex matrix with exactly two eigenvalues , -1 and 2; and
suppose that the dimension of the 2-eigenspace is 3, thatis: dim(ker(A —2-))=3.
- (a) What are the poss;ble Jordan Canonical Forms for- A? Explain briefly why your list is
complete. -
(b) For each Jordan Canonical Form listed in (a), write down the Rational Canomcal Form
. the minimum polynomial and the charactensm polynomial.

6. Suppose Q is the field of rational numbcrs and K is thc sphttmg field over Q of x-1.

" (2) Find [X: Q.
(b) Describe the Galois group G Gal(K/ Q).

(c) List all the subgroups of G and the corresponding subfields of K
under the Galois correspondence.
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Qualifying Exam in Algebra %Q
March 25, 1996

(H. Allen, Ombudsperson)

1. Let GL(2, ) denote the group of all 2 x 2 invertible matrices with complex entries and let
SL(2, €) denote the subgroup of GL(2, €) consisting of matrices of determinant 1.

(a) Determine all the elements of SL(2, €) of order 2. Justify your conclusion.

(b) Give an example of an element A of GL(2, €) with A2=1 but A =+I.

2. If G is afinite group of order 36, prove that G has a normal subgroup of order
either 3 or 9. .

3. (2) Suppose R is aring with identity 1. Suppose x€ R, n is a positive integer,

and x"=0. Prove that x + | is aunitin R. _ .
(b) Suppose R is aring with identity 1#0. Prove that R is a division ring if and only if R
has no left ideals other than R and 0. -

4. Suppose K/F is an algebraic extension of fields (allowing the possibility that [K : F] is
infinite). Either prove the following statement or find a counterexample: -

If R is asubring of K with F 'SRC_:K, then R must be a field.

S. Suppose K is a field with a finite number of elements.
Prove that K| = p" for some prime number p and some positive integer n.

1227
6. Let A=l 21 2. °
1

2 2
(2) Find an invertible matrix P so that P'AP is a diagonal matrix.

. R
~ (Hint: Note that [1} is an eigenvector of A.)

(b) Find a matrix Q which in orthogonal (i.e.‘ QT =Q7h such that Q7'AQ is diagonal.
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Qualifying Exam in Algebra
September 18, 1995 W D

(P. Ponomorev, Ombudsperson)

1. Let Asg be the alternating group of degree 5.

(2) Show that A5 does not contain subgroups of order 15 20, or 30..
{b) Show that AS contains a subgroup of order. 10.

10000 o -
01000 S

2. Suppose that the matnx A=j01100 aqtsasalip@é_lr traﬁéfénnation qn_g? where

000720 | " ]
] o 01 2-

(a) Find the charactcnst:c polynomxal of the resultmg imear transfounatxon -
- (b) Find the minimal polynomial of the rwultmg linear uansformatxon M
(¢) Find a basis for the eigenspace corresponding to exgenva]ue [ T
(d) Find the rational canonical form of A.

3. Let Vbea vector space over R (where R is the field of real numbers), v, w non-zcro
elementsin V, ‘and T alinear operatoron V. Suppose that T(v) = 2v, Tw) = —w.
(a) Prove that v and w are linearly mdependent. (Do not just quote a theorem here.)
- (b) Prove that (x + 1) (x - 2) isthe monic polynomlal f(x) € R[x] of least degree such that -
f(T) (v+w) = 0. .



4. Suppose R is aring with identity and define the center Z of R to be ’\}\O\C)
Z={ze R : zr=1z forevery re R}. ‘?\O
' (1) Prove that Z is a subring of R.
(2) Suppose e e Z satisfies e?=e. Define f=1-¢ and prove that f2=f and ef=fe =g,
(3) Prove that Re and Rf-are 2-sided ideals of R such that Rean (0 and
Re+Rf=R. Also- prove that Re and Rf are rings with identity.
(4) Define g: R —> (Re) ® (Rf) by ¢() =(re, ). Is this map ¢ aring isomorphism?
Justify your answer.

S. Let .F be the sphttmg ﬁeld of the - polynomial x*~3 overthe field Q of rauonal numbers
j (a) Find the degree of thc cxtensxon {(F:Q]

1 (b) Deterrmne thc Galoxs group G of FAQ. , .

Y{ (c) Find all: subgroups of G of order4 and exphculy descnbe the correspondmg subﬁelds

(Hmt Therearé' subgroupsoforder4) , ,f:;...;_ .

6. Lct K Z (oz) wherc o xsarootof tex+1 manextensxonﬁeldof Z (Here Z
the field of two elements and you may assume that x* +x+1 is irreducible in Z, [x] )

~ Is a agenerator of the mulupllcauve group K#9 Justify your answer.
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Qualifying Exam in Algebra = March 27, 1995 57({

(A. Ash, 'O_mbudspers_on)

IletGbea group’ of order 495 3 5 11. Prove that G has a normal
subgroup of order 5 or I1. .

-Let G be a finite group witha normal subgroup H such tbat G/H is cychc
- -of ordér m-n for some meN. Prove that G has a normal subgroup K such

: that[GK] n .

LetVbea vector spa.ce S T € End(V) with ST = T°S

- a) Prove: If Vl is the l—eroenspace for S, then T(V 2 &E Vl

. b) Give exa.mples of S#od, T with SeT =ToS and an S-mvanant

N ’

,subspacerstuchthatT([Da:U o *

A

Let T:R™ R11 bea mlpotent operator (Le Tk 0 for some ke N)
a) Prove that. there exrsts a ba31s for Rn with respect to. whrch the matnx

of T is lower tnancrular B
b) Prove that if Tis dragonahzable then T = 0.
c) Give an example with n=3 such that T has a unique invariant

- subspace in each dimerision..

¢

Let R bea ring, I17-and _Izideals of Rsuch-that Ij+Ip =R.:Prove that- - ..

R/T1NE) = ®/11) X (R/12),

LetFp= ‘ =Z/pZbe the ﬁeid of p elements, where p is a prime: number.

. .Suppose K is.an extension field of Fp of degree n (so that K is a field of

T opn elements). Let K¥= =K- {0} ande FP {0} denote the

- multiplicative groups of units.,

a) Ifae K ,provethataP1 Irfandonlylfae Fp

b Ifae K¥, define N(o) =20 e Prove that N(a) < Fp*

‘and that N: K* - Fp isa group homomorphism.
c) Is N necessanly a sm]ectwe map?




V.

Qualifying Exam in Rlgebra September 19,1994 | 0‘\@(
| (P. Ponemarev Ombudsperson) _ ?\\};@

L Suppose that G = (g ) is a cyclic group of order 35.

(a) Prove (without usmg Sylow. Theory) that G has a subgroup -of - order A
(b) Prove that there is a surjective homomorplnsm ?:G— C where s". b

a cyclic group of order 5

IL. Let G be a group, - Aut(G) * the set of all automozpmsms of G
Let @ G — G be defined by 9,(x) = gxg -1,

(a) Prove that q:g s an automorphlsm of G
(b) Prove. that the map” 0'
(c) Show that the kemel of %

-_'.; " I[I Lef R beacommutauv ung_thhfl 'An 1deal‘:_.4M.e= R 1s md*'_ :

I_H_LI_Q__ if. ’whenever .I ;

_or I=R. Show that- Miis maxinial 1f and ‘only if the quouent ir
is a ﬁeld " :

(a) Detemine the characteristic', and minimal polynomials ‘of. A

(b) Find the Jordan Cénon'ical.-F_dﬁﬂF of A"

K

Let W be a proper subspace of vV with d1m W < dim V= 2 SRR
(a) Show that W is. the intersection of two ‘proper subspaces.:

(b) Is the result in (a) trué if one assumes only that W is propef?




.

VI. ~ Suppose a,Pe C are algebraic over Q and consider the fields
K=Q(a) and L =Q(B). (Here Q is the field of rational numbers ang C
is the field of complex numbers.) ‘

(1) Prove that [L(a):Li s.[Q(aj:Q]. | _ | :

For the remaining parts of this’ problem assume - that
Q(oc)/Q is a Galois extensmn. .

-

@ Let G= GaI(Q(a)/Q) and, H Gal(I.(cz)(L) e zthe'. Galoxs gmp;:
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Qualifying Exam in Algebra | 0«
- March 28, 1994 L ~é(<
) -J. Hsia, Ombudsman .

a) Show ﬂlatGl(_MnN )i
b) IanN =

g 2
b) Showﬂ:atforeachge_G_ pe=plf
c) Show ﬂlat G==NG(P)-H-J"

: hicible In"Q[x]
" b) FindﬁxespliﬂingﬁeldF ‘

’\ © Fid i Galois grou GE/Q)EE

Q (it ) of egrecs n s vt

denote the compositurh of F and F.(e: the smallésf subficld of C oo

a) Show that (EF: Q_]<nm, e e :
b) Give an example of E F(E;&F) for_wmchi[EF 'Q] <nm

your.answer (briefly)

6. Let Ac Mn(F), m(x) = xd-I-ad.lxd'l-!««i-ai £¥

a) Show that the F-subal ebra of My(F) gencmted by FI U{A} is Span{I,A,A2 - A
b)Show that {I,A,A2 m,Ad-l } isa basm forthe F-subalgebra generated by RI U{A}
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Quullfying Eunm in ﬂlgebra September 20 1993 v

. (@) IfA and B are subgroups of a finite subgroup 6 satisfgin‘g
the condition A B ={ e} , then show that |A .B| = 18l 18|
WhereA.B = {a.b/oe A,beB} -

(b) If 6'is any finite: group of order pq where P, s q are primes
with p < q; then prove that 6 can not contnin two® dlstinct
subgroups of rd £ no_Not use Sylow theorems'

(a) Define

- :-(b) Prove : Every finite: integmldomain -a'field. ‘

- 4c) Glue an euample {noproofs necessarg ')_ of a ﬁnit '
R integral domain.

a. Compute the cbarocterlstic ond the minimal polgnomiels for o
ﬂ'

b. What is the Jordan canomcal form of R ? L
C. lllhot is the rational cenonical form of a7

Ul Let A be anm & n metrm with coeff‘cients in e\field F, proue
_tbat if A has a left inverse i.e. there exists an. n #¥ m matriy B
such that BA = | then tbe columns of A are linearly

~ inﬁd’epen_dent.

N

.
e
]
Ry}
P

o
2
i

S

Yan



Qualifying Exam in -Algebra
o N,
April 1, 1993 _5]&

M. Madan ombuds_'man.

L. (a) Find an element of miximal order in'
(b) Find an element of maximal order ir

2. Let G bea group, a,be G with ab = ba. I god(al bl = 1, prove that
- labl = lallbl, {Igl denoting ‘the order of g) R

5. Prove that it A-and B are3<3 matrices with the Same minitim and

lynomials, then A and B imilar. Hint: think rational - . -

6. (a) Prove thaf t‘he“pol)"nbm'iél x4 + I'is irx‘educiblé inQx].” -
- (b) Find the degree of the splitting field E of x4 + [ over Q.
(c) Describe.the Galois group Gal(E/Q) -.



) Qualifying Exam in Algebra | 0{‘\/
September 23,1992 '
W. Sinnott ombudsman
L LetGbeafinite gr ' ofoddadawhxchamasagmupof onaﬁmtc
sct X of odd : vac:'lhcumnbctofG-mimson xsodd.

I Lcthc#ﬁmtegm@andHanoanalsubgmupomem (Iaucm])=1
vac _IfaisaﬂauwmmplnsmofG.dxm o(H)=H. . e e

III. IﬁFbcaﬁc!dandRanmﬁcgmldonmnﬂmtmakoaﬁnmcdmmmmalF-vccmr o I
spaoc.Showﬂ:atR:salsoaﬁdd. e

V- (a) Show'tbatr.x, : -xsmedudb]zmQ[x] e

-""(b)Fiﬂdﬂlc&lnngﬁcldFofﬂwpolynomnlx-zoan
() Find the oxsgmqu:G(FlQ) ' ,

d) Find all subgroups of G and snbﬁcldsofFandsctupaImlGaloxs

¢e between subgroups and comesponding subficlds, |

‘ Gomﬁéﬁlccham@msucandnnmmalpolymnna]sforA
b. What is the Jordan canonical formof A 7 i+ &
WhausthcmuonalcanonmalfozmofA? -

VLIthbeavccmrspamovaﬂnﬁcldk Wasubspaceof\'m&basxs,
{W I'WZ ,......,Ws} _V Vbutv 95 W. Provc that {WI'WZ ,......,Ws'




... 4Let O, 1 # ae Zbe ﬁxed. Sct_.,S {ses gcd(a,s) =- l}

Algebra Quallfymg Exam Sprmg 1992 -

A.Silverberg ombudsperson - (M

'i‘hnoughout this exam, Z, R, C are the integers, reals and compléx numbers, respectively. %

1.Definé a mapping @: Z{X] — C, by setting ¢(f(X)) = (i) wherc i =V=1 .

(a) Verify that ¢ is a ring homomorphism. —

(b) Suppose f(X), gX) € Z[X], g(X) monic with g(X)l f(X) in R[X] Show that gX)! £f(X) in Z[X]
(c) Verify that ker(g) = (X2 + 1), the (principal) ideal in Z[X] gcnctatod by X2 +1.
(d) Verify that X2 + 1 is irreducible in Z{X].

2.LctV=R4 cqmppedthhthcsmndaxdmncrpmduct.Lethcﬂlcsubspaoe spanned by

1 -1
B 11 0 et
the vectors | o |and| 1| Fmdabasis for Wi R4,
. . . 1 . 0 .'. )

3. Con51dcr thc 3x3 matnx A ,

a Show that A is dlagonahmblc'czb a—b=c=0'

b, Show that “A has at least’ two lmcady mdcpéndcnt cigenvectors @ ab=0
c. Find two linearly mdcpendcnt cxgenvoctors for A 1f a=c=1 and b=0

(a) Show that § is closed under multiplication withi 0¢S. -

b)LetM = {(rs)ireZ, se S} and deﬁnc (1,s) ~(';s") if 1s' = sT’, Show that ~ is an oqmvalcncc mlauon.
(¢) Let [r,s] denote the class-of (r,s) in (M,~) and Zg the set of all equivalence classes. It is known -

that (r,s] + [r*,s*] {rs* + sr¥,ss*] and [r,s}r*s*] = [ir*,s5"] equip Zg with the structure of 8 - - -~
commutative ring with ideatity. :Determine the additive identity and the multiplicative xdc:mty in Zs

(d) Define : Z — Zg by setting o(x) = [x,l] Show that q> isa homomorplusm of rings .
with identity and determine kcr((p) SIS
(c) For s €§, verify that q)(s) hasa muluphcauve mvcxsc in Zs

S. Let Fbe a finite field.
/ (a) Show that there is a prime p w1th (F1 = p¢ for some e 21.

(b) Show that X1 =1 forall x eF*., the set of all non-zero elcrﬁénts_ of F.

6. Let G be a cyclic group of order n. Prove that every ébbgl-oqp of G is cyclic.
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(1) Let pbea prime in Z
which have a constant te
(8) 1 is an ideal of Z{x1
(b) I is maxima —

(c) 1 is not principal
(d) ZIx}/1 is isomorphic to Zp.

and let | be the set of all

Polynomials in Z[x]
rm divisible by p. Show th

e Tollowing:

2. Lt E be the set of even intagers with ordina
. multiplication- x defined by a b =ab/2
ordinary multiplication in 2. Prove |
(d)Eisa commutative ring with identity -
(b) The map r: € 7 Zgiven byf(x) = x/2 is an tsomorphism.

ry addition but with g oy
where the right hand side is

: 3.1f,v..i.§_.-6_2;finite dimensionali ner
- Prove that ¥ is the directsum of W gng

N >
J) .

4. Determine an oriho
is diagonal. -

S.IfGisa nontrivia

1 finite p-gi‘o_Up (i.e. 1G] = p"; n:t,
then sho.w that the ¢

where p is a prime)
enter of G is nontrivial. -

VB 1 is any finite fielq then show that F*

, the set of nonzero. elements
of F, forms a cyclic group under the field multiplication.




Qualifying Exam in Algebra October 2,1991

1. Show that any group of order 224 contains a subgroup of order 28.

2. Let x be an element of a group G with order of x = mn, where m and n
are relatively prime integers. Show that there are unique elements a and b
inGsuchthatx=a.b=>b.aand order of a=m, and order of b = n.

3. Find the splitting field of the polynomial x 3.2 over Q the field of
rationals. Also find its Galois group G. Find all subgroups of G and the
corresponding fixed fields in the Galois correspondence and set up a one to
one correspondence between them.

4. Construct an explicit isomorphism between the following two finite
fields:

Fi=73[x1/x> +2x+2 andFy=Z3[x1/x> +x2 +2.

2 3

Hint: a=x“+ x+ lisarootof y" + 2y +2inFy .

5. Show that every mxn matrix of rank 1 over the reals has the form Xe.Y !
-where X,Y are column matrices. '

6. LetS, T: CLyCMbe linear transformations such that ST=TS Show
that if T is diagonalizable then S maps any eigenspace of T into itself.

7. Let R be the reals and let T be the ring of continuous functions from R
to R. ’

a. Show that if f in T is such that f 3= f then then f is one of three constant
functions.

b. Show that T is not isomorphic to R x R

8. Let a,b be in Z and let (a,b) denote the g.c.d. of a ,b and [a,b] denote the
Lc.m. of a,b . Show theére exists divisors u of a and v of b such that (u,v)=1
and u.v=[a,b]



1. Sdpposé Gis a group a
‘following statements: i

(i) If K is an

k3

integer re{atfvely prime“to -n ‘the

(i) If d is a _positivé -fht;gger;-:di{;fjdmgf_rn he

2. Let S'be a set of pnmenumber -an

with denomiqat?{_:s_
fo”owing:

() Ifab e Q where a,b- “Zand-a

then prove: ag/b ¢ Rg if and ~o_nly'if beI’f(S)
(i) Prove Rg is a subring of Q. L
(ili) If T is another 's'et;'df'pvrimefi(iqmb:e_r_s_»_. at L
Rs A Rt = RgAT.2 .__'.Ju_s'_tify‘.;your_._.answer.;f

73 Let E be the field with p" elements where p ia prime and fet
F* denote its ‘multiplicative . cyclic group of order- pn . 1, Answer
the following: ' ) '

‘(i) Shéw that o : a aP defines

‘? Show that ¢ is of order n.

iif) Deduce that th
order n. '

an automorphism of F.

group of all automorph_isms of F is cyclic of



4 7 Answer "trUe“ or “false” and briefly justify your answers: \ \
N _
l(‘) For every posxtrve mteqer n, Q has an extension of degree n. - U“) .
(u) Q(fz:, S¥2)/Q s not a simple extension. - - ... L

. (m) Given a fmrte group G, there ‘exists s_ome ﬁeld extensron FIK . LK
such that Gal(F/K) is :somorphrcto G R AT I e E‘i_: CoonT

(iv) a- polynomial f(x) in Q[x]- that is. lrreducrble of degree A has ‘
exactly n distinct roots in its* splrttmg Hield: over Q. 3 R

-
1
1
Py
:

. 5.Given A=7|3

l;eigenvalues -eigenvectorsiand ordgp ;
.-rthe basrs correspondm tl

'6 Suppose V is a vector: ‘space ‘of ,
LetT:V — V be a linear- transformatlon with minimal polynomral

x4 x2 -2 over Q. Answer the followmg .
(X'%J( ‘F[) Rl et

M Show.that n is even.

(i) Let V{ = {v in V : T2v = -v} and let Vo ={vinV:T2v = 20},
Show that both V4 and-Vo are T - mvanant and that V = .V1 @ Vo.
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Use u scpurate sheet for each problem attempted. Do not quote any result which would tivialize

" the problem attempted. A sufficient condition for passing is the complete solution of gt least foyr
l' Of the six problenys,

I, a Determine, dp.to isomorphism, all abelian groups of order 12,

" 'b. Desgribe two non-isomorphic non-abeliar_l groups of order 12. Bricﬂyjustify your
" © - claims that they are non-abelian and non-1somorphic, .=

2. a' La p beaprimeinteger, Let p be a finite group whose cardinality is a power of p. Let
+.; X beafinite set whose cardinality is not divisible by p. Suppose that £ is asubgroup
e 7 of 8(X); the group of all pemutations of the set X. Prove: P must fix some point
: .. TofX.ie g(z) =z forall gin P, _ .
- b. " Givean ¢xample of a finite set X and a finite subgroup .G of S(X) such that the
- -* . cardinalities of @ and X are relatively prime, but G fixegno point 6f X

3. Let. T ‘bea linear transformatién on a finite dimensional vector space V' c:wcr R (the reai
mbers): Let f (z) and g(z) be polynomials in R[] with , g)=1: Lei:

1 f T IO Vi (o 0

1]
3

{

i

<

H

s

{

1

g . P
i Prove: (
ll

¢

4

1

<4

{

3

3

:

t

Yo Vian Tt suspcks o ¥ and vy =0, -
R (z)g(z) with f and

b It m() is the minimum polynomial of T of andif ey

n-space with the standard inpes product enoted by (, ). Let -A
car ransformation, Let Af be th

Prove: The 1incar‘;'_ransfonnalion fisan isometry if and oaly if its matrix M is orthogonal.
"5 LetR bea commhfaﬁvc ring with 1. An ideal P of R is prime if Qﬁencﬁcr a and & are
In B and ab isin P, then cither @ isin P or § jsjq p. * el : -
a.  Prove: If M is amaximal ideal of R, then M is prime. _
b. Givean example of a commutative ring R and prime ideal p \:dlich is not maximal.
Give a proper maximal ideal Af containing P .~ .

6;/3. Let p(z) be a pélynomial of degree 4 whijch factors as g product of two quadratic
_ . . " ents. 14 Ml ;

b Let p(z) = 2 — 552 +6. Determine the Galois group G of p(z) over Q. List all
- - Subgroups of G and the intermediate fields o which they correspond under the Galois
correspondence, - : " B

¢ matrixof f:rélative to the standard




