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Analysis Qualifying Examination Spring, 2013

Please start each problem on a new page and remember to write your code on each page
of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1.

Let an, > 0 for n = 1,2,3,... and suppose that ) .  a, < co. Prove that there
exists a sequence 0 < b; < by < --- of real numbers such that b, — oo and
S oo?  anbn < 00.

Let z be a complex number such that |z|=1but z# 1. Let a1 >as >az>--->0
and suppose a, — 0 as n — co. Prove that the series -

oo
E anz”
n=1

converges. (Don’t just deduce this from a more general theorem. Give a detailed
proof.) '

Suppose that f: R — [0,00) is twice continuously differentiable. Let K be the
support of f. In other words, let K be the closure of {z € R: f(z) # 0}. Suppose
that K is compact. Prove that there is a constant C' (depending on f) such that for
each z € R, we have '

F(z)* < Cf(a).

Define a sequence (p,) of polynomials p,: [0,1] = R recursivély as follows: For each
z €[0,1], let po(z) = z and if po(x),...,p,(x) have already been defined, let

T —pn(m)2.

Pnt1(Z) = pu(z) + 5

Prove that as n — oo, pp(z) 1 1/ uniformly on [0, 1].

Let f:[0,00) & R be bounded and continuous. Prove that

b
lim sup l/ f(z) dz < limsup f(z).
b—o0 b 0 L>00

Let Z be the real vector space of Riemann integrable functions f: [0,1] — R. For

each f € Z,let ||f]| = (fol |f(z)]? dx)l/z. Let f € # and let € > 0. Prove that there
is a continuous function g: [0,1] — R such that ||f —g|| <e.



Analysis Qualifying Examination Autumn 2012

To pass, it is sufficient to solve four problems completely. You should exercise good judgement
in deciding what constitutes an adequate solution. Justify the applicability of the theorems you
use. If you are not sure whether you may use a particular theorem, ask the proctor.

2
1. Prove that the sequence (1 + %)n e ", n € N, converges and find its limit.

2. Prove or disprove that the function f(z) = sin(z%)/z, > 0, is uniformly continuous
on (0, 0o).

3. Let f:R — R be a twice-differentiable function with f”(z) > 0 for all z € [0, 1].
Assume that f(0) > 0 and f(1) = 1. Prove that there exists zo € (0,1) such that
f(zo) = zo if and only if /(1) > 1.

4. Prove that sup,, ze® et e~ dt = z.

5. If f is a Riemann integrable function on a closed bounded interval [a,b], prove that
. b "
lim [” f(z)cos™ zdz = 0.
n—e

sinnz

[o o]
6. Prove that the series Z

! n
n=1

, « € [0,1], does not converge uniformly on [0, 1].

Please: Use only one side of the sheet, don’t write on the other side. Begin each problem on a
new sheet, and remember to write your secret code name and the problem number at the top of
each page.



Analysis Qualifying Examination Spring, 2012
Please start each problem on a new page and remember to write your code on each page
of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1. Study the convergence of the sequence:

V2, V14+v2, \[1+y/1+V2, \/1+\/1+\/1+\/§,...

More precisely, decide if it is divergent (in this case, does it have an infinite lifnit?),
or convergent (in which case find the limit if possible, otherwise estimate it).

2. Let f: I = R be continuous and satisfy the inequality

F(54) <3 (fl@) + 1 ()

for all ,y € I, where I is an interval in R. Prove that f is convex. In other words,
prove that

f(A=tz+ty) < (1-t)f(z) +tf(y)

for all z,y € I and for all ¢ € [0, 1].

3. Let f: (1,00) — R be differentiable and define g, h: (1,00) — R by
f'(z) f(z)
g(z) = — an h(z) =~

Suppose g is bounded. Prove that h is uniformly continuous.
4. Let [a1,b1], [a2,b2], ..., [an, by] be subintervals of [a,b]. Assume that each point z in

[a,b] lies in at least g of these subsets. Prove that there exists k € {1,...,n} such

that (by —ax) > (b—a)Z.

5. Let f(z) =) oo (2"sin ﬁ for all z > 0 for which the series converges. Prove that
[ is defined and is differentiable on (0, o).

(o] e—pa:
6. Prove that sup z / dp=1.
>0 Jo pP+1

Om‘)ucASW\(LV\- %&rbfm’k \ﬂﬁvi'-{‘x‘}'zd



Analysis Qualifying Examination Autumn, 2011

Please remember to write your code on each page of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Notation. R denotes the set of real numbers and N denotes the set {1,2,3,...} of
natural numbers.

1.

Let f, g, and h be real-valued functions which are continuous on [a, b] and differen-
tiable on (a,b), where a,b € R with a < b. Define F on [a,b] by

flz) g(z) h(z)
F(z) =det | f(a) g(a) h(a)
f) g(6) h(b)

Prove that there exists ¢ € (a,b) such that F(c) = 0.

Prove that e™ > #€.

. Let f:[1,00) = R be bounded and continuous. Prove that

lim / ” ft)nt~"rdt = f(1).
L

n—ro0

. Let f: R — R be monotone and satisfy f(z1 + z2) = f(@1) + f(z2) for all 21 and

z2 in R. Prove that f(z) = az for all real numbers z, where a = f(1).

Let {rx}32, be the set of rational numbers of the interval [0,1]. Define f: [0,1] = R

by -
-7
f) =3 B
k==1 3

Then f is continuous on [0,1]. (You may take this for granted.) Prove that f
differentiable at every irrational point in (0,1).

o

. Consider a function f(z) = Y ov,anz" defined by a power series with radius of

convergence R € (0,00). Suppose the series converges at z = R. Prove that f is
left-continuous at =z = R. (Of course this is commonly known as Abel’s theorem on
endpoint behaviour of power series. You are being asked to prove that theorem, not
just quote it. Warning: The convergence at # = R may be only conditional. Indeed,
the result is almost trivial when the convergence there is absolute.)



Analysis Qualifying Examination Autumn, 2011

Please remember to write your code on each page of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Notation. R denotes the set of real numbers and N denotes the set {1,2,3,...} of
natural numbers.

1.

Let f, g, and h be real-valued functions which are continuous on [a, b] and differen-
tiable on (a,b), where a,b € R with a < b. Define F on [a,b] by

f(z) g(z) h(z)
F(z) =det | f(a) g(a) h(a)
f(0) g(b) h(b)

Prove that there exists ¢ € (a,b) such that F'(c) = 0.

. Prove that ™ > #°.

. Let f:[1,00) = R be bounded and continuous. Prove that

[e.¢]

lim f)nt™"1dt = £(1).

n—o 1

Let f: R — R be monotone and satisfy f(z1 + z2) = f(z1) + f(z2) for all z; and
z2 in R. Prove that f(z) = az for all real numbers z, where a = f(1).

Let {rr}z2, be the set of rational numbers of the interval [0,1]. Define f: [0,1] > R
by

o=y =
k=1

Then f is continuous on [0,1]. (You may take this for granted.) Prove that f
differentiable at every irrational point in (0,1).

. Consider a function f(z) = > oo ,anz™ defined by a power series with radius of

convergence R € (0,00). Suppose the series converges at £ = R. Prove that f is
left-continuous at « = R. (Of course this is commonly known as Abel’s theorem on
endpoint behaviour of power series. You are being asked to prove that theorem, not
just quote it. Warning: The convergence at £ = R may be only conditional. Indeed,
the result is almost trivial when the convergence there is absolute.)



Analysis Qualifying Examination Spring, 2011

Please remember to write your code on each page of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Notation. R denotes the set of real numbers, Q denotes the set of rational num-
bers, Z denotes the set {...,=3, —2,-1,0,1,2,3,...} of integers, and N denotes the
set {1,2,3,...} of natural numbers.

1. Let Ay < X2 < A3 < --- be the consecutive strictly positive solutions of the equation
T = tanz. Does the series Y > A\-2 converge? Justify your answer. (As part of
Justifying your answer, you should justify any estimates on A, that you use.)

2. Let f:(0,00) - R be twice differentiable and suppose that A4,C € [0,00) such that

for each z > 0, we have |f(z)| < A and |f”(z)] < C. Prove that for each z > 0 and
each h > 0, we have

A
@) < % +Ch.
3. Find the least constant ¢ such that
(T14+2a+ -+ 29011)? < ez} +axf+--- + 23011)

for all real values of Z1,%2,...,%2011- (For emphasis, let’s repeat that you are asked
to find the least such ¢, not just some such c.)

4. For each z > 0, the integral

*° sin t
I:cz/ dt
@ =/ T

exists as a conditionally convergent improper Riemann integral. (You may take this
fact for granted.) Prove that T (z) has a limit in R as ¢ — 0+.

5. Let (ax) be a sequence of non-negative real numbers. Suppose that for each sequence
(zx) of non-negative real numbers with limg 0 2, = 0, the series 330 | agzz con-
verges. Prove that the series Z,‘:‘_’__l ap converges.

2

2: . Does the sequence (f,)

6. For n =1,2,3,..., define f,: [0,1] R by fu(z) =

2n
en
converge uniformly on [0,1]? Justify your answer.



Analysis Qualifying Examination ‘ Auturhn, 2010

Please remember to write your code on each page of your answers.

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1.

2.

S,
Let S, =v1+v2+4---++/n. Find lim —7;—3% Justify your answer.
n—00

Let (ar) be a sequence of real numbers such that the series 3o, an converges. Prove

that
1 n
- Z kak —0
n k=1

as n — oo. (Hint: For any sequence (b,) of real numbers, if b, — b€ R as n — oo,
then % > %1 br — b as n — co. You may use this fact without proof.)

. Let f:[0,1] — R be continuous. Suppose f is twice-differentiable on the open interval

(0,1) and M is a real constant such that for each z € (0,1), we have |f"(z)] < M.
Let a € (0,1). Prove that

£l < 1£1) = 7)) + 5

Let f:[0,1] x R — R be continuous, define g: R — R by

1
mw=Lf@wm,

and suppose 0f/dy is continuous on [0,1] x R. Prove that g is differentiable on R.
and that

.]_8f
"y)= | —==(z,y)dz
| 9 () /an( Y)
for all y € R.

Let X be a subgroup of (R,+). (This means that 0 € X C R and for all z, ye X,
we have z+y € X and —z € X.) Prove that either X is dense in R or there exists
¢ € R such that X = cZ, where cZ={ck:kcZ}.

. Let f:[0,1] — R be Riemann-integrable. For each real number p>1,let

1
Ap=‘/0 pxP~ L f(z) de.

Let A =limsup,,, A, and let B =limsup,_,,_ f(x). Prove that A < B. (In case
you would like-a reminder, here is one way to define the limits superior that appear
in this problem: lim SUP,_,00 Ap = infge(1,00) SUPpe(q,00) Ap and limsup,_,;_ f(z) =
infue(0,1) SUPLe(w,1) F(2) )



Ombudsman: Professor J. McNeal
Analysis Qualifying Examination , Spring 2010

To pass, it suffices to solve four problems completely. You should exer-
cise good judgment in deciding what constitutes an adequate solution. In
particular, you should not try to solve a problem by just quoting a theorem
that reduces what you are asked to prove to a triviality. If you are not sure
whether you may use a particular theorem, ask the proctor.

1. Prove that if {a,} and {b,} are convergent sequences of real numbers,
with A = lim a, and B = lim b,, then

n—0 n—o0

aobn + a1bp—1 + -+ Gn—-1b1 + anbo _

lim AB.
n—00 n+1
2. For each n € N let fo(z) = _2_n,:v_3, z € R. Check whether the
T+ n

sequence (f,) converges uniformly on R.

3. Prove the following special case of the Riemann-Lebesgue lemma: Let

1
f:]0,1] = R be continuous. Prove that tlim / f(z)sintzdz = 0.

4. Prove this version of Cauchy’s mean value theorem:
Let f,g : [a,b] — R be continuous on [a,b] and differentiable on (a, b).
Then there exists ¢ € (a, b) such that

(f(5) — f(a))g'(c) = (g(b) — 9(a)) f(c)

5. Find the limit

1 [!cost
— —dt

m
z—0+tInz Jo 2+t

6. Show that for all z € R and all n € N we have

Please: Write your solutions only on one side of the sheet, inside the frame.
Write solutions to distinct problems on distinct sheets. On the top of each sheet
write your code (secret name), the number of the problem, and, if your solution
to this problem occupies several pages, the number of the page of the solution.



Analysis Qualifying Exam
Wednesday, September 23, 2009

Kenneth Koenig, Ombudsman

- For any sequence (a,) of positive numbers, prove that

lim sup (a,)"/™ < limsup fnt1

n—00 n—oo Qn

. Prove or disprove: f(z) = zlogz is uniformly continuous on

(i) the interval (0, 1].
(ii) the interval [1, co).

- Let f:[0,1] — R be continuously differentiable and satisfy f(0) =
f(1) = 0. Show that

/0 |f(z)]dz < 4 /0 22| f'(z)]? dx.

L. Suppose we define the sine function by the convergent series

oo
. _ (_l)n$2n+1
Siny = Z ‘W

n=0

Prove that there exists a > 0 such that sin(a) = 0.

. Prove that 2 s/ " 1
lim §n/ _—Zk=1k/

n—00 nl/2
exists and determine its value.

- Let f € C([-1,1]) and fil z?" f(z) dz = 0 for all integers n > 0. Prove
that f is an odd function.



Ombudsman - Professor Q. Costin
Analysis Qualifying Examination Spring, 2009

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove
to a triviality. If you are not sure whether you may use a particular theorem, ask the
proctor.

1. Let a; and b; be positive real numbers. Define

. 1 ’
Apn = \/'an'—l'bn—la b, = ’2‘-(0'71—1 + bn—l)

for integers n > 1. Prove that both the sequences (a,) and (b,) converge and have
the same limit.

2. Prove or disprove: If f is a continuous function on [0, 00) such that li{rl_l — =1,
’ T—r4-co xTr

then f is uniformly continuous on [0, 00).

N (—1)mHl g2 ! logz
3. Given that Z T S evaluate / T2 dz. Justify the steps made.
n=1 0

4. Let f,(z) = ﬁ:;?“x?’ n € N.  Prove or disprove: the sequence (fy) is uniformly

convergent on [0, 1].

5. Prove the‘following integral form of the Mean Value Theorem: If f and g are con-
tinuous on [a,b] and g(z) # 0 for all z c (a,b), then there exists ¢ € [a, b] such
that ‘ ‘

| /  F@o(e) do = (o / o(@) da.

6. Let f:[0,1] — R be continuous. Determine lim,, .o fol nz" f(z) dz. Prove your
answer. _

Please: Write your solutions only on one side of the sheet, inside the frame. Write solutions to
distinct problems on distinct sheets. On the top of each sheet write your code (secret name), the
number of the problem, and, if your solution to this problem occupies several pages, the number
of the page of the solution.



ANALYSIS QUALIFYING EXAM - SEPT 24, 2008
Vitaly Bergelson, Ombudsman

. Find the limit; -
lim n({/n —1).

. Find the value of the series:

. Define f : R — R by

e * if x>0,
f(x)‘{o it 7 < 0.

Prove that f is infinitely differentiable on R.

/ \/Ecosa:

T + 100
Is I convergent?

- Suppose that f, € C[0,1] for every n, fa(®) > fri1(z) for every n and z, and
Jim fo(z) = f(=)
for some function f € C[0,1]. Show that f, converges to f uniformly on [O, 1].

- Let f:[~1,1] — R be continuous. Prove that
' uf(z)

ulmdiﬂ——)ﬁf(()) asu—->0+.



Analysis Qualifying Examination Spring, 2008

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Notation. R denotes the set of real numbers, Q denotes the set of rational numbers,
and N denotes the set {1,2,3,...} of natural numbers.

1. For each n € N, let

+2n—1
2 2 2 on

Prove that S, — 3 as n — oo.

2. Let f: R — R be twice differentiable and suppose f”(z) > 0 for all z € R. Prove
that f is strictly convex on R; in other words, prove that for all s,¢ € (0,1) with
s+t =1 and for all u,v € R with u # v, we have

fsu+tv) < sf(u)+tf(v).

3. Let (z,,) be a sequence of non-zero complex numbers. Suppose that
1| g

lim sup
Zn

n—roo

Prove that Y -~ , z, converges.

4. Prove the following special case of the Riemann-Lebesgue lemma: Let f:[0,1] - R
be continuous. Then

lim /1 f(z) cos(tz) dx = 0.
0

t—o0

5. Let p € (—1,0]. Prove that there exists a convergent sequence (¢y,) in R such that
for each n € N, we have

i 1
SR = ——ntP t .
P 1+p ,

6. Let f:[0,2] - R be continuously differentiable. (Use the appropriate one-sided
derivatives at 0 and at 2.) For each n € N, define g,: [0,1] =& R by gn(z) =
n(f(z+1/n) — f(z)). Prove that the sequence (gn) converges uniformly on [0,1].



Analysis Qualifying Examination ‘ Autumn, 2007

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Notation. R denotes the set of real numbers and N denotes the set {1,2,3,...} of
natural numbers.

1. Let (ax) be a decreasing sequence of positive real numbers. Suppose that the series
Y oo, Mam:z converges. Prove that the series ) p.., ax converges.

2. Let f(z) = ze = f; es'ds for all z € R. Is f bounded on R?
3. Let f € C([a,b]), where a,b € R with a < b. Let
M = sup{|f(z)] : 3 € [0,8]}

and for each n € N, let

b 1/n
I, = (/ If(sv)l"dx> .

Prove that lim,_,. I, = M.

4. Let f: (0,00) = R be C'. Suppose that f has at least one zero and that f(z) — 0
as T — 00.

(a) Prove that f’ has at least one zero.

(b) Suppose in addition that f is C? and that f” has only finitely many zeros.
Prove that f'(z) -0 as z — 00.

5. Prove or disprove: For each uniformly continuous function f: [0,00) — R, if the
improper Riemann integral fooo f(t)dt converges, then limg .o f(z) = 0.

-

6. Let Z be the collection of all twice continuously differentiable functions f on R
satisfying f >0 on R and f” <1 on R. Find a constant C € (0,00) such that for
each f € & and for each z € R, we have

f'(z)? < Cf(z).

Justify the value you find for C.



Analysis Qualifying Examination Spring, 2007
VITALY BEREELSON , Ombudsman

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1. Let f:[0,00) — [0,00) be decreasing and suppose that f0°° f(z) dz converges. Prove

that -~
Jim (hnz::l f(nh)) = /0 f(z) dz.

2. Let C[0, 1] denote the set of continuous real-valued functions on [0,1]. Let p € (1,00).
For each continuous function f:[0,1] = R, let

171 = (S 1e1e) ™.
Prove Minkowski’s inequality in this setting, namely

IF +gll < 111+ Nl
for all f,g € C[0,1].

3. Let f:[0,1] = R be continuous. Define ¢: [0,1] = R by

ol@) = [ et ae

Prove that ¢ is differentiable and find ¢’.

4. Prove that the equation

2 23 z"
- —— e (=1 =
1 x+2 3+ +(-1) -

has exactly one solution in R if n is odd and no solutions if n is even.

5. Let (an) be a decreasing sequence of positive numbers such that Yoo 1 n < 0O.
Prove that na, — 0 as n — co.

6. Let f be a continuous function on [0,1]. Find

1
lim n/ ™2 f(z) da.
0

=300

Justify your answer.



Analysis Qualifying Examination Autumn, 2006

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1.

Prove the following version of I’Hospital’s rule: Let f,g: R — R be differentiable, with
¢’ (x) never 0, and suppose that as £ — oo, we have g(z) — oo and f'(z)/g'(z) — oo-
Then f(x)/g(z) = oo also.

. Define f: [0,1] = R by

. 0 lf.'EE[O,l]\Q’
flz) = {% ifz=2€[0,1]nQ,

where p and ¢ are coprime integers. Prove that f is Riemann integrable.

Let az > 0 for each k € N. Prove that if Y 4o ; ax converges, then > 2>, i;;i—h also
converges.

. Let (f,) be a sequence of functions from [a,b] to R, where a,b € R with a <b.

Suppose that for each ¢ € [a,b], (f) is equicontinuous at c and (fn(c)) converges.
Prove that (f,) converges uniformly. (To say that (f,) s equicontinuous at ¢ means
that for each € > 0, there exists § > 0 such that for each z € [a,b], if |z — ¢| <6,
then for each n, |f.(z) — fu(c)| <e.)

. For each a € (0,00), define fo: (0,00) = R by fo(z) = x%logz. For which values

of o is f, uniformly continuous? Justify your answer.

S
I=/ / dz dy.
0o Jo 1—zy

Find a,b € R such that I € [a,b] and b—a < 1/2. Justify your answer.

. Consider the integral




e

~ Analysis Qualifying Examination - - Spring, 2006

. To pass, it is sufficient to solve four problems completely. You should exercise good judge- -
ment in déciding what constitiites an adequate solution. Tn particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to. o
- atriviality. If you are not sure whether you may use & particular theorem, ask the proctor. =

' convergence for the series

2.

- Determiitie the radius of convergeice and behaviour a

TetneN. Define P-R>R by -

ndpoints of the interval of

T~

L n=1

- Clearly P s a polynomial. Prove that the roots of P are all real and lie in the interval -

REns

[o o}

Let (z,) be a sequence of strictly positive real niumbers. Suppose that % 4.

converges. for each sequence (y,) of strictly positive réal nutibers such that 'y, — 0

- as n'— 60. Prove that 3°°0  z,; < 00.

‘converges. Prove that

1

- Find the limit of m Y > =% as m — co. Justify your answer.

. Let n € N and let a1,02,,...,0, € (0,00). Let .

a1 +as+ - +an
‘. n . -

G = (a1az---ap)/™ and A=

Prove that G<LA. ..

Let Iz j[O‘-, o'o)‘ SR. Suppose—thsit-.,f' is uniforml_yf@:ontimous' and that

- .'; A/:éf(x)d:;:

lim f(z)=0.

300 . |



o Analysis 'fQuaIif&ing Examlnatlon o L Autumn, 2005

e To pass, it is ﬁsuﬂiéiéhﬁ to solve fo’ur":;':)i“o'blems cempletelyYoushouldexermse good judge-’

- .. 'L. Determiine whether > n=1Gn converges, where .

ment in deciding what constitutes an adequate solution, In particular, you.should not try
. tosolve a problem by just ‘quoting a theorem that ‘redug"e's what you are a's'ked‘to prove to -
o a triviality. H you are not sure whether you may use apartlcular theorem, ask the proctor.

Y O et ifnis asquare; -
an=14< AR
n~2 .otherwise.. .. -

Justlfy your answer .

L. 20Let fi R Rebe twice continuously diffsrentiable.’ Suppose that [f"(@)| <1 for

" all zand that f(—1) = f'(=1) = f(1) = f'(1) = 0. What is the maximum possible
S _ value for £(0)? Jﬂstify'yot;r_ answer. o e ' o

3. Prove of disorove: Tha seriae S SIME oL

o 3 Prove or disprove: "I‘Vhe‘ 's'e'r'lesv ,,Z.__; mcgnverges uqur@y 011 [_ 7“7(] ..

o .':f4.,:i-'.-Sﬁ'pp6$eg that f [0,1] 5 R is 'éontinuoué, andhas a Tocal max1mum at each point in -
0 ]0,1].-Prove that f is constant. I S - '

,5'.‘_Proye or disprove: For each unbounded open set U C (0,.00), the function f defined
by f(z) = z? is not. uniformly continuous on"-U.

6. Let (a,) be a sequence of strictly positive real numbers. Prove that

a - e 1/n
2+1 < liminf g/ ",

liminf
n



Analysis Qualifying Examination Spring, 2005

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

1. Let

T —1+1+ —{—l logn
n = 2 n 08

for each n € N. Prove that z,, converges as n — co.

2. Prove or disprove: For each continuous function f: [0,00) = R, if lim;_,e0 f (t) = 0,
then

1 (7T
lim — dt = oo.
im /0 f@)dt =00

T30 T

3. Prove or disprove: For each function f: R — R such that f is differentiable at 0,
and for each strictly decreasing sequence (a,) in (0, 00) such that lim,_,qa, = 0, we

have
i £(an) = F(any1)

n—rco Qp — a'n-l-l

= 1(0).

4. Let f be an n times continuously differentiable real-valued function on [a, b], where
a,b € R with @ <b. Suppose that the n-th derivative of f satisfies f(*) (z) > 0 for
each z € [a,b]. Prove that f has at most n zeroes in [a, b].

5. Let f:[0,1] = R be continuous. Suppose that

1
/ f(@)g'() dz = 0
0

for each continuously differentiable function g: [0,1] — R satisfying g(0) =0=g(1).
Prove that f must be a constant function.

6. Prove that o
@)= (-1 og(1+ 2)

n=1

is defined and differentiable on the open interval —1 < z < oo.



6.

Analysis Qualifying Examination Autumn, 2004

To pass, it is sufficient to solve four problems completely. You should exercise good judgment
in deciding what constitutes an adequate solution. In particular, you should not try to solve
a problem by just quoting a theorem that reduces what you are asked to prove to triviality.
If you are not sure whether you may use a particular theorem, ask a proctor.

Please, begin each problem on a new page. Remember to write your code name at the top
of each page. Since the problems will be graded from photocopies; please write only inside
the margins that are marked on each page of answer paper and do not write on the backs of
the pages of answer paper.

Suppose that (a,) is a decreasing sequence of positive real numbers such that ) ay,

diverges. Prove that lim 2 tost-. - Fomir
n=s3oo Qo+ 04+ ...+ ao,

Suppose that f is a C! function on R which has the properties that hm f(z)=
and lim f'(z) = B for some real numbers A and B. Show that B = 0

T—r—+00

Let ¢ € C§°(—1,1) (recall that this means that ¢ is infinitely differentiable and ¢ is
identically 0 in some neighborhood of —1 and 1). Show that for any natural number
N, there exists a constant C = Cy such that

1
’/ e op(x)dz| < CAV
-1
for all A > 0.

Let f be a differentiable real valued function on [1,00) and suppose that f’(z)/z is
bounded. Prove that the function f(z)/z is uniformly continuous on [1,00).

o0

1
‘Let f(z) =)  ———= for z > 0.
iz +n’ls

(a) Find zgﬁo f(z).

(b) Find lim 285
z—+0  logz

If f is a differentiable strictly increasing function on [0, 1], can the set {z : f'(z) = 0}
be uncountable? (You have to justify your answer, of course.)



Analysis Qualifying Examination Spring, 2004
To pass, it is sufficient to solve four problems completely. You should exercise good
judgment in deciding what constitutes an adequate solution. In particular, you
should not try to solve a problem by just quoting a theorem that reduces what

you are asked to prove to a triviality. If you are not sure whether you may use a
particular theorem, ask the proctor.

Please begin each problem on a new page. Remember to write your code name at
the top of each page. Since the problems may be graded from photocopies, please

write only inside the margins that are marked on each page of answer paper and
do not write on the backs of the pages of answer paper.

Let f: [-1,1] - R be continuous. Show that

lim 1 L(a;)dzzf——- 7rf(0),

u—0+ J_; u? + 12
Let (an) be a sequence of real numbers. Suppose that the series ) any, converges
for every sequence (y,,) with limy, = 0. Prove that 2 an converges absolutely.

Define h(z) = vz2 +1 for z € R. Is h uniformly continuous on R? Why?

Let U be an open set in R. Show that U may be written as a countable (or finite)
disjoint union of open intervals.

If a function g: R — R is differentiable everywhere and g’ is one-to-one, prove that
¢’ is monotone.

Let the function ¢ be continuous on [0, 1] with

1 1
,/. p(z)dz =0 and / zp(z)dz = 1.
. Jo : 0

Prove that [¢(z)] > 4 for some z € [0, 1].



Analysis Qualifying Examination Autumn, 2003

To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

Please begin each problem on a new page. Remember to write your code name at the top
of each page. Since the problems may be graded from photocopies, please write only inside
the margins that are marked on each page of answer paper and do not write on the backs
of the pages of answer paper.

1. Prove or disprove: g(z) = sin(e®) is uniformly continuous on R.

2. Suppose (f.) is a sequence of functions on [0,1] which converges pointwise to a .
continuous function f and suppose that for each n, the function f, is increasing on
[0,1]. Does it follow that f, — f uniformly? Justify your answer.

3. Let a, | 0 with > oo, a, < 0o. Prove that na, — 0.

4. Construct (or prove the existence of) a continuous function f on [0, 00) such that the
improper integrals f0°° f(z)dz and f0°° zf(z) dz are both well-defined and equal to

zero, but [5° |f(z)|dz = oo.

is

5. Suppose f' exists and is decreasing on [0,00) and f(0) = 0. Prove that @

decreasing in (0, 00).
6. Let f € C?[a,b], where a,b € R with a <b. Let m = (a + b)/2, the midpoint of the
interval [a,b]. Prove that there exists ¢ € (a,b) such that —

o
| H@dz = b= a)f(m)+ 570 o



PN

Analysis Qualifying Examination Spring, 2003

To pass, it is sufficient to solve four problems completely. You should exercise good judge-

ment in deciding what constitutes an adequate solution. In particular, you should pot try
to solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor. -

Please begin each: problem on a new page. Remember to write your code name at the top

- of each page. Since the problems may be graded from photocopies, please write only inside

the margins that are marked on each page of answer paper and do not write on the backs -
of the pages of answer paper. :

1. Find a triangle ABC of maximum area if 4 — (-1,1), B=(2,4), and
Ce{(ny):y=2> -2<z<2).

2. Let Ia be differentiable on [0,1] and suppose:
(a) - For each n € N and each z € [0,1], [fi(z)| < 1;
(b) Foreach g Qn [0,1], the sequence of numbers (fn (9)) converges.
Prove that the sequence of functions (fn) converges uniformly on [0, 1].
3. Let f be twice differentiable on R and suppose there are constants A,C € [0,0)

such that for each z € R, |f(z)| < A and [f"(z)] < C. Prove that there is a constant
B € [0,00) such that for each z € R, |[f'(z)] < B.

4. Let f be a continuous function on [0,1]. Determine

1
lim n/ =Y £(2) dx.
n—oo 0
5. Either prove the following statement, or disprove it by giving a counterexample: For
each nonnegative continuous function f on [0,00), if the improper Riemann integral
{o o] o0 .3 . . .
Jo” f dr converges, then Jo~ 72 dz converges.

6. Let K be a compact subset of R® and let f be a map from K to K. Consider the
graph of f:
. sz{(:c,f(x))::cEK}.

Prove that if G f 1s a closed subset of K x K , then f is continuous.



AnalySIS Qualifying Examination - | Autumn, 2002

' To pass, it is sufficient to solve four problems completely. You should exercise good judge-
ment in deciding what constitutes an adequate solution. In particular, you should not try
_to'solve a problem by just quoting a theorem that reduces what you are asked to prove to
a triviality. If you are not sure whether you may use a particular theorem, ask the proctor.

‘Please begin each problem on a new page. Remember to write your code name at the top
of each page. Since the problems may be graded from photocopies, please write only inside
the margins that are marked on each page of answer paper and do not write on the backs
of the pages of answer paper.

1. Determine whether the sequence of functions

‘ n b1 mZk-—l .
Fn($)=2('—1) M3 n=123,...,
k=1

| converges uniformly on the whole real ﬁne.

2. Prove that the sequence
:cn=_1+l+l1—+v---+—1———-lnn, n=123,...,
-2 3 n
converges as n — co. (Here Inn means the natural logarithm. of n.)

3. Let K be a compact subset of R% and let f: K — R be continuous. Prove that f is
uniformly continuous.

4. Let f: (a,b) =+ R be a convex function. (To say that f is conver means that for all
To,T1 € (a,b) and all ¢ € [0,1], we have F((1— )z + try) < (1'—¢)f(wo) +tf(z1).)
Prove that the right hand derivative of f exists and is finite at every point of (a,b).
(Of course the same is true for the left hand derivative, although you are not asked
to prove this.) :

5. Let. f: [0,00) — R be uniformly continuous and suppose that the improper Riemann
integral [* f(z)dz converges. Prove that f(x) = 0as z— co.

6. Let f:R — R be increasing. Prove that f has at most a countable number of
discontinuities.



Analysis Qualifying Examination , iS‘Pr_i-ng, 2002

To :pass, it is sufficient to solve four problems completely.

Please begin each problem on a ._new‘ page. Remember to write your code name at-the top
of each page. Since the problems may be graded from photocopies, please write on only

one side of each page and leave adequate margins. .
S (_‘aﬁ{( W<0¢<5 .

1. Prove this form of Dini’s theorem: Let (f.) be a sequence gm functions
on the closed bounded interval [a,b]. Suppose that for each ¢ € [a,b], we have
fa(t) > faga(t) for all n and lim,_,., fa(£) = 0. Prove that (f,) converges uniformly

“toOon [a,b. ' ' - :

2. Let f be a differentiable function from R..to R. Suppose that for each zE€R, we
" have ’
1

~ . < @) < ——.

Show that tﬁere exists ¢ € R such that .

' —2¢
’ == -
fl9= (1+2)? |

3. Define a function f on the interval (0,1) by

S(=) = > s____ingx) -

k=1

\

Prove that f is differentiable on (0,1).

4. Let f be a continuously differentiable function from the interval [0,1] to R. (Use
one-sided derivatives at the endpoints of the interval.) Suppose that f(1/2) = 0.
Show that - '

: 1 ) T .
| v@ras [ e
. 0 | _ o
5. Let f be a continuous function from the interval [0,1] to R. Compute ...

Tl
lim n/ " f(z) d=. .
0

n—3o0
Justify'your answer.
6. Let (z,) be a sequence of real numbers. . For each n, let

gt
A= T

n

Suppose x,, — 0o as n — 0o. Show that A, 200 3as 1 - 00.

<
=



Qualifying Exam in Analysis =~ October 1, 2001
Four complete solutions are sufficient for passing.

Pleasé don’t writé on the back of sheets. .Use distinct sheets for distinct problems. Put .
your code name and problem number at the top of each sheet. Number separat;ely the
pages related to distinct problems. ' ’

Attention: If you use a theorem, please formulate-itAand verify its applicability.

ama: +...+a1:c+ao

bt . b+ by
Prove that there exists g € R such that R is strictly monotone on (0, 00).

1. Let Rbea non—constant rational functzon R(z) =
: DY Lim s 20 7)-
2. Find (3) nli)r{)xo sin(mv/n? + 1); |
GiY T cin 3
(11)_n1i’r£1°sm (=vn2 +n).

3. Let f be a continuous.function on [0, 1]. Prove that

exp( /0 #.f(%v) dﬁv) < /0 1éxp(f(ﬂ?))'dﬂc-

1
4. (i) Prove that for every n= 1 2,... the series Z converges.

k—n+1(‘/k n \/—)

(n) For each'n €N, let S, be the sum of the above series. Evaluate lim 2%

n—}m f

9. Prove the .theorem on term-by-term dﬂferentxatlon of power series: if r > 0 and

fz) = Z @nx™ converges for —r < x < r, then g(:c) Z na,z"1 also converges
n=0 - n=1

for—r<:r:<r and f'=g.

" ' . (z
6. Let a function f be uniformly continuous on [1,c0). Prove that the function F (=)= I—(;—)-
1s bounded on {1, 00).



~

Qualifying Exam in Analysis March 26, 2001

Four compléte solutions are suflicient for passing.

Please. use only one side of every sheet, and use distinct sheels for distincl problems. Write

your code name at the top of each sheet.

1. State and prove C&uchy s inequality for real sequences (ee)?y and (bL) 11 and Obtd.ln

necessary and sufficient conditions when 1t is an equahtv

2. How many positive solutions does tlie equation e* = 4cosz have? Prove your answer. -

3. If f is a convex functions on [0, 1}, prove that f(z) + f (1 — z) is decreasing on {0, 1]

(A function f is conver on {a,b] if for any z,y € [a.b] and any 0 < ¢ < 1 it satisfies
fltz + (1 - t)y) < tf(z) + (1 — ) f(y)- Note that f is not assumed to be differentiable.)

. ) s R
4. Let a> 1. Find nlgl:o(a Ya)".

5. Consider the series
z? z* 2

2 B g
z° -+ 1+:):2+(1+2:2)2 +-'"+(1+x2)“ + ...

(i) Prove that the series converges for every real z.

(ii) Does the series converge uniformly on R? Prove your answer.

6. Let f:10. oc) —3 R be non-negative and continuous and let fo f(©)de converge

(i) Show that these conditions do not imply that f (I) — 0 as z — oo.
~(ii) Show that under the additional condition that f is umformly continuous on {0,00),

f(z) 2 0as z— oo.



AU 2000 ANALYSIS QUALIFYING EXAMINATION

Four complete solutions are sufficient for passing.

Please, use only one side of ebery sheet, and use distinct sheets for distinct problems!

1. Let a, > 0 for all n > 1. Suppose that there exists

. Prove that lim a,, exists too, and

n—+o0
X 1
lim a7 = q.
n—3o0

2. Determine all real numbers « such that the sequence gn(:z:) = z%™* . is uniformly
convergent on {0,00) as n — oco. S

3. Prove 'th.at the theta-function

0(1:) — Z e—-—rnz:t:

n=—oo

is well defined and infinitely differentiable forz > 0.

4. Suppose 1 < a < 1+ . Prove that the function

- 1 - g
_ J =%sin 3, ifz#£0,
f("’)_{o | if =0

is differentiable on [0, 1], but its derivative is unbounded on [0, 1].

3

5. Let I [0,1] — [0,1] be increasing. Usmg the partltlon deﬁmtxon of the Riemann
integral, prove that f is Riemann integrable.

6. Suppose that f:[0,00) — R is continuous. Prove that if -

f F(a) dz = Jim / F(z) do

emsts (m shor(, 157 f(z) dz converges), then [;° e~ f(x)dz converges for every a > 0

and
O

lim | e f(z)dz = / o<}'(:1:) dz. R
0

a0t Jg



Analysis Qualifying+ EXa’in‘iriat_idﬁ?“?{?iié'r'éﬁ‘z“i?’é’ﬁb"b%
Solve the problems on the sheets provided. Use your code name. Work
Separate problems on Separate sheets. Write on one side only, and keep

adequate margins. Four problems, done correctly and completely, will be* -
sufficient to pass,

1. Determine whether or not the fol iowlng statement is correct. If it is
correct, prove it If it is not, provide g counterexample,
Let £:[0,00) > R pe continuous, and let {iMy—yo, £(x) = 0,

Then f is uniformly contlauods-on {0,e0).

2. Determine alf real numbers « for which the improper fntegral-
00 . ‘ . | - . .
f X*siax?) dx (@) Coaverges absolutely, (if) ‘converges.

r . _ :

3. Let (aj ) be a real sequence and {et a be a reaf number. We say that
di converges to a in the sense of Cesaro if and oaly if

limg—o (1/0) X aj =a.
L=

Show that {f aj convergesto 3 in the usual sense, then aj
also converges to a in the sense of Cesiro.

4. Let a>0 and ¢35 0pe given. Find a positive constaant K, depending

on 3 and ¢ « Such that for éu X2 K, the inequality logx<e )(a

folds. Veri fy that your constant works. lt is not necessary to
find the (east possible K.

S. For a bounded interval [a,b], fet M pe the set of all continuous
strictly positive functions onla,bl.For f in M, fet L(f) be defined by .

- L= .
L = {f 160 &} {f1/660) }.

For what-tunctiqn(s) f does L(f) attain its minimum value, and
what is that minimum vafye ?

6. P_rove the fo’llowiv'ing ( Ari thmetic-GeometricAMeaﬁ ) inequal ity. -
{f 0 isapositive integer, and if Xle+ « « Xpare positive numbers,

.the-ﬁ:(x] x2...xg)t/a ¢ (/) ( xq X2 .. i+x)



BCT 66 1999

AU 1999 ANALYSIS QUALIFYING EXAMINATION

1. (20 pts.) Prove that if (Sn)nen is a sequence of real numbers, and if the ﬁnitc
lim, 300 5n exists, then i

[’ 4

E Saz"
n=0 ’

converges for all = in (—1,1), and, furthémwre,

- o ! -
lim (1—2x) E Spz™ = lim s, .
x—1— = : n—+oo .
n=0 ) )

2. (20 pts.) Give an ezample of two sequences of real numbers (@ )aeN and (bo)nen
such that y 7 a, converges, Img—s00bn =0, (by)nen is positive, and E?:o a.b,
diverges. :

3. (20 pts.) Let f be a real valued function such that f € C([0,00)), and the
improper Riemann integral floo f(z)/= dz converges. Prove that for all a > 0 and
b> 0 we have

' lim / % f(az) ;f(bx) dz = f(0) log;l:- .

~30+
( : ) ’ nGN’
n+41

5. (20 pts)) Let f : R — R be dz:ﬂrcrcntiéble i R. ;S'upposc' fi(-1) = —i and
J'(1) = L. Prove that f' must vanish at some point in (—1,1) [do not use Darbouz’s
Theorem]. o "

4. (20pts.) Prove that

is a decreasing sequence.

G. (20 pts.) Let (fu)nen be defined by

2,2 :
det 7'z :
| f"(z):m’ —1<z<1.
(i) (5 pts.) Find f = limaryo fo in [—1,1].
(ii) (5'pts.) Prove or disprove that

1 1
lim / fa@)dt= [ f(t)dt.
n-3+00 —1 -1

(1ii) (10 pts.) Prove or disprove that limn_,oo S = f is vniform in [—1, 1]



SPRING 1999 ANALYSIS QUALIFYING EXAM

1. Find a sequence of functions {f,} € C({0,1]) such that f, — f (n — 00) with
f € C([0,1]), but |

/(;lfnﬁ/olf, ';n—‘-)oo.'

2. Leta, €eR*, neN. Prove that if > g1 @n converges, then

5
‘1
7=1
converges as well.
3. Let f be a C? function on the real line. For k£ =0,1,2, define
M;. = sup | f®(z)],
z€ER

where () denotes the k-th derivative of f. Prove that there exists an absolute

constant K [independent of the function f and its derivatives] such that
M1 S\K\/'MQ - .Alz.
Hint: you may wish to use Taylor’s theorem.

4. For n € Nand = € R*, define

Jilz) = vz
Jasi(z) = Vz + folz).
Prove that { fx} converges uniformly on every interval [a.b] where 0 < a < b < 0o. v

Typeset by AxS-TEX



5. Let f € C(R) and suppose that limyz| 00 f(z) = 0 Show that f is uniformly

continuous on the entire real line.

6. A theorem of Weierstrass says that the uniform limits of polynomiais on
[0,1] is the set of all continuous functions on [0,1]. - What is the set of uniform -
limits of‘polynomials on [0,1] with only even exponents without constant terms,

i.e., polynomials of the form

. .
sz + agzt + - -+ agr®?



<.

Qualifying Exam in Analysis -
- ) _ : September 23, 1993
Lour completely solved problems are sufficient for passing. Please write on only one
side of each sheet of paper, but put your code on every sheet. :

For which real x and p_bsitive integers n is it true that

1+x)* > 1+2ns 7

Prove this version of the “root test™: Let ay (n =0,1,2,---) be real numbers,
define R by . ! :
! lim sy, ]
— = {1
R P0n

n—+o0

]1/", ‘assume 0 < R < 00,

and let = be a real number such that [z] < R. Show that the series > 0z
converges. . T . o

Given f: [a,b] + R. Let a <z < b and 'suppbse that there are sequences {aa}2,;
and {f.}32; where'a < o, <z < Bn < bsuch that o; ~+ =, B, — 7, and the limit

i £Be) = F(ox)

n—too-  f. —a,

- does not exist. Prove that f is not differentiable at =.

Show that if f is Riemann-integrable on [a; 8], then the function 9: R —+ R defined
by : ,

9(z) = f £(¢) sin(=t) dt
is uniformly continuous on R.

Determine the subsets of [0, 2a] on which the series

& cos(kx)
P

~.is uniformly convergent.

‘Describe all functions 9: [0,00) = R with the following properties:
(i) g is contiruous on [0, 00). | :
() lim g(z) = 0.

. - OO . R
- (i) / 9(x)z*dz =0 fork=-—2,-3,—4,---.
l - ) -
Let C be a right circular cylinder with base radius 2 cm and height 3 cm. What

is the largest area of a plane section of C, assuming that the plane defining the
- section does not intersect the open discs at the ends of the cylinder?



Analysis Qualifying Exam - September 24, 1997 —

Use separate sheets of paper for each problem and please write your chosen
code name on each sheet. Four complete solutions are sufficient to pass thxs .
examination. Good luck! CL N '

1.) Prove that n! < ("—;’l)u, for all integers n > 1.

-

| 2.) Prove that

bs
sup [/ mxd:c[ < 00

—oo<a<b<oo

3. JLet f:R—= R be a differentiable function such that lung;_,oQ f'(z) =0. '
Show that
lim @ = 0

30 g

(You may not quote 1’Hopita1’s rule without proving it.) ‘

. 4.) Let g : R — R be a bounded, continuous function. For eachz € R
compute the limit
lim A g(:z: 1+ y)e My

A—o0

5.) Find the minimal area among triangles having vertlces A= (O —2),.
' B =(4,0) and third vertex C on the parabola y = 2.

6.) .The Taylor series expansion of fl@)= loé(l + ) about the point z =0
is the following:

(= 1)“- z

n=1

Sh6w_tha_t the series diverges at .every point of (—o00, -1} U (1, 00) and con-
vergés.uniformly on every interval of the form [F1+61],0<e<1.




3’)1 (G, i Nodd
C(‘)\/\ron = Eotg,m/v >N&M
ANALYSIS QUALIFYING EXAM

Problem 1. Prove that the series

Z (lOg n) log log n

n—IOO

~ diverges.

) ..

Problem 2. Let {6}, -be a sequence of positive numbers, and let L >0. Con-

szder the two properties:

. ' ' . dn+1-;_
(1) . nl;l-)nélo _an_- —L
and
- (i) lim (a.n)n =L.

" n—}too

. Prove that one of these properties zmplzes the other and give an example shounng

that they are not equivalent.

Problem 3.
Let f : [~1,1] = R be continuous in[—1,1], and.let it-be differentiable in (—1,1).

Prove that e
lim . j—g—)— dt
30 e<ftl<1 t

" exists and is finite.

S| per

Problem 4. Let S, = oof Ei__n +1~k—2. Prove that limg,_, . S, =

Problem 5. State (an appropriate version of) Holder’s zncqualz‘u and use it to

- »show that if f i [0,1] — C satisfies fo [fI® < oo.then fo If? < 00 as well In

addition, give an example of a function f defined on the whole real iine (f:R—=C)
such that although fR IfIB < 00, we still have fR 1P =c.

2 4 32t

Problem 6. Prove that tlic— sequence TS

converges untformly in R.
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Analysis Qualifying Examination September 25 199¢g

To pass, it is sufficient to solve four problems complefely.

R denotes the set of real numbers and N denotes the set {1, 2,3, ...} of natural numbersg.

1. Let f be a positive continuous function on [0,00) Assume that

i JE+1)

exists and is equal to L < 1. Prove tﬁat the improper integral fooo f(z) dz converges.

2. Let an > 0 for all n € N. Prove that if the series ) a, converges, then there exists
a sequence A, 1 0o such that the series 3 Aaas, converges.

* 3. Let £ be defined and twice continuously differeritiable on R. ~Suppose that for all
-sgteRWithS<t,Wehave'-_ .

LNy P RPRI (O3 C)

t—s '
Prove that theré exist constants « and 8 such that for all £.€ R, we have
f(@)=oz+8.
4. Find lim,_,,, ze* f:o e_“z. du. -
$. (a) Forall n €N, let
: su__;'l_‘_%_*_____‘_%_logn._.
Prove that the sequence (s,,) con_ve;ges..
(b) Find lim, 00 332, X

(©) Find lima 0o 2 sin 3

6. Let (f.) be a pointwise convergent sequence-of continuous real-valued functions on
the interval [0, 1]. Consider the equation
n—o0 x—%

lim lim fo(z) = lim Gim fo(z). B ()

(a) Show by an example that (*) does not hold in general.

(b) . Prove that if the sequence ( fa) converges uniformly, then () holds.



Analysis Qualifying Examination March"37, 1994

| y _ | el
1. Let z; =1 andforn=1,2,3,--_,lct .- %K{

fa— f .uniformly on R as L —3 00. (You may use without proof ¢

6.

1 2
In-l-l :E xn'*“; -

Prove that the sequence (z,,) Converges and find its limit.
Find all valyes of a> 0 for which the series
_ o .
SICE
n=}1

converges. Justify your answer. -

.For An:=2,3,4,..., let

k=1
(2) Prove that Ro—+1 as n —3 o0,
(b) Prove that D,, converges as 1 —5 0o.

1 &1 =1
moS e () e

Let f be a bounded ﬁniformiyzcontinuous_"ﬁnction on R. For n — 1,2,3,... and
for z € R, let 9a(z) = ne—=n’z%, and let f,.(z) = ff:o f(z— ¥)9:(v) dy. Prove that.

e fact that-
ffzo € dp = 1)

Let

OO
f(t):/ cos.xdI
0 $+t

forall ¢ > 0 for which the integral converges. Prove that f is defined and continuous
on the interval 0 < ¢ < o0. '

Let z;, %2,%3,-.. bedistinct numbers in [0, 1]. Let (c:) be asequencé of real numSers

converging to 0. For ¢ ¢ [0,1], tet

G ift=x,
0 otherwise.
Prove that lor cachi € > 0, there éxists § > 0, such that for eacl partition

"ol the interval {0,1] whose norm .

Py = max { ¢, — ey : k= L. ..n}

satisfies [[Pf] < é, and each Ricmann sum S, for the function I/, cor'rcsponding to the
Dirdtion . gne s Si<e.
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QUALIFYING EXAM IN ANALYSIS. -  September 20, 1995 . = W

- IFour complete solutions are sufficient for passing.

1. Let s; = 0 and Snf1 = €%, “n > 1. Prove that there exists a finite
Lmg,_yo0 50 ' -

2. Let F:[0,1] =R and G:[0,1] — R be functions continuous on [0, 1], Prove:
2a. If F, G are differentiable on (0,1) then there exists a point c € (0,1) such
[F@) - FO)]e'(© = [e() ~GO)]F(9)- _

~ 2b. If F, G are twice differentiable on’ (6,1) then there exists 2 point d € (0, 1)
such that - - ] < _ .
[F(l) - 2F(%) -+ F(O)] G“(d) = laa) - 2G(§) + G(O)] Fd).
(Note: If you need Rolle's Theorem, you can use it without a proof.)
3. Let F:[0,00) —+R be given by

tlogt, t>0,
ro={,"" 5

Pr(fve that F is continuous and “approximately additive”. (The latter means that
there is a constant ¢ >0 such that -

1F(s) + F () —F(s4¢) [S c(s+ ), Vs,t>0)

4. Determine
. 00 1 . 1 N
P-ﬁ%t'z‘lnz-i—tz” tl—’,«’?ot'"z_;ﬁﬂ?‘
a= = -

" . 5. Suppose that f [0,1] -+ [0,00) is continuous, and concave: (The latter means

that, for all z;,z, € {0,1], _
Faz1 +222) > Ay f (@) + X2 f(z2), VA A220, Mg+ Xy =1)
Show that A T ’
S 1 2 L . .
| of@yam<2 [ f@ya.
. 0 3Ja .
For'which f does the equality hold in the above expression?

-

. 6. S_u_?posethat f: [6: ©00) —+ R is contintous, and that lim; 400 f(z) = 1. Prove

that the improper integral I = f(z)ds converges for every £ > 0, and that

- [ —tx _
t%{_ t/(; e T f(x)dr=1.
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' 3 Macch 29 > 995 (
REAL ANALYSIS QUALIFYING EXAM. - 0
Four complete solutions are sufficient for passing this examination. Good luck! L)(\{

1. Let f and g be continuous functions on {0,1]. Suppose we know that

1 1
/ f@t de= / ()™ dt
Y 0
for n=1, 2,3,.... (Notice that the case n = 0 is Iniss mg) Can we concltide that
fE)=g (f) everywhere on [0,1]? ,
2. (2) Prove that - .

for = 2 —1/2. (b) Use (*) to prove the following “absolute éonvergmoe test” for
Infinite products: Suppose ‘a,, > —1 for all n€Nand 377 a,]| < co. Then the
limit ; .

M
&h_lf‘oag(l+a“)-

exists, and is non-zero.
3. Let X be a compact metric space with metric p, and let f 2 X R bea

continuous function from X into R -which has the following property: For every
point z € X there is another point =/ € X such that

1

&) < 217G
Prove that there exists a point x5 € X where f vanishes, f(:_v:o) =0 thatis. |
4. Let 37 | a, be & convergent series of nonnegative terms. Prove:
(2) liminf,_, ., na, = 0; ~

- {b) possibly LEmsup,, ., na, > 0; [give an example];
(c) if {a.} is decreasing then lim,_,., na, = 0. ,
9. Let f:{0, T]——} R be twice differentiable on [0, 7], and such that
IO ~f@O=1, £O=r@=0, | @i<1, veon

Prove that -
T>2.

6. Let g be a continuous function on R with 9(0) = 0 and let ¢’ be bounded on
R, that is : . _
' sup {[9'(z)|: T€R} = M < 0.



| (2) Show that the series

converges for all = € R and that its sum

’

isa Conﬁnuous function on R. (b) Is f a differentiable function on R?

f@=3t@ -
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QUALIFYING EXAM IN ANALYSIS ) ' September 97 19%\%

Four complete solutions are sufficient for passing.

1.

\(\\}\

Prove the Cauchy inequality: Let 192231 T3 Y1, Y2,---, Ya be real numberg

Then : 2
Z-‘f—ﬂfi) <{>.= va)
j=1 |

=1 7=1

Prove that if 3 a, is cdnvergen{; but not absolutely convergent series: Witil Teal
terms, and if ¢ is any real number, then there exists a rearrangement b, of the
series Y  a, sug:h_ that ) b, =c. : .

. 1 . . - '
Let :z:u'—-]; if ' is 0dd, 2o =1— — if n iseven. For z € (0,1] let (=) =
T a v

- n
}: -}2- - Describe f, in particular, determine all its discontinuities. Prove your

Ta<lx
assertions.

Let the function f; be continuous on [0, 1}, let fo(z) = j: f,,._i(y)dyb for n =
1,2,..., and let M, = sup |[fu(z)] - “
0<z<1 -

@)  Prove that [fu(=)| < MpZ; for z€(0,1, n=1,2,....

(ii) "Deduce tha-:{;., forany A>1, A"M, — 0, n— 0o.
Prove or disprove. )

G I fis continuously differentiable on {0,1] then there exists s, sequence of
polynomials, {p.}, such that p, — f uniformly on {0,1] and Pl — ff
uniformly on [0, 1]. "

(i) If f isinfinitely differentiable on [0,1], then there exists a sequence of polyno-
inials, {g.}, such that for every k,.-k=0,1,2,..., gf.k) — f8) a5 o,
uniformly on. {0, 1] . ,

Let f and g be non-negative functions on [0,00) , both locally Riemann-integrable.
Prove that if ﬁﬂ i£f f(z) #0, then

/0‘00 [f(z) cos z + g(z) sin z]dz = oo



ANALYSIS QUALIFYING EXAMINATION

6 p.m. to 9 p.m. EST in MA 050 on Wednesday, March 30, 1994

{{ This is a “CLOSED BOOK™ test|

- Please use a separate sheet of paper for each problem. Wiite your chosen code
name on each piece. Please make the s_olution_'s as detailed, as rigorous, as readable,
as pedantic, and as legible as possible. If think you must make a reference to 2 (well
known) result then such a reference must be as accurate as possible. You have 180
minutes for solving the problems. Generally speaking, four complete solutions are
sufficient for passing this examination. Good luck ... o

Problem 1. Let {an € C}uen satisfy limg—yoo ax = <. Prove -that

1 Naps
lim bk

n—too logn = k

ezists and is equal to ai

Problem 2. Let {f, : R [0,1]}nen be a sequence of nondecreasing ooniiauous
functions. Prove that {f,}nen contains a subsequence which converges everywhere.

Problem 3. Let f € C({[0,1],R). Prove that

iy “tog ([ expte- ) i) .=.--sup]f('$)-

Problem 4. Let {f, : Rt «3 Rt} en be defined by falz) = rf*}gy . Prove or
disprove (i) that {fa}nen converges uniformly on [0,1], and that (3i) {fn}nen con-
verges unij“o.m}ly on (1,00). T ;‘
Problem 5. Let f : R — R be differentiable in R. Suppose f(0) = —1 and
(1) = 1. Prove the special case of Darbouz’s Theorem that - f' must vanish at
_some point in (0,1) (without using Darbouz’s Theorem itself ).

Probléem 6. Prove that Y 72 %’% converges uniformly for = € [e, /2] for all

€ €(0,7/2) but the uniform convergence fails on {0, 7/2].

Tnecat T DAL T NT



’ . ' _ QWying Exam in Analysis Y\ ‘\

September 22 1\9§

‘Four Completely solved problems are sufficient for passing the exam_

1. Prove: If f:[a,b] >R ismo

notone Increasing, theu the set of
discontinuides for f isat

most countable,

- : 1
2.3) Let X;=1 and let Xnel = 1 n=1,2, ..
Determine whether {x,} converges, and if S0,
- what is the limit.
' -1
- b) Same question with Xael = .
_ Xp +1

3. Let £ be continuous on [0,2) and let "*
f(®) - f(0)l < Kt for t>0 and some constant K. -
Show that the sequence C,=n O[ f) el gq¢

converges and find its limit,

4. Let f: [a bl —R becontmuous Suppose that

_ f(x) M dx = 0 for n=0,1,2,..
. a
. Show that fix) =0 on (a,b].



g)l/\; ~ ’)}1 )

C{n_.,‘ (\i oL -

S. The'gamma function ﬁx) is deﬁned for x>0 by
{ o~ I eXletar )
Show that log f&) is a convex function. )

- (You may use the fact that the gamma function is inﬁnltely
differentiable and that its derivatives are obtained by

differentiaﬁon under tne integral sign in (’(‘)) _ e et

6. Find the radius of convergence of the series
CRACLL 7Y 1) 3 2%/ (n1)"

7. Show that the serles 2 xn/ (1+n2x2) is convergent for
every x<R. Discuss the uniform convergence of this series.

For xe€R, let
f(x) = ¥ xJn/ (1+n2x2).

Is the function. f continuous on R?



- /\/\CMQA (? >

— ),

ANALYSIS QUALIFYING EXAMINATION
‘ (THE GRADING PROCEDURE)

PauL NEvar

Theorem: if  is the grade of a problem then 0 <z<20

Deadline: yesterday or today, whichever comes first

Please grade the enclosed solutions and then pass it on the the next person according to -

the schedule indicated on the envelope. Please mark your grades on (one of) the enclosed

_grading sheet which should be returned directly to me, that is, to Paul. Thanls!
Problem 1. Find the smallest constant G> 0 such that
| (a+b+c+d+e)25C(a2+b2+02+d2+e2)

for every a>0,5>0,¢>0,d>0, and e > 0.

Problem 2. 'Find all sets on the real line where the series

2. coskz
2.

k=1

converges uniformly. You must not refer to any known result such as Abel’s theorem.
Instead, you should use direct estimates of the tail of the series. Among others, vou may
want ¢o apply summation by parts. '

R . . Lo oo _n* . A .
ProblemIB. Let a, = ny e (—-Lk for n € N. Prove that lim,_, ., a.. exists 2nd find
its value. - '

Problem 4. Prove that the sequence {aa}ily given by a, = (1 + 1)" is strictlv increas-
ing.

Typeset by B STEX
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C—

._’.—E > j> {1 3

: Proi)lem 5. Let f : R «3 R be continuous and periodic with period 1. Prove that

./l 1 :
tlim / f(tz) dz exists and is equal to / f(y) dy.

. Problem 6. Forn € N, let fo :[0,1] <+ R be continuous functions, and assume that the

series 3,00 ; fn converges uniformly in [0,1). - '

a) Prove that - .
| /A Lizzfn(t)J 'dt.=;[ /A fn(t)d]

for every interval A C [0,1]. - .
* b) Give an example showing that

[ifn( )} -=§_:f,’,(t), ¢ €0,1],
n=1

n=1

may £l even if f:(t) exists for all n € N and t € {0, 1].

Problem 7. _ - .
a) Give a complete statement of Dini’s theorem about uniformly convergent monotonic
sequences of functions. ' _ '
b) Study the uniform convergence for « € R of the sequence {s,}32_; given by

2 2n 2n42
x° 42z —
sa(z) = — zeR




| Lel_;fbe'deﬁned.onE:.{x:z>0} b.Vf(w): §

Qualifying Exam in Analysis Sept. 21, 1992 k>\\)\é<2/

Four completely solved problems are sufficient for passing.

Show that the series Z(\/n +1—-2n++Vn— 1) converges and find its sum.

n=1

Consider a, sequence of real numbers {an}32, suchlthai;. [aa] = % Suppose that for -
every m the difference between the number of positive a, and the number of negative

- . o
aG (1<n< m). remains bounded as 1 — oo, Prove that 3 g, converges. (Hint:

You may wish to use the summation by pa\rts formula;)

. - . ' m -
arf(b + z) where > [ae] < oo
k=1 ’ k=1 .

20d be > 0 for k=1,2,.... Prove that f is indecy definéd, and moreover continuoys -

on K, and that H_‘%l_*-.:z: f(z)=0.Is =) continuously differentiable on E?

: . . 2 n “
Consider a polynomial Pu(z)=1+z¢ —;—‘- +...+ %, n2>0.

Prove that (a) FPu(z) does not have real roots if nis even,
. (b) Py(z) has exactly one real root if n is 0dd,
(Hint: For n even, look at inf{P,(z): z € R}.)

Let a> 0 and f(z) be continuously differentiable on (g, d]. Show that

V@< [+ [ 1.

Describe precisely the class of all functions which can be uniformly approximated on
{0,1] o '_
@@ by polynomials of the form Po(z) = Zakmzk,

(ii) ' by polynomials of the form Qu(a;) -_;Z agg?FHL
k=0

Letvao,val and'g be given, 0 < g < 1. Let the sequence {da} be defined by

Apy2 = ﬂa,ﬂ_l -+ (1 o ﬂ)an, for n 2 0.

Show that {a.} converges, and find its limit.



Four complete solutions are sufficient to pass.

L LetQi(x) =1 and Qg () = (1/)(Q,(x)?+1—-x2) for every natural
‘number n. Show that Q (x) convergesto 1 —Ixl forall xe -1, 11.

2. .Show that if f is twice d1ffcxex1t1able on the closed interval [a—-h a-+h],
where h> 0, then there is a Ee(ah, a+h) such that

2 €)= f(a+h) 21(a) + f(a-h).

3.Let A=R\{-n:neN}, Wherc R denotes the set of all real numbers
and N is thesetofallnaturalnumbem
(a) Show that the series

= (D"
n};j’ (X+n -
converges to a real-valued function f defined on A.

- (b) Is the convergence uniform on A ? Prove your answer.
© Show that f is continuous on A.

4. A real-valued function f dcﬁncd on the closed interval {0, 1] is called
two-to-one if for each real number y- the set {xe[0, 1] : f(x) = v} is either
empty or contains exactly two elements. Show that if f-is two-to-one, then'
f is discontinuous at some ce {0, 1].

5. Show that every closed. subset A of the real number line is a countable
- intersection- of open sets.

6. Let g be areal-valued oontmuous funcuon deﬁned on [Q, o) such that
Ol <e! forall te[0, o0). Show that

@  GW= Ie"“ g dt

_exists (as an unproper Riemann integral) and finite for all x > 1, and
b) Iim G(x)=0.
Tt ) X o

Analysis Qualifying Exam, .Apxii 2, 1992. ' 3 | S I



Qualifying Exam in Analysis

Four completely solved questions are sufficient for passing.

1.  Show that every real sequence contains a monotone subsequeqoe_ : - \3'\

2. a) Prove that the sequence
L + 1 +' 1 e — !
~v3n2+n \/3n2+n+1 \/3n2+n;¥-2 . \/3n2+3n

is convergent and find its limit.

2ﬂ+1

b) Show that fa(z) = _ ”‘21"‘:‘2—_;‘1' converges for every real = as n —t co » and find
lim fo(z). :
: \ , 2z, +3
3.  Let the sequences (xzn) be defined by =y =1, Tpel = -:—E—R—:—T for n> 1.
. ! n

a) Prove that the sequence (q) converges and find its limits £.

b) Show that there exist positive constaats A,q such that 9 <1 and [zp—{ < Ag™
for every n :

4.  Forany real ¢ let N(c) be the number of solutions of the equatlon sinz = cz. Prove .

that 9 1
N(c) ~ <1 as ¢— 0.
. oo sm(:c
9. For what pairs of reals (o, ) thei 1mproper mtegral / v dz converges?

1 —cosx
G. Let f(z for = real.
f(_) ;1 PRI

"a) Determine the intervals on which-this secies is uniformly convergent.

b) Is f continuous atl 02
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Quaﬁfyirig Examination in Analysis

. o
) , . . , o
Show your work. Calculators are not permitted. Four out of cight problems as sufﬁdentk

for MS Pass; six out of cight for PhD Pass.

. 1. Show that

lim

—+ 00

(%_1_‘,1_1 +(n;.]é)n(:.-2) ey (n-—l)(n-——2)~~3-2-1) —q

4n 9nnn—1 -

2. .Let J: R— R be a function. Prove that the following two conditions are equxvalent '

(Either one may be taken as the définition of “measurable fimctio_n”.)

(2) For all real numbers .\, the set {z €R: f(x) > A} is 2 measurable set.
(b) There is 2 sequence f,, of simple functions (finite linear combinations of character.
istic functions of measurable sets) that converges pointwise to f-

3. . Use the definition of the Riemann integral (mot properties of the Lebesgue integral) to
prove the following version of the fundamental theorem of calculus: Let F:a,b]l = R
be differentiable, and suppose the derivative F* is bounded and Riemann integrable
on {a,d]. Then ; :

| / F'(z)dz = F(b) — F(a).

4. If a,b,c are positive and a4+ b4 c = 1, show

G-1) G-1) E-1)=e

When does equality hold?

5. Let o:R — R be a function, and let C' = {z € R: ¢ is continucus at z}. Give
examples where ‘
(a) C =R,
(c) C andits complement R \ C are both dense.

6. Prove Schwartz’s mequality: if f,¢g € Ly(R), then the product fg &€ LI(R) and

o < (fur) (Jur).

Octo'bér 3’ 1991 1



Summer, 1991

Qualifying Examination in Analysis ‘ . L7 C\)

This is a combined M.S. and PhD. Quatifying Examination. Four problems
done correctly is sufficient for a M.S. pass and six problems done oorrect!y Is
sufficient for a PhD. pass. Please stiow ali of your work

1 Let (sn) be a sequence of reai numbem such that tnere is a real fiumber s

| with sn $ foralln Alsosuppoee thatrorall n21, sp,.9 >2 (s +9).
Prove that the sequence (s, converges.

2. Let (a) be the sequence given bya =landa,, (= (an + %) Show
that this sequence converges and find its imiting value. | '

3. Consider the series 3 —1—1—2 Z8 . Show that this series converges for at
_n=1 -

complex numbers z with f2] < 1, and that it does ot converge for any

. complex number z with lz] >T.

4. Let F be a closed subset of the real numbersand let X be g oompact
subset of the real numbers. Let A be the setof all sums f+ & where f isin
F and X isin K. Showthat A isa closed subset of the real numbers,

. 9. Letf{a,b]-R be a continuous function whose derivative Df éxists on (3 Jb).

- Show that f has bounded variation if Df is bounded, but that { can be of
bounded variation without Df being bounded.
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Prove Dini’s theorem: Let (f=) be a sequence of continuous functions on {0, 1] such
that, for each = € [0, 1],

fn('m) > fas1(z), n=1,2,... and
ILm fa(z)=0

Then f, converges to 0 unifdrmly on {0,1].

Prove Cauchy’s mean value theorém: Suppose functions f and g are continuous on
the closed interval {a, §] and differentiable on thc open interval (a,b). Then there is

u € (a,b) such that

SHORO)! gf(u>'= [s0) — 9(a)] £

=0
e

pt



page 2

6 Let 1 be a continuous functmn on [0,1] and suppose 1(x)> 0 for all xXin
1

(0,11. Show that f In(x) dx converges as n - o and descdbe exactly when

thls limit {s oo,

7. Letfand g be Lebesgue integrabie functions on (0, 1] and suppose that for
1 1

all mbe‘ger values of 1, f 1 {6:¢] exp(nx) dx = f g(x) exp(tnx) dx . Show that 1

must be equal to g on [0 1] atmost everywhere with respect to Lebesgue
‘measure.

8. Suppose fisa Lebesgue integrable function on the realline R and that

[ R axis finite. Show that for a p, 1 <P <2, - H@IP dxis fintte foo,
R | o ‘R |
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Analysis 'Ph.'D.‘ Qualifying Examination
January 11, 1991

Solving correctly four. out of the seven problems is
the examination. ’

Show your wdrk.
sufficient to pass

1. qubose (ag) is the sequencé of real numbers given by ay > 0 and
Auy1 =1+ zsxn)"2 - Show that for g

| values of ay, the Sequence (a,))
converges to a reg| number., :

2. For a vector x in R et (x1,...,xn) be its usual cooo.rdin'ates.‘

Consider the metric d(x,y) on R given by

a y 172
d(X,Y) = d((x“ v“lxn)l(Y‘[ l“‘iyn)) il (Z (xi - Yi)2 ) -
' o =1

Show that g sequence of vectors (x(m) : m
“the topology given by the metric d if and o

= 1,23,... ) converges in
the sequence of Coordinates ((m) : m

aly if for each i =T eeeell
=1 ,2,3,..7 ) converges.

3. Leta and b be positive numbers, a > b, a

nd let (xn) be a sequence
of real numbers,

Assume that limit n@ Xn = 1. Show that
=

> (Xq - X, L) nP converges .

n=1 . .
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4 Let A and B
that A ang B are

be c.losed subsets of the closed interval [0.1]. Show
disjoint if and only if inf{[x - Yl :x e A ye (?} > 0.

5. Consider a function - g ~ R which has a continuous derivative DE

such that {imit
: lXI-—)oo

‘onR,

DF(x) « 0. Show that F is uniformly continvoiis .

6. Show that for every. coatinuous function £10,1] — R, and ¢ - 0,

there exist pairs
X e [0,1],

f.(x)

of real numbers (a,',b,),.'..(an,bn) such that for alf :

| . |
L0 - 3 agexp(ox) (<
iwt
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1. Consider the function f(x) = x2 exp(- x2). Show that f is
~ uniformly continuous on R. : ' '

2. Let f(x) be an function on R which is differentiable at o |
that f(x) = f(x)

[ Assume
for all real numbers X.  Show that the decivative

of fat 0 is equal to 0. = - ’

3. Prove that for all real numbers x « there is a real number y

such that

3
sin(x) - x + 'S cds[ )
x5 = 120 -

4. Consider the seqqen_ce (a,) given by ay =3 and Appg = 2“?“. ;
Show

that the sequence, converges and calculate its limit.
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. . i a —
5. Given increasing sequences @p) and (b,) with (imi-8Q = 0, show
) i a N—oo b.n )
that there .exists g sequence (cn) such that Z Cn8n Converges But

n=1
zcnbn diverges.- -
A=1
6. Consider the segjas S =~ % ancés(2zrnx) - Assume that
~ L n=1 '
anan.f <. Show that then S js a well-de
n=1 .

7. Coasider the series S(x) = ¥ nxA, Show that .'ﬁn}ig (1-x)25(x)
=1 - X— :

-

exists and calculate jtg value

8. Show that if £ (x) - AP

1
X)", then' fimit [, dx =0.
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PR Quiclifier

T Let 0 < a < b < co. Define z; @G T = b, zogy = (z, + Za11)/2. Does (z.)
- converge? If so, to what limit? ' -

-

2. Consider two metrics on R" 'gwen. by:
P((xl,“" 9$N)1(yls"’.:y;{.)) = (I:EI "1/112"‘1-'" +'l$n — ynl
. 0'((:?1:"' :In)t(ylt"' 1yn)) =max {’.‘81 -'ylla"‘ ? ’xn‘“ ynf} -
Show that these two metrics genérate the s.ame. topology. |

3. Evaluate these lirnits-

(@ lim o*
(b) limgls=

5. Supposé fis Riemann int grable over the interval [a,8]. Show that I "is also Riemann
inte_grable over [a, ], and - ’ :
N o . , . v
] / f(z)dzl < [@le

a

6. .'Suppose f: R Ris uniformly continuous and f ¢ Ly, for some P with 0 < p < oo.
Show that Lm,_, A=) = lim,_,__, f(z) =0. '

oA



