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Introduction

@ Diophantine approximation.
For « € Q<N [0, 1), there are infinitely many integers m, n
with (m, n) = 1 such that

n n?
o Lety: N — [0,00)

m’ w(n),(m7 n)=1i.0.}

A = ,1:‘——
{a €]0,1): |& <

Question : What is the Lebesque measure of A7
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Lebesque Measure 1 on [0, 1)

o u(l)=b-—a, for I =|a, bl (a,b), [a,b), or (a,b],
so pu[0,1) =1

@ For A = Uk,
If it is disjoint, p(A) = >, p(lk)
In general, p(A) <>, 1(lk)

@ A is of measure zero, ;i(A) =0
if for any ¢, there is a finite or countable family of intervals /,
such that A C Ulg and > u(lk) <e.

o p(A) =1if p(A°) =0.

@ A property holds for a.e. x if the set of x it fails to hold the
property is a set of measure zero.
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Lebesque Measure 1 on [0, 1)

@ Example
Countable set A = {rx} is of measure zero.
Consider I, = (rk — %%, re + 2,(%) and M(Ik) = 2%
e from Diophantine approximation,
for almost every a,
there are infinitely many pairs of m, n with (m,n) =1
m 1
o=l <
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Khintchine's theorem(1924)

Let ¢ : N — [0, 00) and suppose that ni(n) non-increasing.
If >~ (n) = oo, then u(Ax) =1 i.e, for a.e. «,
there are infinitely many pairs of m, n with (m,n) =1

’a _ m‘ 2 )
n
However, if > 1(n) < oo, then u(Ax) =0 i.e, for ae. «a,
there are only finitely many pairs of m, n with (m,n) =1
‘a B g‘ _ v(n)
n n
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Examples of Khintchine's theorem

o ¢(n) = L1 Then pu(As) =1

nlogn’
i.e, for a.e. q,

there are infinitely many pairs of m, n with (m,n) =1

o= T <
a0
n?logn

] ¢(n) = W, Then /_,L(Aoo) =0
i.e, for ae. a,
there are only finitely many pairs of m, n with (m,n) =1

’ m < 1
a [ — e —
n n?(log n)1+e
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@ Note that
A ={a:a €A, io}

Ap=A{a:dms.t. ‘oz - %‘ < 1/)E7n) with(m, n) =1}

= Ui<m<n I(m, n)
(m,n)=1

where /(m, n) = (% _ ) g w(n))
So

and equailty holds for ¢(n) < %
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Probability

@ u(A) : the probability of x € A, picking x € [0,1)
@ Borel-Cantelli lemma
(a) If > u(An) < oo, then pu(Ax) =
(b) If 5 u(As) = o0 and (A 1 Ay)
then u(Ax) = 1.
@ Erdds-Rényi theorem
> u(Ap) diverges. Then,

N 2
(As) > lim sUP Zli%i:li(/“))ﬂ A)

@ Corollary of BC Lemma
If > @gb(n) converges, for almost every «,
there are only finitely many m, n with (m,n) =1

w(n)

m
o=l <
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Duffin-Schaeffer conjecture(1941)

If 3 Y (1) diverges, then p(As) = 1,
that is, for almost every «,
there are infinitely many m, n with (m,n) =1

(n)

’ m
n

<
n

@ Remark
Duffin-Schaeffer : ¢(n) <

s0, ¥ u(An) = 3 X2 g(n

Pollington-Vaughan : overcome this difficulty.

1
2
)
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Cassel's Zero One Law(1950)

Let ¢ : N — [0, 00).

B={ac€ [0,1):]04—;] <
Then, p(B) is either 0 or 1.

@ Remark
The proof is based on that Tx = 2x (mod1) is ergodic.
(T is ergodic if T"A= A, then u(A)is 0 or 1.)
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Gallagher’s Ergodic theorem(1961)

Let ¢ : N — [0, 00).
¥(n)

n

Aoo:{aG[O,l):)a—%‘< ,(mn)=1i0.}

Then, p(Ax) is either 0 or 1.

@ Remark
The proof uses the fact that for all prime p,
T(x) = px+ 7 (mod 1) is ergodic,
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Duffin-Schaeffer Theorem

@ Theorem
Suppose that

P(n) < % and > @gf)(n) diverges.
In addition,

 (n) L)
IimA?up (Z - gb(n)) (Z w(n)> >c>0
1 1

Then p(Ax) =1
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Lemma

@ Let M, N be positive integers and A be a positive number.
Let k be the number of solutions for
O<|mN—-nM| <Awithl<m<Mand1<n<N.
Then kK <2A
! __ !
Proof) Let M' = (M ) and N' = ™ )

A
0 N — nM'| <
<|m n ‘_(M,N)

This solution satisfies MmN’ = a (mod M’) for 1 < |a| < (M/L,‘N)'
which has only one solution in m (mod M’) for each a.

So, there are (M, N) number of solutions in m for each value
of a. Hence

k<2 (M, N) = 2A

(M, N)
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Outline of Proof 1

Show that p(A, N A:) < 8y(n)(t), for n # t.
k : number of intersections of /(m, n) and I(s, t)
L : maximum length of intersection of /(m, n) and (s, t)

o k < 4max(tp(n), mp(t))

I(m,n)NI(s,t) #0

=0<|m—g| <P+ o

= 0 < |mt — sn| < typ(n) + mp(t) < 2max(ty(n), mH(t))
bln) (1))

o L < min of two intervals = 2min(—~, =

[(AnNA) < k- L

¥(n) w(t))

9

n t

< 4 max(ty(n), mp(t)) - 2min(
< 8¢(n)y(t)
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Outline of Proof 2

apply Erd6és-Rényi theorem
o From v(n) < 3, u(Ay) = 22¢(n) and 3 1i(An) = o0

o ZK,MM(A 1 a)<8(SV o) + T u(n)

1(Aso) > lim sup

(1 (A ))
Zl<lJ<N ( )

>I|msup<zw ) ) (zN:qp(n)>_2>o

@ the Zero One Law = p(Ax) =

Duffin-Schaeffer Conjecture



Corollary of Duffin-Schaeffer Theorem

Recall that

Hence,

@ For almost every «,

there are infinitely many prime p and integer m such that

m 1
\a—;|<?
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Further Result

e Erdés(1970)

P(n) = %01"0
o Valler(1978)
OES:

e Pollington and Vaughan (1990)
k dimensional version (k > 2)

k
> <w(n)@> diverges.
Then, for a.e. x = (xg,--- ,xx) € [0,1)¥
max(|xin — a1, -+, |xkn — ak|) < ¢¥(n) with (a1 ---ax,n) =1
have infintely many solutions.
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