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Kepler's laws of planetary motion are three scientific laws describing the motion
of planets around the Sun. They are
1. The planets move in elliptical orbits, with the Sun at one focus point.
2. The radius vector to a planet sweeps out area at a rate that is independent of
its position in the orbits.
3. The square of the period of an orbit T, is proportional to the cube of the

semi-major-axis length a
- ' 2 47.[2 a3 /
in equation: T4 = W 1 (sun)

Here and throughout the note ‘Al Az
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G stands for the Gravitational Constant pland 2 p];nc[ I
which is about 6.67 x 101N - (m/kg)?) N

M is the mass of the Sun.

=]

We assume the mass of the star is very large compared to the mass of the
planets so we can treat the position of the star to be a fixed point in the
space. Without this assumption we need to use the idea of reduced mass and

modify this equation a little bit.

In 1609 Johannes Kepler published his first two laws about planetary motion,
by analyzing the astronomical observations of Tycho Brahe. And Kepler's Third
Law was published in 1619 (only in the form of proportionality of T2 and a3). In
1687 Isaac Newton showed that his own laws of motion and law of universal
gravitation implies Kepler's laws, which is the beginning of all mathematical
formulations of Laws of Physics. In this note, | am going sketch the derivation of
all three of Kepler's Laws from classical Newtonian mechanics. Also we will see

how much information about gravity we can get from Kepler’s Laws.


http://en.wikipedia.org/wiki/File:Kepler_laws_diagram.svg

Newton’s laws of physics implies

the Kepler’s Laws

Newtonian Mechanics Laws tells us essentially the relation F = ma where F is
the total external force acted on a point particle with mass mand a is the
acceleration of this particle. Since the sizes of the planets and the Sun are very
small compared to the distance between the planet and the star, we can treat them
as point particle. Another reason that we can treat them as mass points is because
they are essentially spherical. And we can show that the Newton’s gravity between
two solid balls B; and B, with mass M; and M, whose centers are distance r apart
IS the same as the gravity between two point mass M; and M, with distance r.

Newton’s Gravity Law describes the gravity between two point mass (M and

GMm
72

m) with distance r to each other. The relation is F = where F is the

magnitude of the gravity between them. However this is not everything that
Newton’s Gravity Law says. We know that force, acceleration and position can all
be described by vectors. So we can put an arrow above all the vector quantities

which has not only a magnitude but also a direction. Thus the Newtonian

Mechanics Laws states F = md which also tells us the particle accelerates in
exactly the direction of the total external force on it. Now we can state the
Newton’s Gravity Law in the vector form which is as following:

GMm r

F=—-——
1% 7|

Here 7 is the position vector of m (from M) and F is the gravity acted on m by M.

And actually it is also true if we switch “m” and “M” in the last sentence.



We see this formula is a little more complicated than the formula for

magnitude. The minus sign “—" tells us that gravity is always attractive. And the
direction of the force is exactly the opposite of I_;I which is the direction of the

position vector from M to m.

In this note we adopt a useful notation for the time derivative as following:
dZ

y = % and j = dtf for any quantity y

So by definition we have the velocity 7 = # and the acceleration @ = .
Another piece of important ingredient for the derivation is the angular

momentum. For a mass particle m with position vector 7 and velocity v (both of
which depends on the reference frame), the angular momentum of it is a vector L
defined by L= #xm® and here “x” is the usual cross product in three

dimension. By taking derivative of L= 7 xmb and using the relation F = mad we
will get L = 7 x F where F is the gravitational force acted on the planet. Since

Newton’s Gravity Theory tells us that F is collinear with 7, then we have L = 0,
hence L is a constant function of time (in physics we say such a quantity is
“conserved”). The conservation of angular momentum L for a planet tells us two

things, one is that |Z| IS a constant with respect to time, the other is the planet
always moves in the plane spanned by the velocity of the planet v and the position
vector 7

If we let r = || and set up a coordinate system in the plane of the span of v

and 7 then we can express 7 as (r cos0,r sin@) for some 6 € [0,2m). Now we can
see that the magnitude of the angular momentum of our planet is L = |L| = mr?4

which is conserved. Also we have |7|? = 72 + (r6)2.



We know that the kinetic energy for a particle with mass m and velocity v is
%m|ﬁ|2 (by integrating F = ma with respect to spatial displacement dx).
Therefore the expression for the kinetic energy is %mfﬂz +%m(r9)2. And the

potential energy for Newton’s Gravitational Force is —GMTm (by integrating the

GMm

r2

gravity equation F =

as a function of r). Let « = GMm (throughout this note

we adopt this convention), then the potential energy is —%. Also if we use E to

denote the total energy of the planet, then we have

1 _2+1 0?2 a_E
> mr 2m(r) =

Since L = mr26, we can rewrite the above formula as

1 2 L? «a_
Zmr 2mr?  r

A bit of algebra applied to L = mr?26 and this formula we can get
11"2_ 1+2ma+2mE
(rz é) orz L2 L?

We know that % = Z—; so the above equation can be treated as a differential

equation of the function r(6). We can solve it by making a series of substitutions:

2
y=%,z=y—m g= 1422

2’ ma?’

then we will get the general solution is

zZ = % g cos(8 — 6,) where 6, is an arbitrary constant. We can take care of the

axis such that 8, = 0, hence we get z = % € cos @ and in terms of r and 8 we

L? 1 L?
have r = — . Let k = —, then we have
ma 1—&cosO ma
k L? 2E 2
T wherek =— and e = |1+ (D)

1—¢ecosf ma ma?



This equation describes the trajectory of the planet, and if we assume € < 1
then calculate the equation in Cartesian coordinate by substitute x = r cosé

and y = r sin6, with some algebra we can get

x + c)? 2

a b2
k k ke
Whereaz1_82,b=\/mandc:1_(EZ

With some analytic geometry, this equation says that the trajectory is an ellipse
with one focus at the origin. Hence we have demonstrated Kepler’s First Law.
(Question: what will happen if e = 1 or e > 1 ? In what cases these will happen?)

Now we are going to prove Kepler’s Second Law. First let A(t) be the area that
the radius vector of the planet sweeps in the time interval 0 to t, then the claim of
the second law is just A'(t) is constant. The proof is as following:

A'(t) = A(0)0 = o _ L
2 2m

And % is a constant. The second equality holds because the shape that r

sweeps in a very small angle d@ is approximately a triangle with area %rzde.

Now we demonstrate Kepler’s Third Law. Let T be the period of the orbit, i.e.
the time it takes the planet to finish a full cycle of the orbit. And for simplicity here
we let A = A(T). Since the rate between sweeping area and time is the constant
%, then we have A = % Also from the property of the ellipse we know that

k

k L? . .
A = mab where = 1_52:19 == k = — and a = GMm. With a bit algebra we
get A, L, b, k, a all cancelled and end up with
2,3
2 _ 4mca
GM

Which is exactly what Kepler’s Third Law states.



Kepler’s Laws indicate Newton’s Gravity Law

First we state Kepler’s laws in a more mathematical way.
First Law: r=k—e€x (D)
where k, e are constants, r is the length of the radius vector and x is the x-
coordinate of the planet in the Cartesian coordinate with the Sun at the origin and

major axis as x-axis.

Second Law: fOx y dx — % = D(t —ty) (2)

where D is a constant, y is the y-coordinate of the planet in the Cartesian
coordinate and t, will be different constants whenever the planet crosses the x-axis.
(Draw a picture, then you will understand this better)

DZ
Third Law: — = H (3)

where H is a constant independent of time
It might be a little bit hard to see why the third law is in this form. But if you
imitate the proof of the third law from Newtonian Mechanics in the last session,
you can show that
mla3k

DZ

T2 =

2
Then it is clear that indeed the Third Law tells us that % IS a constant.

Now we are going to show that these three laws tell us the acceleration is
proportional to the inverse square of the radius, which is the most essential part of
Newton’s Law of Gravity.

Differentiate (1) with respect to time, we get 7 = —ex. Differentiate the

relation v? = x2 + y2 we have r#* = xx + yy. Thus

ekt ) = e 0



Differentiate (2) with respect to time we get

yx —xy = 2D (5)
Solve for x from (1), (4) and (5), we will get
2D vy
. _PYy 6
=—=7 (6)
d (y Yy  yr  riy-yx+yy)  xiy-xyx_  «x . .
We know that — (;) =c—== = =—— == (yx —xy), then

we have ¥ = — %% (yx — xy). Then by (5) we get
4D? x
¥=—-——

k r3
Differentiate (5) with respect to time, we have yX¥ — xy = 0. Together with the

above equation we get

. 4D*y

Y= k 713
Therefore in the vector form

5 4D? 71

NAEE

According to the formula F = mad and the definition @ =  we have that
4mH 1
1% |7|

This formula contains the most essential part of Newton’s Law of Gravity, i.e.

Fo-

the magnitude of the gravity is inversely proportional to the square of the distance.
Therefore the Kepler’s Laws are almost equivalent to the Newton’s Law of
Gravity. Nowadays people know that these laws are all approximately correct, and
we have a better theory for gravity, which is Einstein’s well-known General
Theory of Relativity. And the Kepler’s Laws correspond to the General Relativity

are left to readers to investigate.
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This PowerPoint slideshow is for the talk The Cosmic Distance that was given
by Terence Tao at the 2010 Einstein Lecture held by AMS. This talk overviews
historically how human beings get the distance or size of different Astronomical
Objects. If you are interested in really understanding how people get convinced sun
Is bigger than the Earth and is further than the Moon, then this talk is for you. Here
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Attachments

The following pages are the hand-written drafts and handouts of the talk,
which contains more details of algebraic calculations that are omitted above and
some basic knowledge in physics and analytic geometry.
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This picture is taken and modified from wikipedia "ellipse" page
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