Solutions to 2010 Gordon Prize examination problems

1. In the plane, consider an infinite strip of width d. Suppose every triangle of area 1 will
fit inside the strip, after suitable translation and rotation. What is the minimum possible
width d?

Solution. We claim that the minimum possible

width d equals v/3, which is the height & of the a

equilateral triangle with area 1 (the triangle

whose all sides are equal to a = %) 0
Indeed, if T is such a triangle that lies

inside a strip of width d (see the picture), then T

since  +  + w/3 = m, either a > 7/3 or o /

B > m/3; if, say, « > 7/3, then d > asina > '

asin(mw/3) = h. I
On the other hand, for any triangle P

of area 1, one of the sides of P has length

> a. (If all sides of P have length < a, let =y

be the minimal angle of P, so that v < 7/3;

then area(P) < $a’siny < 1a?sin(r/3) = 1.)

The corresponding height of P is < 25‘%&(1)) = P ‘

2%\/5 = v/3 = h, so P can be placed inside the

strip of width h as in the following picture: ido ZZ
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2. Let ABC be a triangle with acute angles o, 3 and 7y such that
tan(a — 3) + tan(5 — ) + tan(y — ) = 0.
Prove that ABC' is isosceles.

Solution. Let a = tana, b = tanf, and ¢ = tanvy. Using the formula tan(z — y) =

tanx—tany
l+tanax tany’ we get

a—>b n b—c n c—a
1+ab 1+bc 1+4ca

Hence,
(a —b)(1+ be + ac+ abc?) + (b — c)(a + ab+ ac + a®bc) + (¢ — a)(1 + ab + be + ab’c) =0

After opening brackets and canceling similar terms, we get a?c—a?b-+b%a—b%c+c*b—c?a =
0. Now,

a’c—a?b+b2a—b3c+ctb—c?a = —a?(b—c)+a(b?>—c?)—be(b—c) = (b—c)(—a®+ab+ac—bc)
=(b—c)(a—"b)(c—a)

So, either a = b, or b = ¢, or ¢ = a, which implies that either a« = 3, or § =7, or v = «a.

Another solution. Let x = a— 03,y = (3 —,and 2z = v — «, then x + y+ 2z = 0 and
tanz + tany + tan z = 0. Since z = —(z + y) and |z| < /2, we have

—tan(x) — tan(y)

tan(z) = —tan(z +y) = T tan(z) tan(y)




So,
tan(z) 4 tan(y) + tan(z) = tan(x) tan(y) tan(z),

and we obtain that tan(z)tan(y)tan(z) = 0. Hence, one of the angles z, y, or z is 0;
without loss of generality, x = 0, so a = (3, and ABC' is isosceles.

Yet another solution. Assume that ABC' is not isosceles. Let o > 3 > ~; put x = a — 3,
y=p—v,and z=a—-. Then 0 < z,y,z < /2, z = x + y, and we are also given that
tanz = tanx + tany.

But tan is a strictly convex function on [0,7/2), thus given two points a,b with
0 < a<b< 7/2, the slope of the vector (a,tana) is < tan’a < tan’b; thus the point
(b,tand) + (a,tana) = (a + b,tana + tanb) lies strictly below the graph of the tangent,
and it cannot be that tan(a + b) = tana + tanb.

3. The number 2010 is written as a sum of two or more positive integers. What is the
mazimum possible product of these integers?

Solution. There are only finitely many ways to decompose 2010 into a sum of positive
integers, so there is a maximum value for the product of such a decomposition. Let
ai,...,ax be positive integers such that a; + ... +ax = 2010 and the product P = Hfillo a;
is maximal. Then

(i) none of a; is 1, since if a; = 1 for some i then we can replace the pair a1, a; by the
singleton a; + 1, and thereby increase the product P;

(ii) none of a; is greater or equal than 5, since if a; = 5, we can replace a; by the pair
a; — 2,2 and increase P;

(iii) moreover, we can assume no a; is equal to 4, since 4 can be replaced by the pair 2,2
without changing P;

(iv) at most two of a; are equal to 2, since otherwise we can change 2,2,2 to 3,3 and
increase P.

So, the only possible combinations for which P is maximal are 3,3,3,...,3, or 2,3,3,...,3, or
2,2,3,...,3. But since 2010 is divisible by 3, the last 2 solutions do not come up, and the
maximum possible product is 3570,

4. Let A be a 2010 x 2010 matriz such that in every row and in every column, exactly
two entries are equal to 1 and the rest are 0. Prove that the determinant of A is either
or £2™ where m s even.

Solution. The determinant of a matrix does not change, up to the sign, under permutation
of rows or columns of a matrix, thus we are free to permute rows and columns of A.
Permuting columns of A, we can move the 1s in the first row to the left side, so that the
first line of A will become (110...0). Then we find the row that contains 1 at the second
column, permute it with the second line, and, if the another 1 in this row is not at the
first column, move it to the 3rd column, so that the first two rows of A now become either
(1130 or (§19-5). In the second case, we continue the process (find the row that has
1 at the 3rd column, etc.), until, for some n; < 2010, we meet the row that has 1 at the

110..000...0
011..000...0
first column; the first n; rows of A now become | ::: ::: 1],
000...110...0
100...010...0
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We then pass to the rows and columns of A from (n; + 1)st to 2010th, and repeat the

AL 0 ... 0
procedure. After m such steps, we reduce A to the form ( ? A;z ? ), where for each j,
0 0 ... A,

10...00
Aj is an n; X n; matrix of the form ( 1 : 00)
100701
We now have n; + ...+ n,, = 2010 and det A = H;n:l det A;. The determinant of
each block A; equals 1 £ 1: it is 0 if n; is even, and 2 if n; is odd. Thus, if n; is even for
some j, then det A = 0; if all n; are odd, then det A = £2™, and in this case, since 2010
is even, m is even.

O
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5. Ewvaluate lim nsin(27wnle).

n—oo

Solution. Everyone knows that e = >/~ % Thus, for any n € N, we have nle = m,, +t,,
where m, =3 ,_, Z—: is an integer and t,, = Z;":m_l Z—,' Since sin is a 27-periodic function,
for any n € N we get sin(27nle) = sin(27wm,, + 2nt,,) = sin(2xt,,).

1 1 1
Next, for any k > n+1, 77 = I FDF < aFi)e=w SO

n+1 " anH(n—l—l)’“‘” n+l 1—-=5 n
. . o . Sin(nz—fl) . 2m\ sin(ZT’r)
Since both n81n(n+1) =1 21 and nsm( n) = —qm 2w as n — 00, by

the squeeze theorem lim,, ., nsin(27t,,) = 27, and so lim,,_. ., nsin(27nle) = 2.

6. Let o be a real number. Find lim ( ! a/n) .

n—oo —(J,//TL 1
Solution. It is well known(!) that the ring of 2 x 2 real matrices of the form (% 2)
is isomorphic to the field of complex numbers, where the isomorphism is given by the

formula (_“b 2) — a+ bi € C and is a mapping continuous in both directions. ((_“b Z) is the

matrix of the linear transformation z — (a + bi)z of C = R?.) Since lim,, o (1+ i—o‘)n =

n
; .. . . 1 a/n\" cos si
€™ = cos a + i sin o, we obtain lim ( / ) = ( o mo‘).
nooo \—a/n 1 —sina cos &

3L
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Another solution. For any n, (_;/n O‘{n) = rn( o8 An Sina"), where r, = /1+ (

— sin aiy, COS ay,

1 a/n\" cos na, sinno .
and o, = arctan(a/n), n € N; thus / =rpl T " ). Since r) =
—a/n 1 N\ — sinna,, cosnog, n

(1+ z_j)” — 1 and noy, = narctan(a/n) — a as n — oo, we get lim ( 1 a/n> _

n—oo \—a/n 1
cosa sina
—sinacosa )

Yet another solution. For any n € N, the matrix R,, = <_;/n a{") has eigenvalues 1 + i
and 1 — 24 (these are the roots of the polynomial (1 — x)? + g—z), and the corresponding

eigenvector are (1) and (I;). So R, = P(1+0%i1_0£i>P_1 where P = (}1). Hence,

(2
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RZ _ P<1+O%i 1_0%i> P—l — P((l-l—?i)n - nl)n)P 1 Since hmn—>oo(]- + %On — e:tioz, we

get lim,, o R} :P(e” )p 1 _ l(e‘ +e 'Y —ie'fie” ): ( cos o s1no¢)'

n 0 e—za 2 ieza_ie—za eza_'_e—za — sin ¢ cos &
_ 2
And one more solution. Observe that for the matrix A = (% &) one has A? = ( o _22>,

A3 = <£3 _33), etc. Thus, for any n,

() = (e (o)) =2 (1) o)’

_ ( 1-(3) 55+ z)a—4+..‘.“n%—<’;)z—3+<§>z—i‘~‘~‘~)

It remains to show that lim, . Z[n/z]( 1)k(2’";€)z—§’; = Zio(_l)k(gk)! = cosa and

n— 1 2 Q2R+l X
lim,, o Z I )/ ]( 1)k( )n2k Zk 0( )k @kt — Sin Cx.
We will prove this for the cos function only, the proof for sin is similar. Observe

that for any k € N, (})2 af _ nn-lem-ktl) o o® oo L o Tet e > 0. The

nk nk K k!
2k 2k

series Y oo o (QL), converges, thus there exists N such that Zk (N/2]+1

lo]

W < €. Then

also }Zk:[N/Z]—H( 1) (2k)" < ¢, and for any n > N,

[n/2] ok
Ll M\«&

k=[N/2]+1

., [N/2], if n > N is large enough we also have

N
> ©
~—|

Since (Q”k)ﬁ —

[N/2] [V/2]

|3 0 ()~ X 0

Hence, for such n,




